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PEEFACE. 



TN the first volume of this Treatise the subjects of Attractions, 
Bending of Rods and Astatics were omitted. These form the 
substance of this volume, which therefore completes the work. 

As so many isolated theorems are included under the head 
of Attractions, it has been thought necessary to add an Index. 
While the table of Contents has been made full enough to give 
a general view of the whole subject, it is hoped that the index 
will enable the reader to find easily any proposition he is seeking 
for. Though less necessary, indices to both the other parts of 
this volume have also been given. 

As in the first volume, care has been taken to refer each result 
to its original author. Many examples also have been taken 
from the various examination papers set in the University. 

I again desire to express my thanks to Mr E. G. Gallop of 
Gonville and Caius College for the very great assistance he has 
given me in correcting most of the proof-sheets, and for his 
many valuable suggestions. 

EDWARD J. ROUTH. 



Peterhousb, 

September 3, 1892. 



K. S. 11. 
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ATTEAGTIONS. 



Introductory Remarks. 

1. Iiavr of attraction. If two particles of matter are 
placed at any sensible distance apart, they attract each other with 
a force which is directly proportional to the product of their 
masses and inversely proportional to the square of the distance. 

2. The reasons for believing the truth of this general law 
cannot be properly explained until the reader has advanced some 
way in the study of dynamics. At the same time a large number 
of theorems which are independent of all dynamical considerations 
follow from this law. Experience has shown that it is important 
for the student to acquire an early acquaintance with these 
results, as he cannot prosecute his studies in the higher dynamics 
without their assistance. It has therefore been found advantageous 
to study the attractions of bodies as a part of statics. For this 
purpose we assume the truth of the law of attraction as a working 
hypothesis and postpone its verification as a law of nature until 
the student has read dynamics. 

3. Let m, m' be the masses of two particles, r their distance 
apart ; if .^ be the mutual attraction which each exerts upon the 



mm 



other then F is given by the equation F = k 

If /be the acceleration produced by the attraction of m at the 

distance r, then/= k — . 

The quantity k is called the constant of attraction. Its magni- 
tude depends on the particular units in which the masses m, m', 

R. s. II. 1 



2 ATTRACTIONS. [AUT. 5 

the distance r and the force F are measured. To avoid the 
continual recurrence of this constant running through every 
equation, it is usual to so choose the units that « = 1. When this 
is done the units are called theoretical or astronomical units. 

Putting K = 1 in the equations, we see that when m and r are 
both unity the acceleration / is also unity. We infer that the 
astronomical unit of mass is that mass which, when collected into 
a particle, produces by its attraction at a unit of distance the unit 
of acceleration. 

The expression for F shows that the unit of force is the 
attraction which a particle whose mass is the astronomical unit of 
mass exerts on an equal particle at a unit of distance. 

To avoid the continual repetition of the same set of words, we 
shall use the phrase attraction at a point to mean the attraction 
on a unit of mass collected into a particle and placed at that point. 

4. It is convenient to use different systems of units for 
diiferent purposes. The astronomical units should be used in 
analytical investigations. In any numerical applications we may 
choose such units of space and time as we may find convenient, 
and then introduce into our formulae the appropriate value of k. 

It may be noticed that in using different units for different 
purposes we are following the analogy of other mathematical 
sciences. In practical trigonometry we measure angles in degrees, 
in theoretical trigonometry we adopt that unit by which our 
analytical formulae are most simplified. So also in algebra we 
have one base in logarithms for use in calculations and another for 
theoretical investigations ; and so on through all the sciences. 

5. Niunerical estimate. To obtain a numerical estimate of the magnitude 
of the force of attraction, we must determine by experiment the mutual attraction 
of some two bodies. We may exhibit the result in either of two forms: (1) we may 
determine the value of «■ when the units of space, mass, &a. have been chosen; 
(2) we may determine the magnitude of the astronomical unit of mass by expressing 
it as a multiple of some other known mass. 

The two bodies on which the experiment should be tried are obviously the earth 
and some body at its surface. Eegarding the earth as a sphere, whose strata of 
equal density are concentric spheres, it will be shown further on that its attraction 
on all external bodies is the same as if its whole mass were collected into a particle 
and placed at its centre. If then m be the mass of the earth, a its radius, its accele- 
rating attraction on a body at its surface is Kmla?. Let g be the acceleration 
actually produced by the attraction of the earth on any body placed at its surface. 
We thus form the equation —^=g. 

Several experiments have been made to determine the mean density of the 
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earth. One of these is the Cavendish experiment, but there have been others con- 
ducted on different plans. The result is that the mean density has been variously 
estimated to be from 5J to 6 times that of water. According to Baily's repetition of 
the Cavendish experiment the ratio is 5-67. Representing this ratio by j3, we learn 
that the attraction of a sphere of water, of the same size as that of the earth, wiU 
produce in a body, placed at its surface, an acceleration equal to i///S. 

Taking the equation F= k —^ , let us find the value of k in the c. a. s. system 

of units. Let m represent the mass of the earth, then since the mass of a cubic 
centimetre of water is one gramme nearly, we have m=^7ra';3 grammes. Taking 
j3=5-67, this gives m=6-14 x W grammes nearly. Let the attracted mass be one 
gramme, and let r=a. In the o. a. s. system the unit of force is the dyne, and m'g 
when so measured is 981 dynes. Substituting F=m'g, a= 6-371 x 10^ we find 

_6-48_ 1 

""108 ~ 1-543 X 10'" 
If therefore the attracting masses are measured in grammes and the distances in 
centimetres, the expression for F with this value of k gives the attraction in dynes. 
See Vol. I. Art. 11. 

To find the astronomical unit of mass when the centimetre and the second are 

the other units, we refer to the equation /= k -^ . Let m be the mass measured 

in grammes which by its attraction at the distance of a centimetre produces unit 
acceleration. Then putting/=l, r = l, we have m^lji: The astronomical unit is 
therefore 1-543 x 10' grammes. 

Let us next find the value of k when the system of units is that based on the 
foot, pound and second (see Vol. i. Art. 11). Let m be the mass of the earth, 
then since a cubic foot of water weighs 61 lbs. nearly, we have m equal to the mass 
of f Tra^jS . 61 lbs. Let m' be one pound, then i!'= 32-18 poundals. We therefore have 

•1 
''"9-3 X 108" 

If the attracting masses are measured in pounds and the distances in feet, the 
expression for F with this value of k gives the attraction in poundals. 

To find the astronomical unit of mass when the foot and second are the units 

of space and time we use the equation /= -^ . Let m be the mass measured in 

pounds which by its attraction at the distance of a foot produces the unit of 
acceleration. Then putting /=1, r=l, we have n=lJK. The astronomical unit is 
therefore 9-3 x 10^ pounds. 

6. Ex. 1. Show that the mass which at the distance of one centimetre from 
an equal mass attracts it with the force of one dyne is 3928 grammes. Everett's 
Units and Physical Constants. 

Ex. 2. Show that a cubic foot of water, collected into a particle, attracts an 
equal particle at the distance of one foot with a force equal to the weight of 

7. Laiv of the direct distance. There are other laws 
besides that of the inverse square which may govern the attraction 
of bodies in special cases. Some of these will be mentioned as we 

1—2 
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proceed. But the most useful is that in which the attraction 
varies as the distance. In this case the attraction of two 
particles, each on the other, is represented by F=mm'r, where 
m, m! are their masses, and r, the distance between them. 

8. When the attraction obeys the law of the direct distance, 
the resultant attraction of any body at any point is found at 
once by using Art. 51 of Vol. i. Let be any point, A-^, A^, 
&c. the positions of the attracting particles; let mi, m^, &c. be 
their masses. The component attractions at are then given by 
X = 'Xmx = x^m, Y=y%m, Z=z^m, where x, y, z are the 
coordinates of the centre of gravity of the body or system of 
attracting points. 

It immediately follows that the resultant attraction at is the 
same as if the whole mass "Zm of the attracting system were 
collected into a single particle placed at the centre of gravity. 
The resultant force on a particle at tends therefore towards the 
centre of gravity of the attracting system, and is proportional to the 
distance of the attracted point from it. 

9. In what follows, when no special law of force is mentioned, 
it is to be understood that the law meant is that of the inverse 
square. This is often called the Newtonian law. 

When the law of attraction is said to be f(r), it is meant that 
the mutual attraction of two particles whose masses are m, m' 
placed at a distance apart equal to r is mmf{r). 

Attraction of rods, discs, &c. 

10. Attraction of a rod. To find the attraction of a 
uniform thin rod AB at amy external point P. 

Let m be the mass of a unit of length of the rod, p the length 
of the perpendicular PN from P on the rod. Let QQ' be any 
element of the rod, NQ = x; let also the angle NPQ=6, then 
x=p tan 6. 

The attraction at P of the element QQ is 
mdx _ md (p tan 6) _ mdd 
P^~ (p seedy ~^ ' 
Let X, Y be the resolved attractions at P parallel and perpen- 
dicular to the length AB. Let the angles NPA, NPB be o, yS, 

then X=fm — sin0 = — (cos;)(-cosi8) (1), 

p p 
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A STRAIGHT ROD. 



^ r dd /I TO / ■ /I ■ \ 

I = m — COS = — (sin 3 — sin a) 



(2). 




B Q' Q 

11. Substituting for cos a, cos their values obtained from 
the triangles PNA, PNB, the resolved attraction parallel to the 

rod takes the useful form X = p-^ — -p= (3). 

It should be noticed that this is the attraction at P of the rod 
AB resolved in the direction from A towards B. 



12. Describe a circle with centre P and radius PiV and let 
the portion GJD included between the distances PA, PB represent 
a thin circular rod of the same material and section as the given 
rod AB. 

The attraction at P of the element HR' of the circular rod is 



therefore 



m.RE' pde 

= vn. -t = 



= m ■ 



= m 



dd 



But this has just been proved 



PR" p' p 

to be the same as the attraction of the element QQ'. Thus each 
element of the rod AB attracts P with the same force as the 
corresponding element cyf the rod CD. The resultant attraction of 
the straight rod AB is therefore the same in direction and magnitude 
as that of the circular rod CD. 

13. The resultant attraction at P of the circular rod CD 
must clearly bisect the angle GPD. It 
immediately follows that the direction of 
the resultamt attraction at P of a straight 
rod AB bisects the angle APB. 

To find the magnitude of the resultant 
attraction at P of the circular arc CD, we 
draw PH bisecting the angle CPD. Let 
the angle any radius PR makes with PE 
be ■\/r. Let 27 be the angle CPD. Since 
RE' = pd'\lr the attraction of the whole 
circular arc when resolved along PE is 
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/ ^ COS i/r = — .2 sin 7, the limits of the integral being -vp- = — 7 

and ■\jr = y. The magnitude F of the resultant attraction at P of 

1 A-n ■ ■ J 77 2m . APB 
a straight rod AB is given by r = — sm — „ — . 

14. When the rod AB is infinite in both directions the angle 
APB is equal to two right angles. The resultant attraction of an 

infinite rod at any point P is equal to — , and it acts along the 

direction of the perpendicular p drawn from P on the rod. 

15. Ex. 1. Deduce from the expressions for the components X, Y of the 
attraction given in Art. 10 the direction and magnitude of the resultant attraction, 
and show that the results agree with those given in Art. 13. 

Ex. 2. When the point P lies in the straight line AB the expressions for X and 
Y take a singular form. Show that the attraction parallel to the rod is stiU given 
by the form (3) which is free from singularity, and that the expression (2) for the 
attraction perpendicular to the rod reduces to the value zero. 

To prove the former result, measure two equal lengths PC, PD from P in 
opposite directions. The x attraction of CD on P is clearly zero, while the x 
attractions oi AG and DB are each given by the form (3) and when added together 
give the attraction of the whole rod. 

Ex. 3, If two forces be applied at P acting along AP, PB taken in order, and each 

equal to — , prove that their resultant is equal in magnitude to the attraction of 

Jr 

the rod AB and acts in a direction perpendicular to that attraction. 

; Ex. i. The attraction of the straight rod AB at a point P is the resultant of 
two forces each equal to/ acting at P towards the extremities of the rod where 

2m,. AB 



' (AP + BPf-AB^' 

Show also that if P move on an ellipse whose foci are the extremities of the rod, 

tti AB 
the magnitude of each force / is constant and equal to — kt^-' ^liei's 26 is the 

minor axis of the ellipse. 

Ex. 5. The sides of a triangle are formed of three thin uniform rods of equal 
density. Prove that a particle attracted by the sides is in equihbrium if placed at 
the centre of the inscribed circle. 

If one side of the triangle repel while the other two attract the particle, 
prove that the centre of an escribed circle is a position of equilibrium. 

[Math. Tripos.] 

This follows at once from Art. 12. Draw straight lines from the centre I of the 
inscribed circle to the corners A,B, C of the triangle cutting the circle in A', B', C. 
The attractions of the sides AB, BC, CA are the same as those of the arcs A'B', 
B'C, CA', that is their resultant attraction is the same as that of the whole circle 
on the centre._ This attraction is clearly zero. 

Ex. 6. four uniform straight rods of equal density form a quadrilateral, and 
their lengths are such that the sum of two opposite sides is equal to the sum of the 
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other two opposite sides. Find the position of equilibrium of a particle under the 
attraction of the four sides. 

Ex. 7. Every particle of three similar uniform rods of infinite length, lying in 
the same plane, attracts with a force varying inversely as the square of the distance ; 
prove that a particle, subject to the attraction of the rods, wUl be in equilibrium if 
it be placed at the centre of gravity of the triangle enclosed by the rods. 

[Math. Tripos, 1859.] 

Ex. 8. Two uniform rods occupy the positions of two tangents TP, TQ to a 
parabola : show that the directions of their resultant attractions at the focus S make 
equal angles with ST, and that their magnitudes are as ^SQ to ,JSP. 

Ex. 9. A particle is placed at any point P on the bisector of the angle (7 of a 
triangle. Show that the direction of the resultant attraction of the three sides at P 

(1 1\ APB 
I sin -5— , where a 
y aj i 

and 7 are the perpendiculars from P on the sides BC, AB respectively. 

Ex. 10. A particle is placed at any point P under the attraction of the sides of 
the triangle ABC. H a, p, y be the trilinear coordinates of P referred to ABC, 
prove that the resultant attraction at P is equal in magnitude to the resultant of 

the three forces ml — -J, ml J, "ifs--) acting along AP, BP, GP 

respectively and its direction is perpendicular to the resultant of those forces. 

Ex. 11. Two uniform parallel straight rods AB, CD attract each other : show 
that the components of their mutual attraction respectively perpendicular and 
parallel to the rods are 

Y^^~{BC-BD-AG+AD), 

^ „ ,, BC'+BG AD' + AD 
X=2mm log^cTf^ • bv' + BD ' 

where G', D' are the projections of G, D on the rod AB, p the distance between the 
rods, andm, m' the masses per unit of length. 
^ Ex. 12. P is a particle in the diagonal AG of a square ABCD, and within the 
square ; show that the attraction of the perimeter of the square upon P is equal to 

OP 

M ; where M is the mass of the perimeter, the centre of the square. 

PA.PB.PG' 

[Trin. Coll., 1882.] 

Ex. 13. The faces of a rectangular parallelepiped are covered uniformly with 
attracting matter. Prove that the difference of the attractions at an internal point 
of two opposite faces resolved perpendicular to two other faces is equal to the 
difference of the attractions of these second two faces resolved perpendicular to 
the first two. [Trin. Coll., 1881.] 

Ex. 14. A uniform wire of infinite length attracts according to the inverse mth 

power of the distance : show that the resultant attraction is s/^^i ■ p7 i„^.. . 

where m is the mass per unit length of the wire and c its least distance from the 
attracted point. [St John's Coll., 1884.] 

, , , 7r + 21og2 3o- a . .^ ,. , ,, 

Ex. 15. Show that gravity is diminished by j — ot itselt at the 

middle point of a canal of rectangular section, whose length is great compared 
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with its depth, where a is the depth, 2o the breadth, r the radius of the earth 
supposed spherical, and 1 - cfp the ratio of the density of water to the mean density 
of the earth. [June Exam., 1880.] 

Ex. 16. A mountain is in the form of an infinitely long wedge formed by two 
planes meeting along a line whose height above the earth's mean surface is uniform. 
If the transverse vertical section at any point P on the side of the mountain be a 
triangle ABC, then the whole horizontal attraction of the mountain at P will vary as 

/s(logsinB-logsino) + ft{{B + o)sin + cos C log sin 4 - cos Clogsin((7-o)}, 
where h and h are the lengths of the perpendiculars drawn from P to the base BG, 
and to the opposite face AG respectively, where a is the angle PCB. [Math. Tripos.] 

16. G-auss' theorem. The attraction at P of a solid body of any form when 




resolved parallel to any straight Une (taken as the axis of x) is given by 

^ , cos , 

where p is the density of the body, )• the distance from P of any element da of the 
area of the surface, and is the angle the normal at da drawn inwards makes with 
the positive direction of the axis of x. 

To prove this, we divide the body into elementary columns or rods whose lengths 
are parallel to the axis of x. Let AB be one of these. Since the area of a section 
of the rod ia dydz, the mass m per unit of length is pdydz. The resolved attraction 

of the column is therefore equal to pdydn I -^ - == J . 

Let dr, da' be the elementary areas intercepted on the surface of the solid by 
the sides of the column AB ; <j> and 0' the angles the normals at A and B, drawn 
inwards, make with the axis of x. By drawing parallels to these normals at the 
origin, we see that the first of these angles is acute in the figure and the second 
obtuse. We have therefore dydz=da cos tp= -da' oosip'. 

The X attraction of the column is therefore equal to /> ( " da + ^ da' ) . 

Writing r for PA or PB and integrating for all the columns, the result follows at 
once. By Art. 15, Ex. 2, the theorem is also true when P is internal. 

17. Curvilinear rods. The method by which the attraction 
of the straight rod AB is replaced by that of the circular arc CD 
in Art. 12 may be extended to other curves. 

Two curvilinear rods AB, CD are so related that if any two 
radii vectores OAG, OBD are drawn, the attractions of the inter- 
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cepted arcs AB, CD at the origin are the same in direction and 
magnitude. It is required to find the relation between the densities 
of the rods. 

Since the attractions are equal for all arcs, they are equal for 
infinitesimal arcs. Let OQR, OQ'B' 
be two consecutive radii vectores ; ds, 
ds' the arcs QQ', BR'; m, m! the 
masses at Q, R per unit of length. 
Then if the law of attraction is the 
inverse wth power of the distance we 

, rods m'ds' 
nave = — 7— , 

where r=OQ, r'=OR. If <f), ^' be the angles the radius vector 
OQR makes with the tangents at Q and R, this gives 

'^ = "^ m 

r'^^svu^ ■r'»-isin^' ^ '' 

The densities of the curvilinear rods at corresponding points 
must therefore be proportional to r""^ sin <^. 

18. It the two curves are so related that each is the inverse of the other, we 
have OQ . OR = OQ' . OB'. A circle can therefore be described about the quadri- 
lateral QRR'Q'. In the limit when QQ', RR' become tangents this gives 
Bin0=sin^'. If alsoji=l, we see that m,=m'. It follows therefore that when 
the law of attraction is the inverse distance, any curvilinear rod and its inverse, 
if of equal uniform density, equally attract the origin. 

19. Ex. 1. If the law of attraction be the inverse square, two curvilinear rods 
in one plane equally attract the origin, if the densities at corresponding points in 
the two rods are proportional to the perpendiculars from the origin on the tangents. 

Ex. 2. Let the law of attraction be the inverse distance and let P be any point 
attracted by a uniform rod AB. Draw PiV perpendicular to the rod and describe a 
circle on FN as diameter. Prove that the attraction of AB at P is the same as 
that of the corresponding arc CD of the circle intercepted between the straight 
Unes PA, PB, if the line densities are equal. 

Ex. 3. A uniform homogeneous wire PAP', of which A is the middle point, 
is bent into the form of an arc of a loop of the lemuiscate of which A becomes the 
vertex : prove that the resultant attraction on the wire, arising from a centre of 
force at the node 0, attracting according to the law of the inverse square, varies as 

(^"^0 • [Math. Tripos, 1857.] 

Ex. 4. Two rigid and equal semicircular arcs of matter with uniform section 
and density are hinged together at both extremities. The matter attracts according 
to the law of gravitation. If equal and opposite forces applied along the line join- 
ing the middle points of the semicircles keep them apart with their planes at right 
angles, the magnitude of each force will be 4wi21og(lH-,y2), where m is the mass of 
unit length of arc. [Math. Tripos, 1874.] 
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20. Some inverse problems. Ex. 1. A uniform rod is bent into the form of 
a curve such that the direction of the attraction of any arc PQ at the origin 
bisects the angle POQ. Show that the curve is either a straight line or a circle 
whose centre is 0. 

The data lead to the differential equation J— ^sin 9 = tan q|-;3 cosS. The 

limits of the integrals being and d. The equation may be solved by differ- 
entiation. 

Ex. 2. Find the law of density of a curvilinear rod of given form in order that 
the attraction at of any arc PQ may bisect the angle POQ,. The result is that 
the density must be proportional to the perpendicular on the tangent. 

This follows from the last example by Art. 19, Ex. 1. 

Ex. 3. A uniform rod is bent into the form of a given curve, find the law of 
attraction in order that the direction of the attraction at of any arc PQ ias,y 
bisect the angle POQ. The result is that the law of attraction is/(r)=4p/''^i where 
Aias, constant andp is the perpendicular on the tangent and is given as a function 
of T when the equation to the curve is known. 

Ex. i. A uniform rod is bent into a curve such that the direction of the 
attraction at the origin of any arc PQ passes through the centre of gravity of the 
arc. Prove that either the law of attraction is the direct distance or the curve 
is a straight line which passes through the origin. 

Ex. 5. If any uniform arc of an equiangular spiral attract a particle placed at 
the pole, prove that the resultant attraction acts along the line joining the pole to 
the intersection of the tangents at the extremities of the arc. 

Prove also that if any other given curve possess this same property, the law 

of attraction must be F= —„ --- , 
p' dr 

where p is the perpendicular drawn 

from the attracted particle on the 

tangent at the point of which the 

radius vector is r. 

Eeversing the attracting forces, 
we may regard the rod as acted 
on by a centre of repulsive force. 
Since the resultant force on any 
arc PQ acts along OT, where T 
is the intersection of the tangents 
at P and Q, we may resolve that 

force into two components which act along TP and TQ. It follows that the 
resultant force on any arc PQ may be balanced by two forces or tensions acting 
along the tangents at P and Q. 

To complete the analogy of the force at P to a tension, we must show that that 
force is always the same whatever the length of the arc PQ may be. To prove 
this let PQ, QB be two contiguous arcs, and let the tangents at P, Q meet in T, 
those at Q, R in U, those at P, B in V. Resolving the forces at T, V, V as before, 
the components along PT, QT and BU, QU must together be equivalent to the 
components along PV, RV. We have to deduce from this that the components 
along PT and PV axe equal. This follows at once by taking moments about U. 

The conditions of equilibrium of the rod are therefore the same as those of 
a string acted on by a central force. Referring to Art. 474, Vol. i., the tension is 
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obviously T=Alp and the force f{r) has the value given above. See the Solutions 
of the Senate Home problems for the year 1860, page 61. The analytical solution 
leads to an interesting differential equation which can be solved without great 
difficulty. 

21. Attraction of a circular disc. To find the attraction 
of a uniform thin circular disc at any point in its axis. 

Let be the centre, ABA' the disc seen in perspective; 
OZ the axis, i.e. a straight line drawn through perpendicular to 
the plane of the disc. Let a be the radius of the disc, m the 
mass per unit of area. Let P be the point at which the attraction 
is required, OP = p, and the angle OP A = a. 




Describe an elementary anmilus represented in the figure by 
QQ'. Let so, ai + doo be its radii, and let 9 be the angle OPQ. The 
resultant attraction of the disc at P is 

where the limits of the integral are x =0 and x = a. Since 
x= p tan 6 and QP =p sec 0, we find 

F= 27rm/sin Odd = 27rm (1 — cos a). 
Here a is the acute angle subtended at the attracted point by the 
radius of the disc. 

22. From this we deduce the attraction of an infinite plate 
or disc by putting a = Jtt. We thus find that the attraction of an 
infinite plate is 2Trm. 

It appears from this that the attraction of an infinite plate is independent of 
the distance of the particle attracted from the plate. At first sight this result may 
appear anomalous, but we may understand how it can happen by considering what 
elements of the disc are effective in producing the attraction. Each element of an 
annulus QQ', whose centre is 0, attracts P with a force acting along the straight 
line joining P to that element, and the component of force along PO is obtained by 
multiplying this attraction by cos OPQ. When the point P is near 0, this cosine 
is small and therefore it is only the portion of the disc near which exerts any 
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sensible attraction in the direction PO. As P recedes from 0, the cosine for each 
aunulus gets larger and the resolved attraction becomes greater. Thus the area of 
effective attraction increases in size as the particle recedes. At the same time as 
the particle P recedes from the actual attraction of each annulus on it decreases. 
It follows from the analysis in the last article that the increase of effective area 
just balances the decrease of attraction due to increased distance, so that on the 
whole the attraction is independent of the distance. 

Ex. 1. If g, g' be the attractions due to gravity on two tablelands whose 

difference of level is x, show that g'=g(X-2-] approximately, where a is the 

radius of the earth. 

To obtain this result, we regard the attraction of the tableland as sensibly the 
same as that of an infinite plate, Art. 22. The attraction is therefore irpx, where 
p is the density of the tableland or flat mountain. If p' be the mean density of 
the earth, its attraction viz. g' is ^irp'a. There are reasons for believing that the 
mean surface density of the earth is about half the mean density of the whole 
earth ; when therefore the true density of the tableland is unknown we may as an 
approximation put p=ip'. The attraction of the tableland is thus approximately 
igx/a. The attraction of the earth at the altitude x is 



H^y-(^-^-:) 



approximately. Adding this to the attraction of the tableland we arrive at the 
result given. 

This theorem was first used by Bouguer in his Figure de la Terre. A short 
account of this treatise is given in Art, 363 of Todhunter's History of Attractions, 
&c. A similar result is also given by Poisson in Art. 629 of his Traiti de 
MScanique. It is often called Dr Young's rule. 

Ex. 2. Dr Siemens invented an instrument to measure the depth of the sea 
under a ship on the principle of balancing gravitation by the force of a spring. If 
the mean surface density of the earth be three times that of sea water, and the 
mean density of the whole earth five and a half times that of sea water, show that 
for a depth h of sea the diminution of gravity is ^lig/B, where B is the radius of 
the earth, 

23. Attraction of a Cylinder. Ex. 1. Find the attraction of a uniform solid 
right circular cylinder at a point P on its axis. 

Let p be the density of the cylinder, a its 
radius. Let be the centre of gravity, OP=p. 
Let us take as the element of volume the slice 
of the cylinder between two planes drawn per- 
pendicular to the axis at distances x a/adix + dx 
from 0. 

First, let P be outside the cylinder. Let 29 be 
the angle subtended at P by any diameter QQ' 
of the sUce, and let PQ=r. Since the mass per 
unit of area of the slice is m=:pdx, the attraction 

at P is 2jrpdx (1 - cos e) = iirpdx (l -^^) . But (p - xf + a'^='fi, .: (x -p) dx=rdr. 

The whole attraction of the cylinder at P is therefore F=2Tp/(dx + dr), where the 
limits of integration are x= -^AB to x=lAB and r=PB to r=PA. The resulting 
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attraction is therefore F=2irp{AS + PA-PB), where AB is any generating line 
and A is the extremity nearest to P. We notice that AB is equal to the difference 
of the distances from the plane sections passing through A and B. 

Next, let P he inside the cylinder, but nearer to the plane section A' A than to B'B. 
Since 6 is the acute angle subtended at P by the radius of the attracting slice, we 
must equate cos 9 to ± (y - x)lr, the sign being different on opposite sides of P. To 
avoid this discontinuity we draw a plane G'G perpendicular to the axis so that P lies 
midway between the sections A'A and C'G. The resultant attraction of the matter 
between A'A and CTG at P is therefore zero. The resultant attraction of the rest of 
the cylinder is given by F=2irp(CB+PG~ PB) 

= 2irp (GB+ PA -PB). 
Here CB is equal to the difference of the distances of P from the plane sections 
through A and B, measured positively in opposite directions. 

Another Solution. We may also find the attraction by dividing the cylinder into 
elementary columns or filaments parallel to the axis. This would be repeating the 
proof of Gauss' theorem given in Art. 16. 

To apply that theorem, we notice that cos 0=0 at all points on the convex 
surface and cos 0=:1 at all points on either of the plane faces, where <p is the angle 
made by the normal to the surface and the axis. The resolved force parallel to the 

axis is therefore the difference between the values of the integral fp — for the two 

plane faces, where r is here the distance of do- from P. Since da=iirrdr, and the 
limiting values of r for the faces AA', BB' respectively are PM to PA and FN to PB 
we easily arrive at the same result as before. 

' Ex. 2. Find the ratio of the radius of the base to the height of a right circular 
cylinder of given volume so that the attraction at the centre of one of the circular 
ends may be the greatest possible. The required ratio is J (9 -,^17). Playfair's 
problem. See Todhunter's History, 1585. 

^ Ex. 3. A right circular cylinder is of infinite length in one direction and is 
homogeneous. If the finite extremity be cut off perpendicularly to the generators, 
prove that the attraction on a unit particle placed at the centre of this end is iMja, 
where M is the mass per unit of length. 

If the cylinder be elliptic, of the same density and mass per unit of length as 
before, and of eccentricity e, then the attraction will be n times the former value, 

/n 
2 "^ [St John's Coll., 1887.] 

Vl-e^sin^e 

Ex. 4. A solid right circular cylinder of uniform density p stands on the plane 
of xy and is infinite in the positive direction of the axis of z. Show that the z 
component of its attraction at a point P of its base is pi, where I is the perimeter of 
an ellipse having the base for the auxiliary circle and P for one focus. See Art. 11. 

^ Ex. 5. A vertical solid cylinder of height h, radius a, and density p, bounded by 
plane ends perpendicular to the axis, is divided by a plane through the axis into two 
parts. Show that the horizontal attraction of either part at the centre of the base is 

2hp log ^Wi^^') . [Coll. Ex., 1888.] 

Ex. 6. The tide in the bay of Fundy rises 100 feet from low to high water mark. 
It has been proposed to find the density of the earth by determining the attraction 
of the tide-wave on a plumb-line at high and low tide on the same principle as 
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Maskelyne's experiment at Schehallien. Supposing the attraction of the tide-wave 
at a point on the shore to be represented by that of the water within a cylinder 
whose axis is the vertical at 0, whose height I is 100 feet and radius r, show that 

the deviation of the plumb-line is r-^^ log -^ , where R is the radius of the earth, 

D its mean density, and r is large compared with I. 

Show that this expression increases slowly compared with r, and that if r be 
taken between 2 and 4 miles the deviation to be observed will be about one-fifth of 
a second. This is much smaller than the deviation to be observed in Maskelyne's 
experiment which was about eleven seconds. On the other hand the attracting mass 
is a homogeneous body instead of a heterogeneous mountain. 

24. Attraction of a surface. All frustta of a uniform 
cone which are of the same thickness, and have their plane faces 
parallel to a given plane, exert equal attractions at the vertex. 

Let AB, A'B' be two thin parallel laminse of the same 
thickness dt. Let p be the density of 
the cone. With the same vertex de- 
scribe an elementary cone cutting the 
laminae in QR, Q'iJ'. The attractions 
of QR, Q'R' at are to each other as 
their masses divided by the squares of 
the distances. Since the thicknesses are 
equal, the masses are proportional to the 
areas, and these by similar figures are 
proportional to the squares of the distances OQ, OQ'. Thus the 
attractions of the elements QR, QR' at are equal. Hence the 
attractions of the laminae AB, A'B' at are the same both in 
direction and magnitude. 

This being true for all thin laminae must, by integration, be 
also true for all thick sections. And in general any two parallel 
slices of the same cone, whether thick or thin, attract the vertex in 
the same direction with forces proportional to their thicknesses. 

25. As the attraction of the element QR at any point is 
wanted in several theorems further on, it is convenient to determine 
an expression for its magnitude. 

Let da be the area of the element QR, m its mass per unit of 

area, r its distance from 0; the attraction at is then — — . 

To simplify this expression, we use the solid angle subtended 
at by the area. Just as in plane trigonometry an angle is 
measured by the arc subtended in a circle of unit radius, so the 
solid angle contained by any cone is measured by the surface cut 
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off by the cone from a sphere of unit radius with its centre at the 
vertex. 

Let the elementary cone whose base is QR intercept on the 
unit sphere an elementary area qr, and let this area be dm, then dm 
measures the solid angle subtended at 0. Let i|r be the angle the 
normal to the elementary area QR makes with the radius vector 
OQ, then da- cos yjr is the area of a section of the cone made by a 
plane drawn through Q perpendicular to OQ. Hence by similar 

n do- cos i/r 

figures ^—i- = area qr = dm. 

The attraction of the element is therefore m sec ■^Ir. dm. If p be 
the perpendicular from on the plane of the element,, then 
r cos i|r = p, and the attraction of the element at may also be 

written in the form m — . 

P 

26. It follows from this result that the attraction at P of an 
element da when resolved perpendicular to its plane is mdm. 

Hence we may deduce by integration that the attraction at P 
of a plane uniform lainina of any form, when resolved perpendicular 
to the plane is mm, where m is the mass of a unit of area of the 
lamina, and m is the solid angle subtended at P by the lamina. 
This theorem is due to Playfair. 

Ex. If I, m, n he the direction cosines of the radius 
vector of an element of a surface, and if I, m, n can be ex- 
pressed in terms of two parameters a and b, show that the 
normal attraction of the element on the origin is Adadbdk, 
. where dk is the thickness of the element and A is the deter- 
minant in the margin. 

27. The method explained in Art. 17 by which the attraction 
at the origin of one thin rod may be replaced by that of another 
of a more convenient form may be extended to surfaces. 

Let the law of attraction be the inverse nth power of the 
distance. Referring to the figure of Art. 17 and equating the 
attractions of the elementary areas QR, Q'R', we have 

mda _ m'da 

Since by Art. 25 da cos '</r = r^dm, this gives 

m m' 



I, 


m, n • 


dl 


dm dn 


di.' 


da ' da 


dl 


dm dn 


db' 


db' db 




[Cains Coll.] 



r-"~^ cos ■\|r r'^-^ cos i/r' ■ 
It follows that if two curvilinear lamince are so related that 
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their masses per unit of area at points on the same radius vector 
drawn from a point are connected by the above equation, then the 
attractions at of the portions included within any conical surface 
whose vertex is are the same in direction and magnitude. 

For example, if the law of attraction be the inverse cube, the 
attraction at a point of any portion of a thin plane area is the 
same in direction and magnitude as that of the corresponding 
portion of a spherical surface having its centre at 0, and touching 
the plane, the masses per unit of area of the plane and sphere 
being equal. This exactly corresponds to the theorem in Art. 12, 
which connects the attraction of a straight rod with that of a 
circle. 

If the plane area be bounded by a conic, its attraction at any 
point acts along the axis of the enveloping cone whose vertex 
is 0. 

28. Ex. 1. Show that the attraction at a point of any portion of a thin 
plane disc is the same in direction and magnitude as that of the corresponding 
portion of a spherical surface having for a diameter the perpendicular ON drawn 
from on the plane. The two attracting surfaces are supposed to be homogeneous 
and of equal mass per unit of area. 

Ex. 2. A tetrahedron is constructed of thin metal : prove that a particle under 
its attraction would rem'ain at rest if placed at the centre of the inscribed sphere, 
provided the small thickness of the faces at any point be inversely proportional to 
the £stance from that centre. [Math. Tripos, 1880.] 

Ex. 3. A thin uniform lamina lies in the plane of xy and is bounded by the 

focal conic -= — ;+ ztt — s=l- K the law of attraction be the inverse cube of the 

distance, show that the attraction of the lamina at any external point P acts along 
the normal to the confocal conicoid which passes through P. [Coll. Exam.] 

29. The solid of greatest attraction. To find the solid of reiBolutian of given 
mass which exerts the greatest attraction at a point situated on the axis. 

iiet us trace the surface such that the attraction at the given point of a particle 
of given mass m placed at any point of the surface when resolved along the given axis 
is equal to a given constant G. Taking for origin and the given axis as the axis 

of reference, the equation of that surface is clearly -jcos 0= C. By giving C different . 

values we obtain a system of surfaces. It is evident from the definition that the 
surface defined by any value of G lies outside that defined by a greater value of G. 
It follows that the resolved attraction of a particle lying on any surface is greater 
than that of an equal particle situated on any external surface. 

It is evident from the equation that all these surfaces are similar and similarly 
situated, and that they all touch a plane drawn through perpendicular to the 
given axis. 

Let us select that surface whose volume would just contain the given mass. 
The solid of greatest attraction must coincide with the surface thus selected ; for if 
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any portion lies outside the selected surface, the attraction would be increased by 
moving that portion into the vacant places within the selected surface and thus 
filling them up. 

The solid of greatest attraction has therefore such a farm that the attraction at 
the given point of a given particle placed at any point of the surface when resolved 
along the given axis is always the same. 

The problem of finding the solid of greatest attraction was proposed and solved 
by Silvabelle. The principle used above, that the resolved attraction must be 
constant over the surface, is due to Playfair. The following example is also 
due to him. 

30. Ex. Supposing the law of attraction to be the inverse mth power of the 
distance, find the form of an infinitely long cylinder so that the attraction may be a 
maximum at au external point. 

Take the point for origin; pass a plane through it perpendicular to the 
generating lines of the cylinder. Let r be the radius vector of any point on 
this section, 6 the angle made by r with the direction of the resultant attraction. 

The equation of the curve is included in -^j = G. 

When the law of attraction is the inverse square the required cylinder is right 
circular. 

The Potential. 

31. Let A^, A^, &c. be the positions of any number of fixed 
attracting particles; Wi, mj, &c. their masses. The potential of 
these particles* at any proposed point P is defined to be 

F=!?i^ + !^^ + &c. = S^, 
rj r^ r 

where n, ^2, &c. are their distances from P regarded as positive 
quantities. 

This may be called the geometrical definition of the potential. 
Another definition founded on the principle of work will be given 
a little further on. In discussing the attractions of geometrical 
figures the former is the more convenient for use, but in many 
physical applications the latter will be found the more satis- 
factory. 

* The earliest use of the function now called the potential is due to Legendre in 
1784, who refers to it when discussing the attraction of a solid of revolution. 
Legendre however expressly ascribes the introduction of the function to Laplace, 
and quotes from him the theorem connecting the components of attraction with the 
differential coefficients of the function. The name. Potential, was first used by 
Green in his Essay on the application of Mathematical Analysis to the theories of 
Electricity and Magnetism, published in 1828. Green also gave many of the theorems 
on this function now in continual use, but which have been since associated with 
the names of others who have discovered them a second time. Gauss also uses the 
name in Art. 3 of his memoir on Forces acting inversely as the square of the distance, 
Leipsio 1840, translated in the third volume of Taylor's Scientific Memoirs. The 
reader may also consult Todhunter's History, Art. 790, and Thomson and Tait's 
Treatise on Natural Philosophy, Art. 483. 

R. S. II. 2 
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We may notice that as the point P moves in space the 
potential is, by the definition, a continuous function of the position 
of P. We must however except the case in which any one of the 
distances r-i, r-j, &c. vanishes or changes sign, for then the term 
mjr ceases to represent the potential of the particle from which r 
is measured. 

32. If m be the mass of any one of the attracting particles, 
A its position, r its distance from a point P, the potential of m at 

P is — . Let P' be any point adjacent to P, and let PP' = ds. 

The difference of the potentials of m at P aud P' is then 
d /m\ J _ mdr , 
ds\r/ ~ r'ds 
If <j) be the angle AP'P, we have cos i^ = drjds. The attraction 
of m at P acts in the direction 
PA, and is equal to m/r"; hence 
its resolved part in the direction 

PP is - COS APP = r T- . 

r" r as 

Comparing this with the above 

result we see that if P, P' be 

two adjacent points, the excess 

of the potential at P' over that at P, divided by the distance PP' 

is equal to the resolved attraction in the direction PP'. 

This, being true for every particle of an attracting system, is 

necessarily true for the whole. We Ijave therefore the following 

theorem. If V, V be the potentials of a sy stein at two neighbouring 

points P, P', the attraction at P resolved in the direction PP' in 

V'—V dV 
which s is measwred is the limit of >,-, = -t— . 

•' PP' ds 

So long as the point P is situated outside the attracting mass the potentials V 
and V are both finite and this proof is free from ambiguity. The case in which P 
lies within the attracting mass will be considered a little further on. 

33. By taking the displacement PP' parallel to the axes of 
X, y, z in turn, we see that the components of the attraction in the 
positive directions of the axes are respectively 

doc ' dy ' dz ' 

In the same way the components of the attraction in polar 
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coordinates may be expressed. Let r, 6, <}> be the polar coordinates 
of any point P, let F, G, H be the components at P in the di- 
rections in which dr, rdO, r sin 6d^ are di-awn, then 



dr ' rdd ' r sin 0d(f> ' 

34. It appears from this proposition that, when the potential 
F of a body fixed in space is given, its resolved attractions at any 
point P can be found by simply differentiating the potential with 
regard to the coordinates of that point. It follows that, if two 
different bodies have equal potentials throughout any space, they 
equally attract any particle placed in that space. Thus the at- 
traction of a body is determined by the single function V instead 
of the three components X, Y, Z. 

One chief reason for the use of the potential is that a body, so 
far as its quality of attraction is concerned, is analytically given 
by a single function without the necessity of stating either the form 
or the structure of the attracting body. 

When the potential is used merely to find the forces, it is 
obvious that we may add an arbitrary constant to its value as 

defined in Art. 31. We then have F= 2 — vG, where G is the 

r 

constant added. When the attracting bodies are finite, it is 
convenient to choose G so that Y is zero at an infinite distance ; 
this assumption makes (7 = 0. When the attracting bodies extend 
to infinity, the potential, as defined in Art. 31, is sometimes found 
to contain an infinite constant. It may then be preferable to 
keep G arbitrary and to absorb into its value all constants not 
immediately required. There is a certain inconvenience in having 
different definitions of the potential for finite and infinite bodies, 
especially when we wish to proceed fi-om one to the other as a 
limit. In stating the results therefore for the Newtonian law of 
force we shall adhere to the definition of Art. 31. In special cases 
such a constant may then be added as may most simplify the 
expression for V. 
' 35. Ex. 1. If the law of force be the inverse nth power of the distance, show 

that the function V= = S — r is such that its differential coefficients with regard 

m-1 r""! 
to X, y, 2 express the resolved forces at any point parallel to the coordinate axes. 
To this function we may of course add any constant. 

^ Ex. 2. If the law of force be the inverse distance, then V= - 2m logr, together 
with any constant. 

2—2 



20 ATTRACTIONS. [ART. 37 

""' Ex. 3. The law of force being the inverse square, find the values of the second 

differential coefficients of V at any point of space, and show that at the origin 

cPV „ 3cos2o-l d^V ^ 3oosacosS 
3-5=Sm 5 , -5— r=Sm 5 -, 

where r is the distance of m from the origin, and a, j3 are the angles the distance )• 
makes with the positive directions of the axes of x and y. 

36. Work and potential. A definition of the potential may 
also be given founded on the principle of work. Referring to the 
figure of Art. 32, let a particle of unit mass travel along the 
elementary arc PP'. It has been already shown that the resolved 

attraction in the direction PP' is -j- . The work done by the at- 
traction is therefore -r- ds. If the particle continue its journey 
as 

along any curve, starting from some point P and arriving at some 
other point Q, the work done by the attraction is JdV= V^— Vp, 
where Vp and V^ are the potentials at P and Q. Thus the' 
excess of the potential at Q over that at P is the work done by 
the attraction on a particle of unit mass as it travels by any path 
from P to Q. 

If the attracting body is finite in all directions, the potential at 
a point P infinitely distant is zero. It follows that the potential at 
any point Q is the work done by the attracting forces on a particle 
of unit mass as it travels from an infinite distance along any path 
to the point Q. 

In the same way the potential at Q is the work which must be 
done against the attraction by some external cause to move a unit 
particle from Q to an infinite distance. 

The several particles of the attracting mass are supposed to 
remain fixed in space while the attracted particle makes its 
journey from P to Q. 

37. Level surfaces. The locus of points at which the po- 
tential has any given value is called a level surface. It is also 
called an equipoteniial surface. 

At any point of a level surface the resultant farce acts along the 
normal to the surface. 

To show this, let P^ be a point on a level surface, and let P^ be 

any neighbouring point also on the surface. If Fj, V^ be the 

potentials at these points, the component force in the direction of 

Fo- Vi 
any tangent PjPj will be the limit of „ „ - . This is zero since 



ART. 41] LEVEL SURFACES &C. 21 

F] = Fj. The resultant force must therefore act along the normal 
at Pi. 

38. Let two neighbouring level surfaces be drawn at which 
the potentials are respectively Fj = c and V.s = c + Be. The normal 
attraction at any point P of either surface is inversely proportional 
to the length of the normal at that point intercepted between these 
level surfaces. 

To prove this, let the normal at any point Pj on the first 
surface intersect the second surface in P^. The normal force at Pi 

is then ultimately F = p „ ' = ^ . 

P\Pi P-iPi 

It is therefore evident that P varies inversely as P1P2. 

If a rigid surface were constructed having the form of a level 

surface and coincident with it, it is clear that a particle, placed at 

any point of the surface, would be pulled by the attracting body 

in a direction normal to the surface. The particle, if placed on 

the proper side, would therefore be in equilibrium. Level surfaces 

are therefore also called surfaces of equilibriwm. 

39. A Line of force is a curve such that the direction of the 
resultant force at any point is a tangent to the curve. It is 
evident that the whole system of level surfaces is cut orthogonally 
by the system of lines of force. 

40. Ex. 1. A free particle placed at rest at any point of a line of force will . 
move along the curve in such a. direction that the potential increases. 
^ Ex. 2. The level surfaces of a uniform straight rod are prolate spheroids 
having the extremities for foci. The lines of force are hyperbolas. 

These results follow from the theorem that the attraction at P bisects the angle 
joining P to the extremities of the rod. Art. 13. 

Ex. 3. Show that, if matter attracting according to the Newtonian law he 
arranged so that the direction of the resultint attraction at any external point P 
shall always pass through a fixed point 0, the magnitude of the resultant attraction 
will be a function only of the distance OP, and will not depend on the angular 
coordinates of OP. 

^ Ex. 4. The density of a straight line at any point P varies inversely as the 
square root of the product of the distances of P from the extremities A, B oi the 
straight line, and the law of attraction is the inverse distance. Show that the level 
curves are ellipses having A and B for foci, and that the attraction at any point 
varies inversely as the square root of the product AO . BO. 

Of what body are the hyperbolas, having A, B for foci, the level curves ? 

[Coll. Ex.] 

41. Potentials of rods. To find the potential of a thin 
uniform rod AB at any point P. 
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Let G be the middle point of the rod, 2i its length, p the 
length of the perpendicular 
PN. Let QQ' be an element 
of the length GQ = x, CN=^. 
Taking as before m for the 
mass per unit of length, the 

mdx B Z G Q Q' . 

potential at P is F=/ -p^ . 

Since PQ" = (? — «)^ + p^ we find after substitution and integration 
between the limits x = — l and x = l, 

I' mlOg |(;^^).^^,ji_;_^-«llOg^,_^_^, 

where r = AP and r' = 5P. 

Describe an ellipse whose foci are A and B and which passes 

through the point P. We may obtain a simpler expression for V 

by using some of the properties of this ellipse. Substituting 

r = a — e^, r'^a + e^ and l = ae and cancelling out the common 

1+e 
factor a — ^, we find V=in log :j . If we now multiply nume- 

rator and denominator by 2a and substitute r + r' for 2a and I for 

T" + r' + 2i 
ae, we have F=mlog ---—, — ^v. It appears from either of the 

two last results that the potential is constant at all points 
situated on the prolate spheroid whose foci are the extremities 
A, B oi the rod. 

42. When the rod is infinite in length the potential is easily 
deduced from the attraction already found in Art. 14. Since the 

magnitude of the attraction is ■ — and its direction is PN, it is 

evident that the potential must be V=G — 2m log p, where is a 
constant. 

We may also deduce this result from the expression for the 
potential of a finite rod. Suppose the point P to be situated in 
the straight line drawn through G perpendicular to the rod. 

Then f = and r' = {P + jp')* = l + \tj We then have 

V=m log — — -J = 2m log 21 — 2m log p. 

We thus see that the constant G is really infinite and equal to 
2m log 21 when we adhere to the definition of Art. 31. 
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43. Bx. 1. A thin straight rod AB infinite in the direction of B has one 
extremity at the point A ; show that the potential at a point P is given by 

V=C-vi.\og(AP + AN), 
where AN is measured positively in the direction BA, and G is an infinite 
constant. 

^ Ex. 2. Show that the potential of a thin rod AB at any point P is 
r=m log (cot iPAB . cot ^PBA). 

Ex. 3. A thin uniform rod AB is attracted by a body of any form : show that 
the component of the attraction along the length BA of the rod is m(VA- Vg), 
where Va and Vg are the potentials of the body at A and B, and m is the mass of 
the rod per unit of length. 

By Art. 11 this theorem is true when the rod is attracted by a single particle ; 
it is therefore true by summation when attracted by any body. 

Ex. 4. A uniform thin chain AB is enclosed in a smooth curvilinear tube 
which it just fits, and is attracted by a body of any form. Show that the force 
urging the chain to move in the tube is to(F'^-Fj). Hence show that the 
position of equilibrium may be found by equating the potentials of the body at 
the extremities of the chain. 

That the force depends only on the positions of the extremities of the chain 
and not on its length or form may also be shown by another kind of reasoning. 
Let the chain be completed into a circuit by uniting two chains in different tubes 
at their extremities. If the forces were not equal the chain would begin to move 
round the circuit and thus a perpetual motion would be caused by the mere 
presence of an attracting body. 

Ex. 5. Prove that the surface, over which the potential of an attracting rod of 
length 2c and density unity is equal to a given quantity V, is represented by the 
equation x'(ei^-e-i''^)'' + i{y' + z'){e''^-e-''^f=c'[e^''^+e-^^f. [Math. T.] 

44. Ex. 1. Two equal particles, each of mass m, are placed at two fixed points 
A, B whose distance apart is 2a. The particle at A repels and that at B attracts 
a particle placed at any point P. If r be the distance of P from the middle point 
G of AB and 6 be the angle PGA, prove that the potential, due to both particles, at 

P is equal to ^ nearly, where r is very great compared with a. 

To prove this we notice that 

-m »"_ -»' in _ - '^O'lKi cos 6 

~ AP'^BP~ r~aooaB "*" r+a cos 9 ~ j^ * 

A system of two equal particles, one attracting and the other repelling, is called 

a magnet. The points A, B are the poles, and - 2am is called the magnetic moment, 

the negative sign being given, because it is found more convenient to make 

repulsion instead of attraction the standard case. Bepreseutiug the magnetic moment 

, , „ .Moose 
by M, the potential oj a small magnet u ^ — . 

Ex. 2. The north pole J*' of a magnet attracts a particle, and the south pole S 
repels it according to the law of the Inverse square, the absolute forces of the two 
poles being equal : prove that the lines of force are symmetrical curves, concave to 
the magnet and passing through its poles. If P be the middle point of one of the 
lines of force NPS, prove that the curvature at P is three-halves that of the circle 
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NPS, and that the curvatures at N and S are zero. If NFS be an equilateral 
triangle, prove that the line of force meets the magnet at right angles. 

[Math. Tripos, 1871.] 
Ex. 3. Three small magnets are placed with their centres at the angular points 
of an equilateral triangle ABC, and being free to move about those centres rest in 
the following positions. The magnet at A is parallel to BC, whilst those at B and 
C are at right angles to AB, AC respectively. Show that the magnetic moments 
are in the ratios v'S : 4 : 4. [Math. Tripos, 1880.] 

Ex. 4. Two magnetic particles, of moments ni and m', are fixed at twO corners 
of an equilateral triangle with their axes bisecting the angles. A third magnetic 
particle is free to move at the other angular point. Show that its axis makes with 

the bisector of the third angle an angle tan"^ ^ -, . [Math. Tripos, 1882.] 

45. Ex. A number of infinite straight attracting rods are arranged at 
equal distances on the surface of a cylinder of radius a. If n be the number 
of rods, m the mass of each per unit of length, prove that their potential at 
any point P is given by 

V=C-m log (r^" - aa"?-" cos ne + a^), 
where r is the distance of P from the axis of the cylinder and $ the angle r 
makes with a plane through the axis and one of the attracting rods. 

By making n infinite while the whole mass is given, show that the potential of 
a uniform thin cylindrical shell at the point P is C - iiraM log a or (7 - 4iroiW log r 
according as P is inside or outside the cylinder, the mass per unit of area 
being M. 

These expressions follow from Art. 42 by using De Moivre's property of the 
circle. 

These results are of considerable interest because they help us to understand 
how the potential of a thin cylindrical shell is a discontinuous function of the 
coordinates, being constant at all points within the cylinder and depending on 
the logarithm of the distance from the axis at points outside. Supposing the 
number of rods to be very great but not infinite, the potential at any point P is 
represented by a continuous function of the coordinates of P, i.e. , as P travels from 
the interior to the exterior through the interstices between the rods the potential is 
always the same function of the coordinates. When P is inside the cylinder, r/a is 
less than unity, and by expanding the logarithm in powers of rja we see that 

V=G- 2mn log a + 2m ( - ) cos n8 + &c. 



It follows that when n is large the potential is sensibly constant throughout the 
interior except in the immediate neighbourhood of the surface of the cylinder on 
which the rods lie. When P is outside, ajr is less than unity and by expanding 

the logarithm in powers of ajr we find F= C - 2mn log r + 2m ( -' ) coanS + &c. It 

appears that, except in the immediate neighbourhood of the surface of the cylinder, 
the potential when n is large does not sensibly differ from C-2mnlogr at any point 
outside. 

As n increases the small space within which the potential differs from the first 
term of these series gets continually less, and in the limit is zero, so that we may 
say that the potential is constant throughout the interior of the cylinder and, except 
for (7, varies as the logarithm of the distance throughout external space. 



ART. 471 POTENTIALS OF CYLINDERS. 25 

• 

46. Ex. 1. The space within a closed surface S is filled with homogeneous 
matter of density unity : prove that the potential V at any point P is given by 
F'= ^ J cos ^d(r, where dir is the area of an element of the surface S at any point Q, 
and <l> is the angle the normal at Q drawn inwards makes with the distance QP. 

[Smith's Prize, 1871.] 

With P as vertex describe a cone whose base is d<r, and let da be the solid 
angle. The potential of an element of the cone distant R from the vertex is 
R^dudRjR. Integrating this from JJ=0 to B,=r, where PQ=r, the potential of the 
elementary cone is- Jr^du. This is easily seen to be J cos ipdir. 

» Ex. 2. Show that the volume of the solid enclosed by the surface S is 
ijr cos <t>d<r, where r=PQ. [Gauss' Theorem.] 

V Ex. 3. Show that J —^ da- is equal to Ar, 27r, or according as the point P 
is inside, on the surface S, or outside. [Gauss' Theorem.] 

47. Potentials of discs and cylinders. To find the poten- 
tial of a circular disc at any point P situated in its aads. 

Referring to the figure of Art. 21, the potential at P of the 
annulus QQ' is 2'irmxdxjPQ, where x and x + dx are the radii of 
the annulus and m the mass of the disc per unit of area, lip be 
the perpendicular from P on the disc and r the distance PQ, we 
have 7^ = 0? + P' and rdr = xdx. Substituting, we find that the 
potential V of the disc is F=27rm/dr = 27rm(ri— p), where r^ 
is the distance from P of any point on the perimeter. 

If a be the radius of the disc, we may also write this in the 

form F= 27rm ['JaF+f -p}. 

/ Ex. 1. Show that the potential of a thin disc of infinite area at a point distant 
pis A- iirmp, where A is an infinite constant. 

/ Ex. 2. Show that the potential of a circular cylinder of density p, radius a, and 
small thickness ft at an external point P on the axis close to the cylinder is 
"iirph (a -p), where p is the mean of the distances of P from the two plane faces of 
the cylinder. 

Ex. 3. Prove that the potential of a circular disc of radius a and unit density 
at a point in its plane distant R from the centre is 

^jWZ2aR^e + W) ■ t^^''^- ^"P°«' ^^^'-^ 

Ex. 4. The particles of a thin uniform circular ring attract a particle P 
situated in its own plane according to the law of the inverse cube. Show that 

the resultant attraction on P is ± .-^ — ^, where m is the mass of the ring, 

a its radius, and r the distance of its centre from P. Which sign should be given 
to this expression ? [Townsend's Problem.] 

Ex. 5. At the focus of a thin shell in the form of a paraboloid of revolution the 
potential of any portion bounded by planes perpendicular to the axis varies as 
Bj - r^ if the density be constant, and as R^ - r^ if the density vary as the focal 



r. 
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distance ; where i2j , R^ are the principal radii of curvature at one edge, t'x , r^ at the 
other edge. 

48. Ex. 1. An indefinitely thin layer of attracting matter is placed on an 
infinitely long circular cylinder of radius a, so that the density p is uniform 
along any generating line, but varies from one generating line to another. Let 
the axis of the cylinder be the axis of reference, and let the cylindrical coordinates 
of any point be (•; 0, z). If p=Acoanip + B sin n0, where n is any integer except 
zero, prove that the potential at a point whose coordinates are (/, 0', z') is equal to 

(^cosn0' + JB Binn0') (- j , 

together with a constant, the upper or lower sign being taken according as the 
attracted point is inside or outside the cylinder. Find also the potential when p is 
any function of tp whatever. 

Let P be the point at which the potential is required, and let PO be a 
perpendicular on the axis. Through P draw a plane cutting the cylinder in 
a circle ; let ^ be a fixed point on the circle, QQ' an element of the circle, 
then AOQ = ^; also AOP = <p', OP=r'. Let ^ = ij,-^', R = PQ. 

The matter placed on the generators which pass through the elementary arc 
QQ' may be regarded as an attracting rod whose potential at P is -2ntlogiJ+C, 
where m is the mass per unit of length and (7 is a constant. The potential of the 
whole cylindrical stratum is therefore 

F= -Ja#. plogJBHC 
= - \ad\j/ . p log (a? - 2ar cos \j/ + r^) + C, 
where the limits are and ir and (7 is a constant. 

Now by writing for 2 cos \p its exponential value we easily find 

log (1 - 2ft cos ^ + /i") = - 2 (ft cos ^ + Jft2 cos 2^ + Jft' cos 3^ + &c.), 
and this series is convergent when ft is less than unity. 

To obtain a convergent series we must expand the logarithm in the integral for 
V in powers of rja or o/r according as P is inside or outside the cylinder. We 
therefore write the potential in thg forms 

K=-Jadf. plog jl-2-cos^+(-) [■ -\ad^ .p\oga?+G, 

F=-|a#.plog Jl-2"cos^+f-j I - Ja#./) log r^ + C, 

according as P is inside or outside the cylinder. 

Suppose first that p=Loo3«^. Then, remembering that Jcosn^cosm|^(ii^=0 
or IT according as m and n are unequal or equal when the limits are and 2ir, we 

easily find F=L — ( - J +0 or I. — (-,| +C, according as P is inside or 

outside. 

Next suppose p=L siuK^, then since Joos ji^sinm^(i^=0 when the limits are 
and 27r, we find by the same reasoning as before that the potential at P is constant 
whether P is inside or outside. 

Lastly let p have its given value, viz. 

p= A DOS n (<(/ + <!>') + B sia n(ij/ + (ti')=zL cos n^ + M sua. nxp, 
where i=Acosn0' + Bsinn0' and M= - Asmmti' + B co&n^'. 

We then find by using the above results that 

V= — L[~] + C or L - +0, 

n \aj n \r / 

according as P is inside or outside the cylinder. 
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If p be any function of 0, then for all values of <p between and 27r we may 
expand tj> by Fourier's theorem in a series of the form p=S {4„oosn0 + B„sinn0}. 

The potentials due to each term may be separately found and the results added 
together. 

Ex. 2. A uniform thin stratum of attracting matter is placed on an infinite 
right circular cylinder. Show (1) that the potential at any internal point is the 
same as that at the axis, (2) that the potential at any external point is the same as 
if the whole mass of the stratum were uniformly distributed over the axis. 

Ex. 3. The density of a thin stratum on a right circular cylinder of radius a is 
proportional to the distance from a plane.thrpugh the axis and its greatest value is D. 

Prove that the potential at any point P is 2ira'D-. or 27rD| according as P is 

r 

outside or inside, where J and r are the distances of P from the given plane and 

from the axis respectively. 

49. Systems of particles. If a particle of mass m/ travel 
from a position at which the potential is zero along any path to 
any assigned position Bi, it is clear from what precedes that the 
work done by the attracting forces is Virrii, where Fj is the po- 
tential at Bi. If a second particle m/ travel from a position of 
zero potential to the position B^, it is clear that the additional 
work is FaWia', where V^ is the potential at B, of the same attract- 
ing forces. 

Generalizing this, let there be two systems of particles ; let the 
masses of the first be mi, m^, &c., and let these be situated at the 
points Ai,As, &c. Let the masses of the second be mj', m/, &c. and 
let these be situated at the points Bi, B^, &c. Let Fj, F^, &c. be 
the potentials of the first system at Bi, B,, &c.; Fj', Fs', &c. the 
potentials of the second system at Ai, A,, &c. Let us also suppose 
that each particle of either system acts on all the particles of the 
other but does not attract any particle of its own system. The 
work done by the attracting forces in moving the particles of the 
second system from positions of zero potential to their assigned 
positions is 

In the same way the work of bringing the particles of the first 
system from positions of zero potential to the positions A^, A^, &c. 
under the influence of the attracting forces of the second system is 
Tf=F/mi + F,'m,+ ... 
If T-ja be the distance between the particles m^, m/, and r^i 
that between the particles m^, mi', and so on, the values of the 

potentials Fj, Fi' are Vi = ~+ — +&c.. 



28 ATTRACTIONS. [ART 51 

ir , fTh , in.,' 

K 1 = 1 h &C. 

'"ii fu 

Substituting, we find that each of the expressions W, W is 

equal to -3_!1 + _L_i + ^_!L + . . . = £ . 

ni ^12 r^ r 

This symmetrical expression is sometimes called the Tnutual 
potential and sometimes the mutual work of the two systems. 

The work required to move either system from one given 
position to another under the influence of the attractions of the 
other system is the difference of their mutual potentials in the two 
positions. If both systems are moved, each from one given position 
to another, under the influence of their mutual attractions, it easily 
follows, by moving them one at a time, that the work done is the 
excess of their mutual potential in their final positions over that in 
their initial positions. 

50. If the particles are elements of a solid body the argument 
is still the same. Let dv' be an element of the volume of any finite 
mass M', p' its density, V the potential of any fixed system of 
attracting bodies ; the work of collecting together the mass M' 
is JVp'dv'. 

This formula may be put into the form of a rule. To find the 
mutual potential of two attracting masses in assigned positions, we 
multiply the mass of each element of one body by the potential of the 
other at that element, and then integrate the result throughout the 
volume of the first body. 

51. The particles of a system mutually attract each other and 
are in assigned positions. Supposing them to have been originally 
at distances so far apart that their mutual attractions were zero, it 
is required to find the work done by their attractions as they are 
collected together and brought each into its assigned position. 

Let us begin by bringing the first particle nh into its assigned 
position Ai, as there are no other particles of the system sufficient- 
ly near to exert attraction on this particle the work required is zero. 
If we now conduct the second particle Wa into the position A,, the 

work done by the attraction of mj is —J—" , where r^^ is the distance 



12 



uli^a- In bringing the third particle m^ into the position A^ the 

, 1,1 , , , • r 1 • nhm, m«ms , 
work done by the attractions oi mj and m^ is 1 and 

'^13 ^83 

SO on. 
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The whole work done by the attractions when every particle of 
the system is brought into its assigned position is therefore 

F=S^^^' ,^. 

ru 
Let Fi, Fa, &c. be the potentials at Ai, A^, &c. of the whole 
system after every particle has been brought into its assigned 
position, then 

F, = '?^.+ !^ + &c., F, = ^+'?^' + &c. 

^]3 ''is I'll ''as 

We may then transform the expression (1) into 

W=U^im, + V,m,+ ...) = ^2Vm (2). 

The term mim^/rj^ occurs twice in the expression (2), viz. once 
in Fimi and once in V^nis, but it only occurs once in the expression 
(1). We have therefore to introduce the factor ^ in the expression 
(2) to make the result agree with the value of W given in (1). 

The rule to find the mutual potential of a single system of 
attracting particles is therefore slightly different from that given 
in Art. 49 to find the mutual potential of two different systems. 

To find the mutual potential of a system of attracting particles 
brought from infinite distances to any assigned positions, we multiply 
the mass of each element by the potential at that element, integrate 
throughout the volume and halve the result. 

This rule, when the final sign is reversed, also gives the work 
of bringing the particles from any assigned positions to infinite 
distances. To find the work of bringing the particles from one 
assigned arrangement to another, we add together the work of 
bringing them from the first arrangement to infinite distances and 
the work of bringing them from infinite distances to the second 
arrangement. If the system be moved, like a rigid body, from one 
place to another so that the relative positions of the particles in 
the two places are the same, it is clear that no work is done by the 
mutual attractions of the particles. 

In this investigation we have treated the elementary masses as if their linear 
dimensions were infinitely small compared with their distances apart. It might 
therefore be supposed that the argument fails for two elements of a continuous 
body which finally become contiguous. We may however notice that it is only 
infinitely small portions of adjacent elements which can be in contact, and we shall 
now prove that, when the density p is finite, the mutual potential of these portions 
tends to zero as their distance apart decreases. If r be the very small distance 
between the nearest points of two elements, the only portions of each, whose 
distance apart is of the order r, have masses of the order pr^. Dividing these 
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portiona into smaller elements having their linear dimensions infinitely smaller 
than r we see that the mutual potential of these two portions is of the order pV' 
and therefore vanishes in the limit when the elements become contiguous. Since 
the portions not in contact can be divided into elements so small that their linear 
dimensions are infinitely smaller than their distance apart, the rule proved above 
will apply for the rest of the matter, and therefore for the whole of the bodies. 

52. It appears from the definition of potential that its dimen- 
sions are not the same as those of work. The potential of a particle 

whose mass is m at a point P distant r is — . If a particle of mass 

m is situated at the point P, the mutual potential or work of these 
mm' 



two particles is 



The dimensions of the first are therefore mass 



divided by distance, those of the second mass squared divided by 
distance. 



Spherical Surface. 

53. To find the potential of a thin uniform spherical shell at 
any point. 

Let be the centre of the shell, a the radius of either bound- 
ing surface, m the mass per unit of area. Let P be the point at 
which the potential is required, OP = R. 

Taking on the surface of the shell an annulus QQ' whose axis 
is OP, let the angle 

POQ = d, and QP = u. 
Since the mass of the an- 
nulus is m . add . 2'jra sin d 
by Pappus' theorem (Vol. i. C" 
Art. 413), the potential at 
P of the whole shell is 
(^Trma^ sin ddO 



--P- 




Since u^ = P^ + a^- 2aR cos 0, we have vdu = aR sin 6dd. 

Substituting, we find V = — = — Jdu. 

If the point P is external to the surface as shown in the figure, 
the limits of u are u = PC to m = PC, i.e. u = R- a to R+a. In 
4!7rma' 



this case V = 



R 
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If the point P is inside the shell as at P', the limits of u are 
u = P'G to u = P'C, i.e. u = a — Rto a + R. In this case 

a 

If M be the whole mass of the shell, M= 4rn-ma^ and these ex- 

M M 

pressions take the form F=-„ or F = — according as the attracted 

point P lies outside or inside the shell. 

When the point P is at the centre, u is constant and cannot be properly taken 
as the independent variable. But since every element of the attracting mass is 
eqaally distant from P, it is evident that the potential at the centre is equal to the 
mass divided by the radius, and this agrees with the above result. 

54. Since the potential is the same at all points within the 
spherical shell, it follows that its differential coefficient with regard 
to each of the coordinates is zero. Thus the attraction of a thin 
uniform spherical shell at an internal point is zero. 

Since a thick shell bounded by concentric spheres may be 
regarded as composed of a sufficient number of thin shells, it 
follows that the attraction of a thick shell hounded hy concentric 
spheres at an internal point is zero. 

This theorem is also true for a heterogeneous thick shell provided 
the strata of equal density are concentric spheres. For in this case 
each of the thin shells into which it is analysed is homogeneous. 

55. Since the potential at an external point of a uniform thin 
shell is MIP, we see that the force at an external point P resolved 
in the direction OP is equal to — M/B^. The attraction therefore 
acts in the direction from P towards the centre, and is the same a^ if 
the whole mass were collected at its centre. 

As before, since a thick shell may be analysed into elementary 
thin shells, it follows that the attraction of a thick shell bounded by 
concentric spheres or of a solid sphere at any external point is the 
same as if the whole mass were collected into its centre. Also this 
is true for heterogeneous shells provided the strata of equal density 
are concentric spheres. 

These theorems on the attraction of a spherical shell as wgU as that of a 
spheroid at an internal point are due to Newton. 

56. That the attraction of a thin uniform shell bounded by 
concentric spheres at an internal point P is zero may be shown by 
an elementary geometrical argument which applies also to the case 
of some ellipsoidal shells. 
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With P as vertex describe an elementary cone cutting the 
surfaces of the shell in Q^qq", RR'rr' respectively. Let PQ = r, 
Qq-dr\ PR = »•', Rr = d/. If da> be the solid angle of the 
elementary cone, the volumes of the elementary solids at Q and R 
will be respectively r^dcodr and r'^dmdr'. Their attractions at P 
are therefore pdeodr and pdadr' , where p is the density. These at- 
tractions will balance each other whenever the form of the shell is 
such that the intercepted parts Qq, Rr of the chord qQRr are 
equal. This being true for all chords through P, the attraction of 




every element is balanced by that of the opposite element and the 
resultant attraction on P is zero. 

When the shell is bounded by concentric spheres these in- 
tercepted parts are evidently equal. The resultant attraction on 
any internal point is therefore zero. 

When the shell is bounded by similar and similarly situated 
concentric ellipsoids the same is also true. To prove this we 
notice that, since the chords parallel to QR have in the two 
ellipsoids a common diametral plane, the chords QR and qr must 
have the same middle point. It follows that the intercepted parts 
Qq and Rr are equal. 

Since a thick shell may be analysed into elementary thin 
shells, it follows that the attraction of any homogeneous shell 
bounded by similar and similarly situated concentric ellipsoids 
at any internal point is zero. 

57. If P is on the outside of a thin ellipsoidal shell, bounded 
by similar concentric ellipsoids, we may show by similar reasoning 
that the enveloping cone whose vertex is P divides the surface into 
two portions whose attractions at P are the same in direction and 
magnitude. 
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m 
It follows that, when P is indefinitely close to the outer margin 
of the shell, the infinitely small portion on the nearer side of the 
polar plane exerts the same attraction at P as all the rest of the 
shell. If the thin shell is spherical, the resultant attraction is 
known to be the same as if the whole mass were collected at its 
centre. Putting m for the mass per unit of area, the attraction 
at P of each of the portions on the two sides of the polar plane is 
27rm. 

58. We may apply these results to the solid bounded by two 
concentric similar and similarly situated hyperboloids. If one 
sheet attract and the other repel, the attraction on P is zero, 
provided both sheets are on the same side of P. 

Also a paraboloidal shell bounded by two equal paraboloids 
having their axes coincident but their vertices separate exerts no 
attraction at an internal point. 

59. If the thin shell is ellipsoidal and P is very close to the 
outer margin, the distance of P from the polar plane is infinitely 
smaller than the linear dimensions of the curve of contact. The 
attraction at P of the portion on the nearer side of the polar plane 
is therefore the same as that of an infinite plate of the same thick- 
ness, see Art. 22. The attraction at P of each of the portions on 
the two sides of the polar plane is therefore 2irm, where m is the 
mass of the shell in the neighbourhood of P per unit of area. The 
attraction of the whole shell at a point P, just outside the shell, is 
therefore twice that of an infinite plate of the same thickness as 
that of the shell at P, i.e. the attraction is 47rm. It also follows 
that the direction of the attraction is the same as that of the 
infinite pldte and is normal to the shell. This line of argument 
will be more fully considered further on. 

y 60. Ex. 1. A thin stratum of matter is placed on a complete right cone so 
that the surface density at any point is inversely proportional to the distance from 
the vertex, the matter on one side of the vertex attracting, that on the other 
repelling. Show that the stratum exerts no attraction at a point having both 
sheets on the same side. 

Ex. 2. If matter attracting according to the law of gravitation be uniformly 
distributed upon the oiroumferenoe of a circle, show that the chord of contact 
of tangents drawn to the circle from any external point divides the circle into 
two arcs, such that the potentials at the point due to each are are the same. 

[Math. Tripos.] 

61. Potential of an annulus. We may use the method of 
R. s. II. 3 
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Art. 53 to find the potential of an annulus of a thin uniform 
spherical shell at a point P on its axis. 

Let DUEE' be the portion of the spherical shell whose poten- 
tial at P is required. Let PD = u^, PE = m, ; OP = R. 

The potential of an elementary annulus QQ' being the same as 
before, the potential V of the 



whole annulus is 






(U^-Ui), 



TT 2'rr'ma ,. , 

since in our case the limits of 
iutegration are u = PD and 
u = PE. In the same way the 
mass M of the annulus is 
27rma 



M=- 



- Judu=-^^ {ui-Ui^). 




We have therefore for the potential of the whole given annulus 

M 



V = 



I («i + Ma) " 



62. If we suppose the annulus to form a complete sphere except for two small 
holes BD', EE', we' hare an expression for the potential which applies equally to 
points inside and outside the shell, provided they lie on the axis. Let y be the 
radius of either hole. When P is inside the shell the sum of the distances u^ and 
1(2 differs from the diameter only by small quantities of the order y'^ and the 
potential is therefore sensibly constant. When P passes through the hole DB' 
the distance it, has a minimum value equal to y and then begins to increase 
without vanishing or changing sign. When P is outside the shell the sum of 
the distances Uj and u^ differs from twice the distance of P from the centre by 
quantities of the order y'^, so that the potential sensibly follows the law of the 
inverse distance. 

In the limit, when the holes are closed, the potential of a thin spherical shell at 

M 
a point P is given by V=y-i r. where u^ and u^ are the distances of P from 

the extremities of the diameter on which P lies. This expression will apply to 
points both inside and outside, provided we assume that the distances v^ and u^ 
are taken positively for all positions of P. When P passes through the shell from 
one side to the other this assumption makes the expression discontinuous in form. 

The case of the annulus is similar to that of the cylinder of rods considered in 
Art. 45. The collection of rods have a continuous potential both inside and out- 
side the cylinder, and this becomes discontinuous in form when the rods form a 
complete cylinder. 

63. Ex. 1. The attraction of an annulus of a thin spherical shell at any point 

P on the axis is — j- (x='=x')> where r is the distance of P from the centre and x< 

x' are the halves of two chords of the sphere, both of which pass through P and one 
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through each rim of the annuluB. The negative or positive sign is to be taken 
according aa the rims are on the same or opposite sides of the polar plane of P. 

Ex. 2. From a spherical shell of small thickness 2t and uniform density a 
segment is cut off by a plane. Prove that the potentials of the segment at two 
points on the axis, one just inside and the other just ontside, are the same up to the 
first power of t. 

Ex. 3. A thin spherical shell of radius a attracts an internal particle P at a 
distance R from the centre. If the shell be divided into two parts by a plane 
through P perpendicular to the radius the resultant attraction of each part at P is 

_3 {a - (a^-R^)^] where m is the surface density. [Todhnnter's History, 1615.] 

Ex. 4. If the law of attraction be the inverse nth power of the distance, show 
that the potential of a thin spherical annulus at a point on its axis is 

, 2M "2"~^-Ml"~" 1 

-{n-l){n- 3) Ma^-V K^S^' ' 
following the notation of Art. 53. 

If the law be the inverse cube, the potential is V=M I 1— J . 

64. A Solid Sphere. To find the attraction of a solid uni- 
form sphere at an internal point P. 

Describe a sphere concentric with the given surface to pass 
through P. The attraction at P of the matter between this 
sphere and the given surface is zero ; Art. 54. The attraction 
at P of the matter within this sphere is the same as if it were 
collected at the centre, Art. 55. If ii be the distance of P 
from the centre 0, the attraction is ^wpR^jR^, where p is the 
density. It follows that the attraction of a solid homogeneous 
sphere at an internal point distant Rfrom the centre is ^pR. 

If (sc, y, z) be the coordinates of P referred to the centre 
as origin, X, Y, Z the components of attraction, we have also 

X = - ^px, Y=- ^irpy, Z-^~ ^trpz. 
These are obtained by resolving the resultant attraction, viz. 
^■jrpr, parallel to the axes. 

65. We may apply the same method to find the potential of a 
solid sphere at an internal point P. 

If X and x + dx are the radii of an elementary shell taken 
within the sphere passing through P, its potential at P is 
itrpafdx/R, Art. 53. In the same way, if y and y + dy are the 
radii of an elementary shell outside the same sphere, its potential 
at P is i-n-py^dy/y, Art. 53. 

The potential at P of the whole sphere is therefore 



„_ r^ ^Trpa^dx /■" 4s'irpy^dy 
~Jo -S Jr y 



y 

3—2 



portion included is | ^ p" . — ^ — r^drda ; dividing this by the mass attracted, viz. 
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If the density p of the sphere is uniform this integral becomes 

o 

If the density is any function of the distance from the centre 
the integration can be effected when the function is given. 

66. Ex. 1. A portion of a homogeneous spherical shell is 6ut off by a cone 
whose vertex is at the centre and whose solid angle is da. Show that the 
accelerating attraction of the rest of the shell on this portion is 

^^'^-"> W + ah + a^ ' 
where a and h are the internal and external radii of the shell. Hence show that 
when the shell is indefinitely thin the accelerating attraction is half that just 
outside. 

Since the resultant attraction of a body on itself is zero, the attraction of the 
rest of the shell is the same as that of the whole shell. The attraction on the 

ip(r^- o') da, we have the result above given. 

Ex. 2. Prove that the pressure per unit of length on any normal section of a 
spherical shell of mass M and radius a due to the mutual gravitation of the particles 
tends to the limit HPjl^Tra^, as the thickness of the shell is indefinitely diminished. 

[Math. Tripos.] 

Ex. 3. A solid homogeneous sphere is divided by a plane through its centre 
into two hemispheres. These being placed with their plane faces coincident, show 
that the force required to puU them apart is J"^ M^ja^, where M is the mass of the 
sphere and a its radius. 

Ex. 4. If the density of a solid sphere vary as the nth power of the distance 
from the centre, show that the potential at an internal point is 

- (n+2)(. + 3) r+^)"^-^[- 
where p is the surface density and ra + 2 is positive. 

Ex. 5. A homogeneous sphere is divided into two parts by a plane QNB 
bisecting OP at right angles, P being any point within the sphere and the 
centre. If a be the radius of the sphere and c = OP, prove that the attraction 

at P of the larger part of the sphere cut off by the plane QNR=:—^ — x attraction 
at P of the whole sphere. 

Ex. 6. A solid sphere of radius a has a hole pierced through it in the form of a 
right circular cylinder of radius b, the axis of the cylinder being a diameter of the 
sphere. Show that the potential V of the remaining solid portion at any point P 
of the axis is given by 

V PE^ - PD^ PN + PE 

where D, E are any points on the two circular rims of the cylinder ; M, N the 
centres of the rims and the centre of the sphere. 

Show that when 6 = 0, the right hand side reduces to ^a^/iJ or ^(3a?~EF), 
where R = OP, according as P is without or within the sphere. 



V=: 
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Ex. 7. If I be an external point and G the centre of a sphere, prove that the 
sphere on IG as diameter, the sphere with centre / and radius IG or the polar plane 
of I will divide the sphere into two parts exerting equal attractions at I, according 
as the law of attraction is the inverse square, the inverse cube, or the inverse fourth 
power of the distance. [St John's Coll., 1885.] 

If the law be the inverse nth power, and a radius vector from I as origin cut the 
sphere in Q, R and the dividing surface in S, then 2 (Z5)'-"=(IQ)3-"+{IiJ)3-» 
except when m=3. The results given follow at once. 

Ex. 8. If the Earth were made up of two homogeneous solid hemispheres 
of densities v, a, the plane of separation coinciding with the equator, then show 
that the deviation of the plumb-line from the zenith at any point of the equator 

would be tan-i f- . "-^^ . [St John's CoU., 1882.] 

Ex. 9. If a homogeneous solid hemisphere of radius a and density p be referred 
to the centre of the complete sphere as origin, the bounding plane circle as plane of 
xy and the radius of the hemisphere perpendicular to the plane of ayy as axis of z, 
then the attraction at the origin is along the axis of z and is equal to irpa, where 
the law of attraction is that of gravitation. 

Further show that if V be the potential at a point xyz near the origin, then 
V= irpa? + irpaz -^Trp{x'+y^ + iz^ (within the hemisphere), 
and F= irpa? + irpaz - ^irp {x'' + y^- 2z^} (without the hemisphere). 

[St John's Coll., 1886.] 

Ex. 10. Find the resultant attraction of a homogeneous globe on an external 
particle, the law of attraction being the inverse cube. If be the particle, C the 
centre, AB a diameter through 0, and if OB = eOA and /« = the attraction of a unit 
of mass at a unit of distance, prove that its attraction on = \irij,(OAIOO)^. 

[Math. Tripos.] 

Ex. 11. The potential of a solid hemisphere of radius a and unit density, at an 
external point P situated on the axis at a distance | from the centre is 

the upper or lower sign being taken according as P is on the convex or plane side 
of the body. 

The potential at an internal point may be found by subtracting from the 
potential of the complete sphere, that of the missing half. 

67. To find the ^potential of a shell bounded by any two non-intersecting spheres. 

Let A and B be the centres of the spheres, a and b their radii. Let p be the 
density of the attracting matter which fills the space between these spheres. 

The potential at any point P is evidently the difference of the potentials of the 
spheres each regarded as a solid sphere of density p. If E, R' be the distances of P 
from A and B respectively, the potential at P is 

^=^'^'' (l - :?) °' ^ (3a^-3b^-R^ + R% 
according as P is outside or inside both spheres. If P lie between the spheres 



F=|^p(3a^-iJ=-^'). 



68. We may use the same principle to find the attraction of a shell bounded by 
two non-intersecting spheres. 
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Suppose, for example, that the attracted point lies within both spheres. The 
force at P is evidently the resultant of two forces, (1) an attraction equal to ^wp . PA 
acting along P4, and (2) a repulsion equal to ^-n-p.BP acting along BP. By the 
triangle of forces, the resultant of these is equal to ^irp . BA acting parallel to BA. 
Thus tlie attraction at all internal points is the same in direction and magnitude. 

The attraction at an external point may be found in the same way. 

69. Ex. 1 . Two spheres touch at a point 0, and the space between is filled with 
homogeneous attracting matter. Show that, when the radii differ by an infinitely 
small quantity, the attractions at two external points, one at and the other at the 
opposite extremity of the diameter through 0, are as 1 : 5. 

What is the ratio if the points are inside both spheres? 

Ex. 2. A thin layer of attracting matter of mass M is placed on a spherical 
surface of radius a. If the mass per unit of area is proportional to the square of 
the distance from a given point O on the circumference, prove that the potential at 

any external point PisF=^(l ^=^ J , where iJ is the distance of P from the 

centre A of the sphere, and is the angle E makes with the radius AO. 

This layer may be regarded as filling the space between two spheres which touch 
at 0. 

Ex. 3. A thin layer of attracting matter is placed on a sphere, and the mass per 
unit of area is A +Bx, where x is referred to the centre as origin. Show that the 

potential at an external point P whose abscissa is | is V= ^=- \a + -^l . 

M [ oli ) 

70. A theorem of Gauss. The mean value of the potential 
of any attracting system, taken for all points on any spherical sur- 
face, is equal to the potential at the centre due to that part of the 
attracting system which lies outside the sphere plus the quotient 
of the mass inside the sphere by the radium. . 

Let da- be any element of surface of the sphere, V the potential 
of all the attracting mass at this element. Let M be the mass 
inside the sphere and M' that outside, and let Vc be the potential 
of the latter at the centre G. Let a be the radius of the sphere, 

then we have to prove that -. — - =Vc-{ — . 

4i7ra^ a 

Let m be the mass of any particle of the attracting system, and 

let it be situated at a point A. Its potential at any point. Q of 

the sphere is therefore m/AQ. The part of the integral jVda- due 

to this mass is therefore fmda-/AQ. 

The integral / -^^^ is evidently the potential at il of a thin stra- 
tum placed on the sphere, of unit surface density, and is therefore 

equal to —^ or according as the point A is situated outside 

or inside the sphere. 
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Taking all the particles of the attracting system, every particle 
m outside the sphere contributes a term 'i-rra^.m/AG to the integral 
fVda- while every particle m' inside contributes a term 4>Tra^ . m'ja. 

We therefore have y— f = 2 -^ + — ^ . Remembering that Vc is 

the potential of the external mass at the centre of the sphere, the 
result follows at once. 

71. Heterogeneous Spherical Shells. The potential of a 
heterogeneous spherical shell may be found by the help of La- 
place's functions more easily than by any other method. Although 
there are several cases of heterogeneous shells whose attractions 
may be found by special artifices, it does not seem useful to stop 
over these when they can all be treated by one comprehensive 
method. We must however postpone the discussion of this 
method until after we have reached Laplace's equation. In the 
meantime there are some general theorems on heterogeneous 
shells which are independent of Laplace's functions, and to these 
we shall now turn our attention. 

72. The potential of a thin heterogeneous spherical shell being 
supposed known at all internal points, it is required to find the 
potential at all external points. 

Let be the centre, a the radius of the sphere. Let P, P' be 
two points on the same radius, one inside and the other outside, 
such that OP. OF = a\ Let OP = r, OF = r'- 

Let Q be any point on the surface, then since OP . OF = OQ' 
the triangles QOP, P'OQ are similar. It follows that the ratio 
QP/QP' is constant for all points on the sphere, and that this 
ratio is equal to a/r. 

Let V, V be the potentials of the whole shell at P, F. If m 
be an element of mass at Q, the potentials of m at P and P' are 
respectively mJQP and m/QF. Since these have a constant ratio 
for all positions of Q and all values of to, the potentials V, V must 

have the same ratio. We therefore have V = V-. 

r 

Let {x, y, z), (x', y, /) be the coordinates of P, P' referred to 

any rectangular axes with for origin. Then 

X y _z _r _a? 

x'~ i/~'^ r' r'^' 

If the potential of the shell at any internal point {x, y, z) be 
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V=f{x, y, z), then the potential V at any external point {x', ?/', z") 
is found by writing a^x'jr'-, a^i/lr'^, a^zfjr'^ for x, y, z respectively, 
and multiplying the result by ajr'. lura^,., v '-_ i/v^/V 

It may be noticed that this proof is an application of Thomson's 
method of inversion, which will be more fully explained further on. 

73. If Y, Y' be parallel components perpendicular to OPP' of 
the attractions at P, P', we may show by differentiation that 

Y' = F— . When the points P, P' approach indefinitely near to 

the surface we have Y' = Y. 

74. Ex. 1. The potential at an internal point of a thin homogeneous shell of 
radius a being V=Mja, find the potential V at an external point distant r' from 
the centre. 

We have by the rule F'= F -;'= -r • 
r' r 

Kx. 2. Find the potential at an internal point of the shell described in Art. 69, 
Ex.2. 

75. A theorem of Stokes. Let X, X' be the radial components of the attrac- 
tions at P, P', estimated positively when directed from the centre. Then since 

,_ J _dV y,_dr_ dVa? a_ a' a 

when the points P, P' approach indefinitely near to the surface r' = a, and this 

V 
equation reduces to X +X= — . 

a 

We therefore have the following theorem. The sum of the inward normal attractions 

at two points on the same radius, one just inside and the other just outside a thin 

heterogeneous spherical stiell, is equal to the potential at either point divided by the 

radius. This theorem is given by Sir G. Stokes in his article on the Figure of the 

Earth, and is there proved by the use of Laplace's functions. 

Ex. If X, X' be the outward attractions of a thin heterogeneous spherical 
shell at two points on the same radius at distances r, r' from the centre, V, V the 
potentials at the same points, and if rr' = a^ where a is the radius, then 

Xr^+X'r'^=-{aVr)k 

Laplace's, Poisson's and Gauss' theorems. 

76. Laplace's Theorem. Let (|, 17, f) be the coordinates 
of any particle A of the attracting matter, and let m be the mass 
of that particle. Let {x, y, z) be the coordinates of any point P. 
Taking the particle m apart from the rest of the matter, its 

potential at P is Fi = — , 

where r-» = (a; - f)» + (y -•>?)« + (^ - 0' (!)■ 
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Since 4l = ^-^' 

ax r^ dx^ r^ r^ ' 

In the same way -^ — - = 1 ^ 'J. 

■' dy^ r^ r= ' 

Adding up these three expressions and remembering equation (1) 

n , d'V^ d^Fi d'V, „ 

wefind -T-^ + — ^+^r^=0. 

dx^ ^ dy"- dz" . 

Let now V be the potential of the whole attracting matter at P. 

Then, since F is the sum of the potentials of the several particles, 

d'^V d^V d^V r- 
it immediately follows that t-: + t- + -i-r- = 0. 

dx^ dy^ dz^ 

In ibhis investigation we have assumed that the point P does 
not coincide with any one of the attracting particles. If it did the 
meaning of the potential of that particle would require some 
further consideration. The theorem has therefore been proved to be 
true only for a point external to the attracting matter. It will 
be presently shown that the right-hand side is not zero when the 
attracted particle forms a part of the attracting mass. 

Laplace's equation is a differential equation which must be 

satisfied by the potential of every body at all points not occupied 

by attracting matter. If a general solution of the equation could 

be found, that solution would comprise within its compass the 

potential and therefore the component attractions of all bodies. 

d^V d^F d^V . 
Laplace's function -r-^ + -^ + -^ is often written in the 

abbreviated form V'V. 

77. Ex. i. If the law of attraction between two particles is the inverse 

mth power of the distance we know by Art. 35 that V= — = S -;rT+ C^- Prove that 

cPV cPV <PV m 

V satisfies the differential equation -5—3 + 3-3 + ^ = (ra - 2) S -^^ . 

Hence show that the potential cannot be constant throughout any space un- 
occupied by matter unless the law of attraction is the inverse square. It is 
assumed that aU the m's have the same sign, i.e. that every particle attracts or 
every particle repels. 

Ex. 2. If the law of attraction be as the direct distance, show (1) that 
V= -i'Smr^+C, and (2) that Laplace's equation takes the form V^V= -SM, 
where M is the attracting mass. 
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If the law be the inverse distance, (1) F= - Sm log r + C, (2) V2F=-S — . 

These results follow easily from first principles, but they may also be deduced 
from the general theorem given in Ex. 1 by putting n= =fl. 

Ex. 3. A lamina, not necessarily homogeneous, situated in the plane of xy, 
attracts a point P whose coordinates are {x, y, z). If F„ be the potential when the 
law of force is the inverse rath power of the distance, and Z^ the component of force 
in the positive direction of the axis of z, prove 

Show also that the potential of a uniform circular lamina of radius r and situated 
in the plane of xy, at a point (x, z) in the plane of xz, the origin being at the 
centre, and the law of force the inverse cube, is 

F,=i7r/i{log(x2 + «2 + r2 + P)-log(a:=+z2_r2+P)}, 
where P^={x^ + z'+r^)''-ixV. 

Thence deduce the potential when the law of force is the inverse fifth. James 
JRoberts' Theorem. Quarterly Journal, 1881. 

Ex. 4. If the potential due to any attracting mass at an external point be F„ 
when the force attracts according to the inverse nth power of the distance, and X„ 
be the resolved force in any direction, prove that 

^'^"(n+l)(ra-2)^'^"' ■^»+2'^(n + l)(«-2)^''^"' 

By this theorem when the potential of a body is known for the law of attraction 
varying as the inverse distance, the potentials for the laws of the inverse cube, 
inverse fifth and so on follow by simple differentiation. 

78. Laplace's equation is so important in the theory of attraction that we 
shaU frequently have to refer to it not merely in its Cartesian form but also when 
the coordinates are cylindrical or polar. 

Taking cylindrical coordinates first, we put x=Boos(p, y=Rsin<p, while z 
remains as the ordinate. We then have 

RdR \ dBj ^ B^ d^fl ^ dz^ 
In polar coordinates we have 

a;=}'sinecos0, 2/=r sin 9 sin0, z=r<xii,9; 
putting /i=cos9 for brevity, we find 

id^ , 1 dw ii.r,i_«^_n 

r dr^ ^ ' "'' r2 sin^ B d^^ "*" r" d/t \ '' ' di4 
These transformations are given in books on the differential calculus and need 
not be repeated here. The method was simplified by Mr A. Smith in the Cambridge 
Math. Jcmmal, Vol. i. See also Gregory's Examples on the Differential and Integral 
Calculus, Williamson's Treatise on the Differential Calculus &e. 

Another important theorem should be noticed. If we transform the coordinates 
from one system of rectangular Cartesian axes x, y, z to another x', y', z', we find 

fflV d^F d?V _d:^V d'F d^V 
ds2 "*" d^2 + ^^2 - nx'i + ay'^ + dz'^ • 

79. Potential at an internal point. The potential at a point P of any 
particles situated at the points A-^, A^, &o. has already been defined in Art. 31 
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to be 2 — . It is evident from this definition that, if a finite quantity of matter 

be situated at any one of the points A-^,. A^, &o. in a condensed form, the potential 
at a point P in the immediate neighbourhood of that point is very great, and at 
that point itself this definition would make the potential infinite. But if the 
attracting matter is so distributed in space that the mass which occupies any 
elementary volume du is pdv where p is finite, we may show that the potential in 
this portion of space need not be infinite. 

Let P be any point in the interior of a mass whose density p is constant. 
Taking P as an origin, let us describe any small surface enclosing P such that 
every radius vector is positive and equal to e/ {6, <p), where / is any function of the 
polar angular coordinates 6, 0, and c is a small constant factor. An element dv of 
the volume of this elementary surface distant r from P is equal to r^udr, where 
dia is the solid angle subtended at P. When expressed in terms of S and </>, da is 
equal to sin Bd0d<p. If then V^ be the potential at P of the matter filUng this 

surface, we have V^=\'~=\lpduirdr (1), 

where the limits of integration for r are and e/ (0, <p). It is evident therefore that 
Fj is of the order e^. 

It follows that when e is evanescent the value of Fj is zero. Thus the matter 
fiUiug the surface may be removed without altering the potential of the whole 
attracting mass. In finding therefore the potential of a body at any internal pomt 
P we may regard P as situated in an infinitely small cavity, and determine the 
potential as if P were an external point. 

Let us consider next the resolved attraction at the point P of the matter filling 
the small surface described above. Let Xj be the component parallel to the axis of 

X, then ^3=1^ cose =JJ|i) cos edudr (2), 

where B is the angle the radius vector r makes with the axis of x. It is evident that 
Xj is of the order e of small quantities, and therefore vanishes when the size of the 
surface is evanescent. 

To simplify the integrations let us suppose that the surface is spherical, so that 
we may use the formula for the potential already obtained in Art. 65. Let the 
radius of the sphere be e, let the coordinates of its centre be (a, b, c) and those 
of P be (x, y, z). Then 

V,=i^p{Se>-{x-a)^-{y-b)^-(z-c)^} (3). 

It follows at once that 

dx a ^ ' dx^ 3 ^ ' 

Since x-ais less than e, it is clear that dV^jdx is a small quantity of at least the 
order e, and vanishes when e is evanescent. In the same way the first differential 
coefiioients of V^ with regard to y and z are evanescent with e. The second 
differential coefficients of Fj with regard to x, y or z are however not small. 

We have supposed the density of the matter within the evanescent sphere to be 
uniform. It is however clear that, if we substituted for p an expression of the form 

p=p„ + A{x-a) + &c. 
-we should merely add to the expression for V^ terms of the order c'. 

If the small cavity is cylindrical we can deduce the values of dV^jdx and 
dWJdx"- from the expression for the attraction found in Art. 23, x being measured 
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along the axis of the cylinder. We easily find that dVJdx is zero, and that 

-^-^= -iirpll-j) at points near the centre, where 27j is the altitude of the 

cylinder and I the distance of the centre from any point of either rim. In a flat 
cylindrical cavity h is small compared with { and this is nearly true at all points on 
the axis within the cylinder. In a long cylindrical cavity the radius is small 
compared with the altitude, and the value of the second differential coefficient is 
zero except when P is close to either end. 

Let V and Fj, be the potentials at P of the whole body and of the part of the 
body outside the small surface enclosing P. Let X and Zj be the corresponding 
attractions, then V= Fi+Fj, X=Xi + X2 (5). 

dV 
Since P is external to the part of the body whose potential is V^ , we have Xi = -y-^ . 

dV 
We have just proved that X^ and -p are both zero when the surface is evanescent. 

dV 
It immediately follows by differentiating (5) that X= — , Thus the relation 

between the resolved attraction and the first differential coefficient of the potential, 
which has been proved to hold for an external point (Art. 33), holds also for an 
internal point. 

Differentiating (5) a second time, we find for a spherical cavity 
d^V d^Fi , 

with similar relations for the differential coefficients with regard to y and z. 

Summing up, we conclude that the matter in the immediate neighbourliood of 
any point P supplies nothing to the values of V, dVjdx and X at that point. These 
values are the same as if P were situated in an evanescent cavity. This is not 
necessarily true for the second differential coefficients. * 

It follows from this that when the point P passes from external space into the 
interior of a body of finite density both the potential and the attraction undergo 
no sudden change of magnitude, but the second differential coefficients of the 
potential are discontinuous in value. 

When P traverses an indefinitely thin stratum whose mass per unit of area is 
finite, the density p is not finite. In this case the attraction also may undergo a 
sudden change of value, the magnitude of which will be considered a, little further 
on. 

80. Poisson's Theorem. If V be the potential of a body at 
an internal point P at which the density p is finite, then 
d?V d?V d?V_ 
da? "^ df ^ dz' P- 

Describe a spherical surface of radius e enclosing the point P, 
let {a, b, c) be the coordinates of its centre, (x, y, z) those of P. 
Let the radius e be so small that the matter enclosed by the 
sphere may be regarded as of uniform density. 

Let Fa he the potential at P of the matter within the sphere, 
Fi that of the rest of the body, then F=Fi+F2. But by 
Laplace's theorem V^Fi = 0, hence 
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'^'~ dx^ + dy'^ dz' 
^dXi dYj dZ^ 
doo dy dz ' 
where X^, Y^, Z^ are the resolved attractions at P of the matter 
within the sphere. But by Art. 64 

X^ = -^irp{x-a), Fa = - f Trp (2/ - 6), &c. 
It easily follows by substitution that V^V=-^irp. Another 
proof of this theorem founded on Gauss' theorem' is given a little 
further on. 

We may notice that the centre of the sphere, though arbitrary in position, must 
not be taken coincident with -P. The reason is that we differentiate V^ with regard 
to the coordinates of P, i.e. we make P travel from the point {x, y, z) to a neighbour- 
ing point (x + dx, &a.). But since the centre of the sphere is fixed, it cannot be 
made to coincide with both the positions of P. 

81. Gauss' Theorem. Let S be any closed surface, and let 
M^ he the sum of the attracting masses which lie within the surface, 




M2 the sum of the masses outside. Let da he any element of area of 
this surface, F the normal resolute at this elemsnt of the attraction 
of the whole mass both internal and external. Then JFda- = ± 47ril/i 
where the integration extends over the whole surface of S and the 
upper or lower sign is taken according as F is estimated positive or 
negative when the normal force acts inwards*. 

Let m be the mass of any particle of the attracting system, and 
let it be situated at the point A. A straight line drawn through 
A to intersect the surface 8 in any point will also intersect it in 
some other point, but, if the surface is re-entrant, it may enter and 

* This theorem was given by Gauss in 1839, his paper is translated in Vol. iii. 
of Taylor's Scientific Memoirs. It was also given by Sir W. Thomson in 1842 in 
his papers on Electrostatics and Magnetism. The demonstration given by Sir G. 
Stokes in 1849 has been followed here. See his Mathematical and Physical 
Papers. 
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issue from the surface four, six or any even number of times. Let 
the points of intersection, taken in order, be Pj, Pj, &c., and let the 
direction P1P2, &c. be called the positive direction of the straight 
line. 

Let 01, 6^, &c. be the angles the positive direction of the 
straight line makes with the normals Pii\i^i, Pa^s, ^c. drawn 
outwards. It is evident that where the line enters the surface 
cos 6 is negative, and where it issues from the surface cos 6 is 
positive, thus the angles ^i, 6^, &c. are alternately acute and 
obtuse. 

With A for vertex describe about this straight line an elemen- 
tary cone whose solid angle is dco, and let it intersect the surface S 
in the elementary areas dai, da^, &c. If the distances AP^=r^, 
APi = r^, &c, these elementary areas by Art. 25 are 

d(Ti = Ti'dco sec (tt — ^i), da-^ = r/da sec d^, &c (1). 

If the point A is external to the surface as in the upper part 
of the figure, the normal resolutes taken positively when acting 
outwards are 

Pi = -^cos(7r-0O> P2=-™cos^„&c (2). 

Since the signs of these terms are alternately positive and 
negative, it follows that when A is external 

Pido-i + P^cZo-a + &c. = (3). 

If the point A is internal and lies between Pj and Pa, as 
represented in the lower part of the figure, the sign of the force 
Pi must be changed. We therefore have 

PidcTi + F^da-^ + &c. = - 2md&) (4). 

If the point A lie between Pa and P,, the signs of the first two 
terms in the series (2) are changed, and the equation (4) resumes 
the form (3), and so on. 

If we now let the straight line AP^P^ &c. revolve round A into 
all positions, all the elements of the surface will be included in the 
integration. We therefore find for an external point 

/Pdo-=0 (5). 

For an internal point the integration of the right-hand side of 

(4) is limited to a hemisphere of the unit sphere. Art. 25. We 

therefore have , 

JFda = -4<Trm (6). | 

Let now the system consist of any number of particles rrii, m.^, 
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• 
&c. inside, and ml, m/, &c. outside the surface jSf. The particles 
outside contribute nothing to the integral ^Fda, while the particles 
inside contribute respectively — 47rmi, — ^iirm^, &c. On the whole, 
when F is measured positively outwards, we have 

JFd<T = - 4<TrM, (7), 

where Mj stands for the sum of the internal particles m^, m^, &c. 

The truth of the theorem is not affected if some of the matter, 
instead of being attractive, be repulsive. Sutrhrinstte);— jaiM*st 
however- be regarded aa having a ne g ativ o mas s. 

82. The product Fda- represents the product of the normal 
resolute of the attraction at an element multiplied by the area of 
the element across which it is supposed to act. This product is 
sometimes called the flux or flow of the attraction across the 
elementary area da- in the direction in which the component F is 
measured. When the particles of the body attract, the proposition 
asserts that the whole inward flux across any closed surface is equal 
to 47r multiplied by the mass inside. The product Fda is also 
called the induction through the element ; see Maxwell's Electricity. 

83. To deduce Poisson's theorem from, Gauss' theorem. 

Let dai, dy, dz be the lengths of the sides of a rectangular 
element having its faces parallel to the coordinate planes. Let the 
boundary of this element be taken as the surface S. If V be the 
potential at the centre '{x, y, z) the inward flux Fda of the attrac- 
tion across the two faces parallel to the plane yz are respectively 
idV d^Ydx\ , , idV , d^Y dx\ , , 

t - ^ T j ^y^'' -[d^+d^Yj ^y^'- 

d^Y 
The total flux for these two faces is therefore — -^ dxdydz. In 

the same way the flux across the other faces parallel to the planes 

d^V d^Y 

xz, xy are - -^ dxdydz and — -^ dxdydz. The total mass inside 

the element is pdxdydz. Gauss' theorem gives at once after divi- 
sion by dxdydz, —V^Y=4!'7rp. Stokes, Cambridge and Dublin 
Math. J. 1849. 

84. Ex. 1. Deduce from Gauss' theorem the forms of Poisson's theorems as 
given in Art. 37 for cylindrical and polar coordinates. 

Ex. 2. Deduce Poisson's theorem for Cartesian coordinates from Laplace's 
theorem as in Art. 80, but taking the cavity to be a right circular cylinder and the 
point P near the centre of gravity. 
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Theorems on the Potential. 

85. The potential of any attracting system cannot be an absolute 
maodmum or minimum at any point unoccupied by matter*- 

If V be the value of the potential at any point P whose 
coordinates are x, y, z, the value V of the potential at any 
neighbouring point P' whose coordinates are a!+f, y + v, z+^ 
will be given by 

+ i ( F,,r + Vyyv' +V,,^ + 2 V^y^r, + 2 F,,,?? + 2 V^^ + ^^0., 
where partial differential coefficients are represented as usual by 
suffixes. 

If V were a maximum or minimum at the point x, y, z, the 
first differential coefficients Y^, Vy, V^ would each be zero, and the 
three second differential coefficients V^x, Yyy, V^z (besides fulfilling 
some other conditions) would have the same sign. But since the 
point P is unoccupied by matter, they must satisfy Laplace's 
equations. Art. 76. Their sum must therefore be zero. It is 
therefore impossible that all three should have the same sign. 

We have here assumed that we may apply Taylor's theorem to the potential. 
That we may do so follows from the definition given in Art, 31. It is clear that 
the potential at P of a single particle and therefore of a system of particles whose 
total mass is finite is a function of the coordinates of P which is continuous and 
finite as long as P does not traverse any attracting matter. We may however put 
the argument into another form which has the advantage of avoiding the use of 
series. 

86. Another proof. With P as centre describe a sphere of 
small radius. If the potential V were an absolute maximum 
at P the potential at any point Q of the sphere must be less than 
that at P. Thus V is decreasing for a displacement along every 
radius of the sphere. It follows from Art. 33 that the outward 
normal force .F at Q is negative at every point of the sphere. But 
by Gauss' theorem ^Fdcr = 0, (Art. 81), which requires that i'' should 
be positive for some elements of the sphere and negative for 

* The theorems in this section may for the most part be found in Gauss' 
memoir on Farces varying inversely as the square of the distance, 1810. In the 
Cambridge and Dublin Mathematical Journal, Vol. iv. 1849, there is an interesting 
collection of theorems on the potential by Sir G. Stokes. Most of these were already 
known, but the proofs were much improved and put into new and better forms. 
This paper is reprinted in his collected works Vol. i. p. 104. The reader may also 
refer to papers by Lord Kelvin in various volumes of the Cambridge and Dublin 
Mathematical Jownal, 1842 and 1843, reprinted in his Electricity and Magnetism. 
There is also a memoir by Chasles in the additions to the Connaissances des Temps 
for 1845. 
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others. In the same way it may be shown that the potential 
cannot be an absolute minimum at P. 

87. If any arbitrary curve is drawn in space not intersecting 
any portion of the attracting matter, the potential may vary from 
point to point of the curve. At some points the potential may be 
a maximum and at others a minimum for displacements restricted 
to that curve. What we have proved is that the potential cannot 
be a maximum or minimum at any point for displacements in 
every direction. 

88. Ex. If the potential is a maximum at a point P not occupied by 
matter for displacements in two directions at right angles, prove that it must be 
a minimum for displacements in a direction perpendicular to both. 

Taking the coordinate axes parallel to these directions, the result follows 
at once from Laplace's theorem. 

89. If the potential is equal to any given constant quantity A 
at all points of a closed surface S which does not contain any portion 
of the attracting mass, it must be constant and equal to A at all 
points of the space contained within the surface 8. 

For if it were not constant, there would be some point at which 
either it is greater than at all the other points or less than at all 
other points. But this has just been proved to be impossible. 

90. Ex. 1. As an example of this theorem consider the case of a spherical shell 
of uniform thickness and density. Describe a concentric sphere within the shell. By 
symmetry the potential must be the same at all points of its surface. Since there 
is no attracting matter within this sphere, it follows that the potential is constant 
throughout its interior. 

Ex. 2. If the potential is not constant throughout the superficies of any closed 
surface S, let A be the greatest and B the least value. Prove that the potential at 
all points within S lies between A and S. [Stokes.] 

Ex. 3. A level surface S completely encloses all the attracting matter of a system. 
If the consecutive level surfaces extending from S to infinity be drawn, prove that 
the potential continually decreases outwards from each to the next until it vanishes 
at an infinite distance. 

91. If the potential is constant throughout any finite space, it 
is also constant throughout all external space which can be reached 
without passing through any portion of the attracting mass. [Stokes.] 

This theorem follows from the principle of continuity, but it 
may also be proved in the following manner. 

The external boundary of the space is necessarily a level surface. 
If possible let A he a, point outside the space at which the potential 
is a little greater than within the space. Since the level surface 
R. s. II. > 4 
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through A cannot cut the boundary, the potential at all points in 

the neighbourhood of A is greater than within the space. We 

can therefore describe an indefinitely small sphere, passing through 

A and having its centre within the space, such that the potential 

is increasing outwards along every radius drawn from to any 

point on the sphere outside the space and is constant along every 

radius which lies wholly within the space. It follows that the 

normal force has the same sign at every element of this sphere. 

This however by Gauss' theorem is impossible. In the same way 

it may be shown that no point A can exist in the neighbourhood 

of the space at which the potential is less than within the space. 

92. Ex. If the potential is not constant throughout the superficies of any space 
void of matter, prove that it cannot be constant throughout any finite portion of 
that space. It may be constant over a surface, but such a surface cannot be closed 
but must abut on the superficies of the space. 

93. Points of equilibrium. 

If an isolated particle placed at any point P be in equilibrium 
under the attraction of any system, that point is called a point of 
equilibrium. When every point of a curve is a point of equilibrium, 
the curve is called a line or curve of equilibrium. 

When the potential of the attracting mass is known, the 
positions of the points of equilibrium are found by equating the 
first differential coefficients of the potential to zero, viz. dV/dx, 
dV/dy, Ssc; for these represent the resolved parts of the forces 
parallel to the axes. 

94. The equilibrium of a free isolated particle cannot be stable 
for all displacements or unstable for all displacements, but must be 
stable with reference to some displacements and unstable with 
reference to others. Earnshaw's theorem. Camb. Transac, 1839. 

If the equilibrium were stable when the particle occupied a 
position P, the potential must decrease in all directions from P, 
i.e. the potential would be an absolute maximum at P, which has 
been proved impossible. In the same way the equilibrium could 
not be unstable for all displacements. 

95. A particle is in equilibrium at a point P. It is required to 
find the equation of the cone which, having its vertex at P, separates 
the displacements for which the equilibrium is stable from those for 
which it is unstable. 

The level surface which passes through any given point has in 
general a tangent plane at that point, but when the given point is 
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a point of equilibrium, such as P, the first differential coefficients 
V„, Vy and V^ are zero, and the equation of the plane is nugatory. 

Resuming the expression for the potential V at any point 
{x + f , &c.) neighbouring to («, y, z), we have, Art. 85, 

V'-V= iF^^f + &c. + V^^ + &c. + cubes (1). 

For any small displacement from P which makes V greater 
than F, the force on the particle will act from P, and the equili- 
brium will therefore be unstable (Art. 33). For any displacement 
from P which makes V less than V, the equilibrium at P will be 
stable. To find the directions which separate the stable and 
unstable displacements, we put V = V. The equation of the 
separating cone is therefore found by equating to zero the terms of 
the lowest order on the right side of equation (1). 

The separating cone is therefore a quadric cone, unless all the 
differential coefficients of the second order are also zero. It is a 
real cone, since by Laplace's theorem Vxx, Vyy and Fj^ cannot all 
have the same sign whatever rectangular axes it may be referred 
to. 

It is therefore evident that at a point of equilibrium the level 
surface has a tangent cone, and that this cone separates the stable 
and unstable directions of displacement. 

96. Ex. 1. Show that three straight lines at right angles can always be drawn 
through the vertex on the surface of the separating cone. There is an infinite 
number of such systems of straight lines. 

Ex. 2. The level surfaces in the immediate neighbourhood of a point P un- 
occupied by matter are in general planes, but if P be a position of equilibrium, tbey 
are hyperboloids with the separating cone for a common asymptotic cone. If PQ be 
any radius vector of one of these hyperboloids, the force of restitution for a given 
small displacement along PQ varies inversely as PQ. 

Ex. 3. The lines of force in the immediate neighbourhood of a point of equili- 
brium, when referred to the principal diameters of the separating coue as axes, are 
z'=Mx<'=Ny'>, where a, b, c are the reciprocals of V^, Vyy, V^^ at the point of 
equilibrium, and M, N are two arbitrary constants. 

Ex. 4. If a number of mutually repelling particles are enclosed in a rigid 
boundary, show that when in stable equilibrium they aU reside on the surface. 

[liord Kelvin.] 

Ex. 5. Three thin rods AB, BG, GA, which form a triangle, attract a particleP 
placed at the centre of the inscribed circle. The particle is therefore in equilibrium. 
Show that the equilibrium is unstable for all displacements in the plane of the 
triangle. 

97. If two sheets of a level surface intersect along a line, every 
point of that line is a point of equilibrium. 

4—2 
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Let P be such a point, then at least three tangents can be 
drawn to the sheets of the level surface not all lying in one plane 
and making finite angles with each other. Since the force along 
each of these is zero, it follows that the particle is in equilibrium. 

98. At every point of the curve of intersection of two sheets 
of a level surface, the tangent cone becomes two planes which are 
the tangent planes to the two sheets. The tangent cone may 
therefore be written in the form 

(a^ + 617 + cf) (a'^ + h'r, + c'?) = 0. 
Comparing this with the form already found, we have 

aa' + lib' + cc' =V^+Vyy+ V^^. 
This is zero by Laplace's theorem; the tangent planes are therefore 
at right angles. We therefore infer that, if two sheets of a level 
surface intersect, they intersect at right angles. 

99. Ex. 1. The tangent cone becomes two planes whenever its discriminant is 
zero, but in a level surface these planes cannot be imaginary. 

If it were possible, the cone could be reduced to the form 
(af + 67, + cf )2 + (o'f + 6'i, + c'f )2 = 0. 
This would make a^+a'' + b^ + &e. = 0, by Laplace's theorem, which is impossible. 

Ex, 2. Show that an isolated line in free space cannot form part of a level surface. 

If the potential at a point P were greater than that at some neighbouring point 
Q and less than that at iJ, it would foUow from the principle of continuity that there 
must be some point between Q and R on every path from one to the other at which the 
potential is equal to that at P. If then an isolated line form part of a level surface, 
the potential must be either greater than at all neighbouring points not on the line 
or less than at all such points. On either alternative the second proof, by which it 
is shown that the potential cannot be an absolute maximum or minimum, is con- 
tradicted. Art. 86. 

100. Bankine's Theorem. If at any point of a level surface all the differential 
coefficients of V up to the rath inclusive with regard to x, y and z are zero, we know 
from solid geometry that there is a tangent cone of the (n+ l)th order at that point. 
If (n + 1) sheets intersect along a line, the same thing will be true at every point of 
that line, and the tangent cone will be the product of the (n + 1) tangent planes. 

Let us suppose that the level surface is such that at two consecutive points P, P' 
all the differential coefficients of V up to the nth are zero ; let us examine the form 
of the surface in the immediate neighbourhood of those two points. 

Taking P for origin and PP' for the axis of 2, we have at the origin all the 
following differential coefficients equal to zero : 

d^V d"F dT 



d^V d^V fl!»F 



, &c. 



.(1). 



dxf-^dz' dy^-'^dz' dai^-^dz^' 
These are also zero when z receives an increment dz; hence their differential coeffi- 
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oients with regard to z are all zero. It therefore follows that every differential 
coefSeieut of V of the (n + l)th order which has dz, dz^, &o. in the denominator is 
zero at the origin. If therefore V be the value of the potential at a point f , i;, f, we 
find on making the expansion by Taylor's theorem 

+ powersof f, ij, f of (7i+2)th order) ^ '' 

where A„, A^, &o. are constants. It follows that the terms of the lowest order in the 
expansion do not contain j". 

The level surface which passes through the origin is given by V'-V=0. This 
. level surface has therefore (n+ 1) tangent planes at the origin given by 

U-=4„|»+i + ^il"i7+... + ^^i7;"+'=0 (3). 

AU these tangent planes pass through the two given consecutive points P, P'. 

We shall now prove that all these tangent planes are real, and that each makes the 
same angle with the next in order. The expression for V given in (2) must satisfy 
Laplace's equation, hence the expression for U given in (3) must also satisfy that 
equation. Transforming to cylindrical coordinates, U becomes 0'=Pr»+i, where P 
is some function of 0. By Art. 78, since z is absent from XJ, we have 
d^U IdU 1 d'U „ 
ar' r dr r' d<l>' 

d?P 
Substituting, we find {(ji+1) j!,+n + l}P+ ^—.,=0. 

aip^ 

.-. P=.4cos{(» + l)0 + a}. 

The equation (3) therefore reduces to cos {(re + l)0 + o}=O, which gives re + 1 planes, 

making equal angles each with the next in order. The theorem that the tangent 

planes at any point of a nodal line are inclined at equal angles is due to Bankine. 

101. Tubes of force. If we draw a line of force through 
every point of a closed curve, we construct a tube which is called 
a tube, of force. By choosing the closed curve properly we can 
make the section of the tube indefinitely small ; it is then called a 
filament. It is evident that the resultant attraction at any point 
P of a filament acts in the direction of the tangent to the length 
of the filament. 

102. The magnitude of the attractive force at any point of the 
same filament is inversely proportional to the area of the normal 
section of the filament at that point. 

Let o- be the area of the normal section at any point P of the 
filament, F the attractive force. Consider the portion of the 
filament bounded by the section at P and that at a neighbouring 
point Q. Since the filament contains no attracting matter, the 
total flow of the attraction across the perimeter of this portion is 
zero. The flow across the sides of the tube is evidently zero, 
because the resultant force acts along the length of the tube. 
The total flow across the sections must therefore be zero, hence 
-Fa- + {Fa+d{Fa-)] = 0; 
.: d{Fa-) = 0. 
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It immediately follows that Fa is constant along the whole length 
of the tube. 

103. As an example of this theorem, let the attracting body be a sphere. The 
lines of force are by symmetry normals to the surface ; the filaments are therefore 
conical surfaces of small angle. If r be the distance of P from the centre, <r=r^dM ; 
hence Fr^ is constant along any line of force. Thus it follows at once that the force 
of attraction at any external point varies inversely as the square of its distance from 
the centre. 

104". If two different bodies have equal potentials over the 
surface of any space not including any attracting matter, they 
have equal potentials throughout that space, and also at all external 
space which can he reached without passing through any of tfoe 
attracting matter of either body. 

For let the attraction of one of the bodies be, changed into 
repulsion. Then the potential due to both bodies is zero over 
the surface of the given space. That is, the united potential 
is constant over the surface ; it is therefore also constant and zero 
throughout the enclosed space, and at all points of external space 
which can be reached without crossing any attracting matter ; Arts. 
89 and 91. 

Returning then to the original supposition that both the 
bodies attract, it easily follows that their potentials are equal. 

105. If two different bodies have equal potentials over the whole 
boundary of any surface enclosing both, they have equal potentials 
throughout all external space. 

As before, changing the attraction of one body into repulsion, 
let us consider the potential of both bodies regarded as one system. 
Their united potential is therefore zero over the whole boundary of 
the surface. It is also zero over the boundary of an infinite sphere. 
Since the space between the surface and the sphere contains no 
attracting matter, the potential is also zero throughout that space, 
Art. 89. Returning to the original supposition, that both bodies 
attract, we see that their potentials must be equal. 

106. If two different bodies have the same level surfaces througtiout any empty 
space, their potentials throughout that space are connected by a linear relation. 

Let V and V be the two potentials. Since when V is constant, V is also 
constant, it follows that V is some function of V, say F'=/ (F). Then by differen- 
tiation we easily find 

dx^ dy" -dz^ dV [da? "*" d?/ "*" dz'i '^ dV \\dx ) '^ \dy ) '^ \dz ) \ ' 
Since the space is external to both bodies, this, by Laplace's equation, reduces to 

= T^ , unless V is constant throughout the space considered. 
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This gives V' = AV+B, where A and B are two constants. Suppose the space 
considered includes the points at infinity, then when the attracting masses are finite 
in size and density both V and V vanish at such points. We then have B = 0. Again 
V and V must vanish at infinity in the ratio of the attracting masses ; we therefore 
find V'lV=M'jM if M, M' be the masses of the attracting systems. We thus 
have the theorem ; if two finite bodies have the same external level surfaces and have 
equal masses, their attractions at all external points are the same in magnitude and 
direction. See a paper by the author in the Quarterly Journal of Mathematics, 1867. 

When the space in which the two bodies have the same level surfaces encloses 
both bodies, this theorem follows at once from that proved in Art. 105. Since the 
two bodies have the innermost level surface common, we can by altering the mass 
of one of them make their potentials equal over that surface. The potentials of the 
changed bodies are then equal over all external space and the potentials of the ori- 
ginal bodies have a constant ratio. 

107. As an example of this theorem, consider the case of a spherical shell. 
The external level surfaces of such a shell and those of an equal mass placed at its 
centre are both spheres. Hence the attraction of a spherical shell at any external 
point is the same as that of an equal mass placed at its centre. 

Again, the level surfaces of two equal and parallel infinite plates are both planes. 
Hence their attractions at any point are iit a constant ratio. But at an infinite 
distance the attractions of two such plates when separated by a finite interval tend 
to equality, hence the ratio of the attractions is unity. It follows that the attraction 
of an infinite plate at an external point is independent of its distance. In the same 
way the attraction of an infinite circular cylinder is the same as if the whole mass 
were uniformly distributed along the axis. 

108. The theorems in this section have been enunciated with 
special reference to the potential of an attracting system, but a 
little consideration will show that they have a more extended 
application. 

If V be any continuous function which satisfies Laplace's equa- 
tion and is not infinite within any given space, it follows from the 
argument in Art. 85 that V cannot be an absolute maximum or 
minimum at any point within that space. 

Most of the other theorems are simple corollaries from this one 
general principle, and apply therefore to any finite continuous func- 
tion which satisfies Laplace's equation. 

For example, if such a function be constant over the boundary 
of any space and not infinite within that space, it must be constant 
throughout that space. 

To take another example, let F be a finite continuous function 
which satisfies Laplace's equation, then T = c is a system of 
surfaces. If any member of this system intersects itself in a 
singular line the two sheets are at right angles. If several sheets 
intersect in a singular line, each tangent plane makes the same 
angle with the next in order. 
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Let V, V be two continuous solutions which are both finite at 
all points of space bounded by a surface S and are equal at every 
point of that surface, then they are equal throughout that space. 
The space considered may be external to S provided the functions 
are also equal at all points on the surface of some sphere of infinite 
radius enclosing S. This theorem shows that when the values of 
a function V are known at all points of the boundary of a space, 
it is determinate throughout that space, provided it is known to 
satisfy Laplace's equation and to be finite throughout that space. 

109. Potential at a distant point. To find the potential of 
a body finite in all directions at any distant external point*. 

Let the origin be a point not far from the body. Let Q be 
the position of any particle of the body, m its mass, (x, y, z) its 
coordinates, r its distance from the origin. Let (^, 17, f) be the 
coordinates of the point P, 0P= r', and the angle POQ = Q. 

To generalize the investigation we shall assume that the law of 
attraction is the inverse mth power of the distance. We then have 
1 « m 



F= 



(r'2 - 2rr' cos d + r^Y 



_y m ( 1 rcos^ (n + 1) cos^ 6-1 /rV ] 

-"^/«-i|^i:3i + -^:^+ 2 v) y 

v* -1 

The first term of the series is -r-— . Hence the attraction at 

r "-1 n-\ 

a very distant point is ultimately the same as if the whole mass 
were collected into a single particle and placed at 0. 

To make this a closer approximation to the true attraction, the 
point must be such that the second term of the series vanishes. 
This requires that Xmr cos = 0. Since rr' cos 6 = x^-\-yri + z^, 
this gives ^Xmx + -rjl/my + ^Xmz = for all values of ^, r), f . The 
point must therefore be the centre of gravity of the body. 

We have now to consider the third term of the series. Let 

A, B, G he the moments of inertia of the body about any three 

straight lines at right angles meeting in 0, I the moment of 

inertia about the straight line OP, then 

22mr2 = A+B + G, I = tm{r sin df. 

* The expansion of the potential at a distant point is originally due to Poisson, 
but was put into a convenient form by MaoCnllagh, E. Irish Trans. 1855. Some of 
the following theorems were given by the author in the Quarterly J. 1857. The 
name centrobaric is due to Lord Kelvin, who gave several theorems on these bodies 
in the Proc. B. S, E. 1864. The results in Arts. 115, 116 are taken from Thomson 
and Tait, 1883. 
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Writing 1 - sin= 6 for cos^ 6 and making these substitutions the 
third term becomes 

^ n{A+B+G)-2{n + l)I 1 

^llb — ; -; — ; — , 

When the law of force is the inverse square and the centre of 
gravity is the origin we arrive at MacCullagh's expression for the 
potential, viz. 

^^_M , A+B + G-M 

r' 2/3 + •••' 

where M is the mass of the body. 

110. Ex. 1. If two bodies exert equal attractions at all external points, prove 
that their centres of gravity must coincide and their masses must be equal. The 
principal axes at their common centre of gravity must coincide in direction and the 
differences of their moments of inertia about any straight line must be constant. 

Ex. 2. When the law of attraction is as the inverse distance, the potential of a 

single particle takes the form G -m log )''. Prove that the potential of a body at a 

J- 1 i • i ■ Tr ^ ,^, , A + B + G - il 
distant point IS V=C-Mlogr'-i ■ — j-tj + .... 

111. Centrobaric bodies. When a body is such that the 
direction of its attraction at every point P passes through a point 
fixed in the body, the body is said to be centrobaric. 

It follows from this definition that the potential at F is such a 
function of the polar coordinates (r', 6', <p') of P that the resultant 
force is dV/dr', the transverse forces dVjr'dff, dVjr' sin 6'd^' 
being zero. The potential is therefore a function of ?'' only. 

Assuming the law of attraction to be the inverse ?ith power of 
the distance, the potential at P is by Art. 109 

T/_f '^ { 1 rcose (w + l)cos°g-l fry 1 

except when n=l. 

Since F is a function of r' only, it follows that when the point 
P is moved about into all positions the coefficients of the several 
powers of r' remain constant. 

1 M 

If M be the mass of the body, the first term is -7^^ , 

which is the same as if the whole mass were collected at 0. 

If {X, fjb, v) be the direction cosines of OP, the coefficient of 
1/r'" is Xmr cos 6 = XXmai + fiZmy + vXmz. This cannot be 
constant unless "Zmx = 0, %my = 0, '%mz = ; i.e. the point must 
be the centre of gravity. 
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The coefficient of the next power, viz. 1//"+^ cannot be constant 
unless (n + l) S is constant, where 
8 = Sm (r COS 6)^ = Sm {x\ + 2//t + zv)' 
= \^Smx^ + ij^Smy^ + v^'Simz^ + 2X/tSma;)/ + 2/i.plmyz + 2v\Sm!x. 
This expression for S' cannot be constant* for all values of \, /jl, v, 
subject to the condition \^ + /j," -^ v^ = 1 unless 
"Zmx^ = Smy' = Xmz^, 
Xinxy = 0, Xmyz = 0, "Zmzx = 0. 
It follows from these conditions that the coordinate axes are 
principal axes of inertia at 0. Since these are arbitrary, every 
straight line through is a principal axis. It also follows that 
the moment of inertia about every straight line through is the 
same. The body therefore cannot be centrobaric unless every axis 
at the centre of gravity is a principal axis. 

If however n= — l these conditions are not necessary. When 
71 has this value the law of attraction is as the direct distance. 
In this case it has already been proved that a body, whatever be its 
form, attracts any point as if it were collected into its centre of 
gravity. 

112. Supposing every axis through the centre of gravity to be 
a principal axis of inertia and the origin to be at the centre of 
gravity, the expression for V becomes 

1 M in-2)I 

where / is the moment of inertia about any axis through the 
centre of gravity. 

It appears that this series cannot reduce to the first term 
unless n = 'i or 1=0. This latter condition cannot be satisfied 
unless the masses of some of the particles are negative, i.e. unless 
some particles attract and others repel P. Assuming that all the 
particles attract P, we see that the attraction of a body cannot 
be the same as if its whole mass were collected into its centre 
of gravity unless the law of force be either as the direct distance 
or as the inverse square. 

113. Ex. If the law of force be the inverse square, the potential of a body at 
all external points cannot be the same as that of two masses M^ and M^ placed at 

* If this is not obvious, place the point P on the axis of z; then \=0, ii=0 and 
S=2m.T2. In the same way S=2m^'' and S = 2mz'. The equation then reduces to 
\liSrrucy + fj.v'Smyz + vKSmxy = 0. Putting X = 0, this proves that Xmyz = 0. Similarly 
2»KX = 0, Sjbx!/=0. 
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two points A, B fixed in the body unless (1) the body and masses have their centres 
of gravity coincident, (2) the moments of inertia of the body about every axis 
through the centre of gravity perpendicular to AB are equal. See Ex. 1, Art. 110. 

114. Potential constant in a cavity. In a similar maimer, 
when a body has a cavity within its substance we may determine the 
necessary conditions that the potential should be constant throughout 
the cavity. 

Taking the origin within the cavity, we have at all points 
close to the origin 

V-y '^ f 1 / cos 6 (w + l )cos''g- 1 //y 

expanding in powers of r' jr because r' is less than r. 

This cannot be independent of r' unless the coefficient of each 
power of r' is zero. Equating the coefficient of r'* to zero, we have 

2;:^.K«+l)cos=0-i} = o. 

Writing a, /3, 7 for S ^3 , S ^, , 2 ~ and putting the point P 

in succession on the axes of x, y, z we have n/x = + y, Ji/S = 7 + a, 
117 = a + /8. These equations cannot coexist unless w = 2 or a, /3, 7 
are each zero. The latter alternative requires that all the m's 
should not have the same sign. Hence if every particle of the 
body be attractive, the potential cannot be constant throughout any 
cavity unless the law of attraction is the inverse square. See Art. 
77, Ex. 1. 

115. Assuming that a body attracts all points in external space as if the whole 
mass were collected into its centre of gravity, prove that (1) the centre of gravity is 
inside the external boundary, (2) the external boundary is a single closed surface. 

If the centre of gravity were in the same external space as the attracted point 
P, we could surround it by a small sphere, centre 0, radius e, which does not enclose 
any particle of the attracting mass. The flux across this sphere is therefore zero, 
Art. 81. But since the force on P tends always to 0, the flux is also ivM. These 
results contradict each other unless the whole mass is equal to zero. 

Again, if the attracting system consist of two separate portions, the centre of 
gravity must lie inside one of them. Enclosing the other portion in a sphere, the 
flux across the surface is ivW, if M' be the mass of this portion. But since lies 
outside the sphere, it is also zero. These results cannot coexist unless the mass of 
that portion is zero. 

116. A body B is such that the resultant attraction between it and a given body 
.4 is a force which always passes through the centre of gravity of B, iu whatever 
position A is placed. Prove that the resultant attraction between B anfi every body 
is a force which passes through the centre of gravity of B. 

Let the body A be turned about a fixed point P sufficiently distant from B, that 
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the body A in its motion never meets the fixed body B. In all these positions the 
resultant attraction of A on B is a force which passes through the centre of gi'avity 
of B. Hence if every particle of the mass of A be uniformly distributed over the 
surface of the sphere which that particle describes in its motions, the resultant 
attraction of the mass thus obtained is also a force which passes through the centre 
of gravity of B. The mass thus obtained is a spherical shell whose resultant attraction 
at any point of B is the same as if it were collected at the centre P. The resultant 
action between the body B and a particle placed at P is a force which passes both 
through P and the centre of gravity of B. The body B is therefore centrobaric for 
all points P beyond a certain distance and therefore for all points of space which can 
be reached from P without passing over any of the attracting mass, Art. 104. 



Attraction of a thin stratum. 

117. A theorem due to Green. Let a thin heterogeneous 
stratum of attracting matter be placed on a surface which has no 
conical points or other singularities. Let p be the density and t 
the thickness at any point A of the surface, and let m = pt, so that 
m is the surface density at the point A. In what follows we shall 
regard m as finite and t as indefinitely small, so that p is very 
large. 

Let P, P' be two points situated on the normal at A, one 
inside the surface and the other outside, both close to the stratum; 
it is required to find the attractions at P and P'. 

Draw a plane, parallel to the tangent plane at A, and cutting 
the normal in a point N such that AN 
is indefinitely small, but not indefinitely 
smaller than the thickness of the stra- 
tum at A. This plane intersects the 
surface in a small closed curve DH 
which is ultimately a conic, and every 
diameter of it is infinitely greater than 
either the abscissa AN or the thickness t. 
This plane divides the whole attracting 
stratum into two parts whose attractions 
at P, P' will be separately considered. 

Let us consider first the attraction 
of the small adjacent portion DAE. 
Since both PA and P'A are indefinitely smaller than any of its 
diameters, this portion of the stratum bears to either P or P' the 
same geometrical relfition that an infinitely extended plate of 
infinite radius of curvature does to a point at a finite distance. If 
we apply the same method to find the attraction of this portion 
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that we used to find that of an infinite plate, we divide each into 
corresponding elements and arrive at the same integrals taken 
between the same limits. The results are therefore the same. 
The attractions of the adjacent portion of the stratum at P and P' 
are therefore independent of the distances of those points from A 
(provided only they are indefinitely small), and are each equal to 
2irm. These attractions are also directed along the normal to the 
stratum but in opposite directions. Their difference is therefore 
4ivm. 

Consider next the attraction of the portion of the stratum 
remote from A. Since the distance PP' is infinitely smaller than 
the distance of either P or P' from the nearest attracting element, 
the components in any given direction of the attractions at those 
points can differ only by terms of the order mt. Thus if mF and 
mF' are the components parallel to the axis of x, the difference is 
mt (dF/dx). 

Taking both portions of the attracting stratum into the account, 
we see that the difference of the normal components of the 
attractions at P and P' differs from 47rm by quantities of the order 
mt. Representing these components by X and X', we have, since 
the stratum is indefinitely thin, X' — X = iTrm. 

118. We may also show that the parallel tangential compo- 
nents of attraction just inside and outside the stratum are equal. 

Let the axis of y be parallel to a tangent at G to either 
boundary of the stratum. Let F, Y' be the components of attrac- 
tion at P, P' Considering first the adjacent portion DE of the 
stratum, it has already been shown that the resultant attractions 
at P, P' are each directed along the normal PP' ; hence this 
portion contributes nothing to T or Y'. Considering next the 
remote portion of the stratum, it has been shown that the 
components Y, Y' differ by terms of the order mt. In the limit 
therefore when t is very thin, we have Y' = F. 

119. We shall now show that the potentials at P, P' are also 
equal. The potentials due to the remote portion of the stratum 
for the same reasons as before can differ only by terms of the 
order mt. Consider next the portion of the stratum adjacent to A ; 
the potentials at two points equally distant from the two faces of 
the stratum evidently differ by terms of an order higher than mt. 
See also Art. 63, Ex. 2. 
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Taking both portions of the stratum, we see that the potentials 
at P and P' are ultimately equal. 

120. It follows from this proposition that if a point travel 
from a position P just within a thin stratum to another P' just 
outside, both on the same normal, the normal component of the 
attraction is increased by the quantity 4nrm, where m is the surface 
density. At the same time the tangential components of the attrac- 
tion and the potential are unaltered. 

The theorem that X' - X=iirm is of great importanoe in thetheory of attraction. 
It is commonly called Green's theorem. It was afterwards rediscovered by Gauss in 
1840. The mode of proof followed above was given by Lord Kelvin in 1842, see the 
reprint of his papers on Electrostatics and Magnetism, Art. 7. See also Thomson 
and Tait, Art. 478. 

121. We may also deduce Green's theorem from the propo- 
sition, due to Gauss, that the flux of the attraction over a closed 
surface is 47r multiplied by the mass inside. See Art. 81. 

Let the axis of a; be a normal to the stratum, measured 
positively inwards, and let it cut the boundaries in the points 
A, A'. Let us consider the flux of the attraction across an 
element of volume whose edges parallel to the axes x, y, z are 
respectively AA', dy and dz. 

Let X, X' ; Y, Y'\ Z, Z' be the normal components of the 
attraction at the six faces of the element, let t be the thickness 
AA' , and p the density of the stratum at A. We then have 
(Z' -X)dydz^{Y'- F) tdz + {Z' - Z) tdy = iinrptdydz. 

We shall now suppose that the surface density of the stratum 
is finite and equal to m, then pt = m. 

Consider first the two faces perpendicular to the axis of y ; 
since there is attracting matter of continuous density on both 
sides of each of these faces, the attractions Y, Y' differ by a 

dY 

quantity of the order dy, i.e. Y' — Y = -^ dy. In the same way 

Z'-Z=^^dz. 
dz 

Consider next the two faces perpendicular to the axis of x; 
since there is attracting matter on one side only of each face, the 
normal attractions X and X' differ by a quantity which is infinitely 
larger than either F' - F or .^' - Z. 

Substituting in the above equation and dividing by dydz, we 

have X' — X + -^r- 1+ -^t = ^tirm. 

dy dz 
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In the limit, when the stratum is indefinitely thin, we have 
X' — X = 4<Trm. 

122. Ex. 1. A thin layer of heterogeneous attracting matter is placed on a 
sphere of radius a. If V be the potential and m the surface density at any point A, 
show that the normal attractions on each side of the stratum are F/2a±27rm. See 
Art. 75. 

Ex. 2. Prove that, if matter attracting according to the law of the inverse 
square be so distributed over a closed surface that the resultant attraction on every 
external particle in the immediate neighbourhood is in the direction of the normal, 
the resultant attraction on every internal point is zero. 

The outer boundary of the stratum is by definition a level surface. The inner 
boundary is therefore also a level surface. The result then foUows from Art. 89 
because there is no attracting matter within that surface. 

123. Green's equivalent stratum. Let 5 be a closed level surface, or a 
closed portion of a level surface, of some real fixed system of particles situated 
partly within and partly without 8. Let M be that portion of the system which 
is within S, M' the portion outside. Let V be the potential at S of the whole 
system. 

It is required to find the law of density of a thin stratum placed on the surface 
S, such that its potential together with that of M' shall be equal to V at all points 
of S. 

That such a stratum exists is evident, because, by building up the stratum 
particle by particle we can make the potential at every point of S to vary from 
- 00 to + 00 *. Another proof of this is given in the next section. 

Since the sum of the potentials of the stratum and M' is equal to that of M and 
M' at all points of S, it foUows that the potential of the stratum is the same as 
that of M. Thus the stratum and M have equal potentials at all points of a 
surface just outside S and zero potentials at all points of a sphere of infinite radius 
enclosing S, and neither system has any attracting matter between 5 and the 
sphere. It follows that the potential of the stratum is equal to that of M at all 
external points. Art. 105. The attractions of the stratum and M are therefore also 
equal in magnitude at all external points and act in the same direction. 

Since the potentials of the stratum and M are equal at all points external to S, 
they must vanish in a ratio of equality at an infinite distance. It follows at once 
that the mass of the stratum is equal to M. 

Since the sum of the potentials of the stratum and M' is constant at all points 
of a surface just inside 5, and no particle of either the stratum or of M' lies within 
this surface, it foUows that the sum of the potentials is constant throughout the 

* Removing the portion M, let a thin stratum formed of mutually repelling 
particles be placed on the surface S, and let us suppose that each particle is free to 
move without impediment along the surface, but not to leave it. When these have 
assumed a position of equilibrium under the influence of their own repulsions and 
of that of M', the resultant force on each particle must act in the direction normal 
to S. This being true at every point of S, it follows that S is a level surface of the 
stratum and M'. 

In some positions of equilibrium the stratum may be collected together at special 
points of the surface. These may even be the stable positions if the force between 
the particles is attractive instead of repulsive. We discuss here only those positions 
of equilibrium in which the surface is entirely covered. 
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interior of the surface 8. The attractions therefore of the stratum and of M' are 

equal in magnitude, and act in opposite directions. 

Lastly, if p be the surface density of the stratum, F and F the inward normal 

attractions just inside and just outside, we have by a theorem of Green ivp=F' - F. 

But it has just been shown that F' is the same as the normal attraction of M, and 

- F is the normal attraction of M'. The sum of the normal attractions of M and 

1 dV 

M' is the normal attraction of the whole fixed system : hence we have p= - -, ;- , 

iir dn 

where dn is an element of the normal drawn outwards. Thus p is known when 

the normal force of the fixed system at every point of S is known. 

Since this gives only one value of p, it follows that there is but one stratum 

which can satisfy the given conditions. 

124. Summing up these results we have a theorem due to 
Green. 

Let there be a system of attracting particles whose potential 
at every point is known. Let (S> be a closed portion of a level 
surface, and let V be the potential at S. Let M be the portion of 
the system inside 8, M' the portion outside. Let a thin stratum 
of attracting particles be placed on S such that its surface 

density p is given by jO = — j— ^— , where dn is an element of the 

normal drawn outward. Then 

(1) The resultant of the attractions of the stratum and M' on 
any one of its particles is normal to S. 

(2) The potential of the stratum at all points external to 8 is 
the same as that of M. 

(3) The sum of the potential of the stratum and that of M' 
is constant at all points internal to 8 and is equal to V. 

(4) The mass of the stratum is equal to M. 

These results are of primary importance in the theory of Electricity. When 
a body of any form is electrified, it is shown that the electricity exhibits itself on 
the surface of the body as if it were a collection of particles so arranged that the 
potential is constant throughout the interior of the body, the intensity of the 
electricity at any point being measured by the density of the stratum at that point. 
It follows as a result of Green's theorem that, if a system can be found such that 
the surface of the electrified body is one of its level surfaces, the law of distribution 
of the electricity can be immediately deduced. The density p at any point P of the 
stratum is given by equating iirp to the inward normal force of the system at P. 

125. Ex. 1. If the surface S enclose all the fixed attracting particles, so that 
M' = 0, prove that all the particles of the stratum are pressed by their mutual 
attractions inwards against the constraining surface. 

Ex. 2. Prove that the equivalent stratum and the portion M of the fixed system 
enclosed by the surface S have 

(1) Their centres of gravity coincident. 

(2) The directions of their principal axes at the centre of gravity coincident. 
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(3) The difference of their moments of inertia about any straight line through 
the centre of gravity constant, Art. 113. 

Ex. 3. Fo is an equipotential surface wholly surrounding the attracting mass 
A, and Fj is another outside Fo. The space between is filled up with matter, the 
density at any point being ijy (F), where iJ is the whole attraction of A at the point 
and F is the potential. Find the potential at any point external to F, in terms of 
the potential of A at that point. Also show how to find the force at any point 
between F„ and Fj . [St John's CoU.] 

Ex. 4. A solid homogeneous body of unit density attracts an external point P 
according to the law of nature. Let (r', B', ijl) be the coordinates of any point Q 
on the surface of the body, R the distance of Q from P, r the distance of P from 
the origin. If F be the potential at P, prove 



rv\ ^ r r r'^ sin e'de'd^' 



This theorem is due to Ivory, Phil. Tram. 1824. See Todhunter's History of 
Attractions, &o., Art. 1424. 

Ex. 5. A thin layer of attracting matter is laid on the surface of a homogeneous 
attracting body. If the density of the body be p and the surface density of the 
layer be pp, where p is the perpendicular on the tangent plane drawn from any 
origin 0, prove that the potential V of the thin layer at any external point P 

is given by the equation V'=p I -fr- = 2V - r -=- , where F is the potential of the 

/ li ar 

solid body at P and r is the distance of P from the assumed origin 0. 

Ex. 6. A homogeneous solid of unit density differs so little from a sphere that 
the square of the excess of the radius over the radius of the sphere may be neglected, 
and F is its potential at an external point P so near the surface that the square of 
the distance also may be neglected. If r be the radius vector of the point P 
measured from any origin near the centre of the sphere, and a the radius of the 



sphere, prove that -«-=- = — ;-- +iF. 
ar 6 



[Laplace's Theorem.] 

Treat the homogeneous sphere and the thin layer as separate bodies. Taking the 
layer first, let A-^ and Fj be its attraction and potential at P. We find by Art. 122, 
Ex. 1, that 2Ax-ViJa=i^ [r - a). Taking the sphere next, let A^ and Fg be its 
attraction and potential at P ; we find 2A^ - VJa = iTr {a-3 {r- a)}, since r - a is 
small. Adding the two we obtain Laplace's theorem. 

126. Ex. 1. Two spheres intersect at right angles ; it is required to distribute 
on the bounding surface a thin stratum of matter whose potential at any internal 
point shall be constant. 

Let A, B be the centres of the two spheres, a, b their radii; and let AB cut 
the plane of intersection in C, Let DE 
be the circle in which the spheres inter- 
sect. Let P be any point on the sphere 
whose centre is A, Q any point on the 
other sphere. 

To determine the density of the stra- 
tum we must first discover a system 
such that the boundary of the two spheres 
is one of its level surfaces. Since 

AC.AB=AP^ 
the triangles PAG, PAB are similar; 

E. S. II. 
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^'""^ -^i + ^/Zci='' (''• 

Similarly, since BG . BA=BQ\ we have 

^AB Cq"^ ^BG AQ~" < '• 

Let three particles, whose masses a, /3, 7 are such that 

a^CB=pjGA=-yJAB=m (3), 

he placed at A, B, G respectively. It is evident from (1) and (2) that the potential 
of these masses is constant over the surface of each sphere ; also since the spheres 
intersect, this constant is the same for each sphere. The two spheres therefore 
form a level surface of the three particles. It also follows that the attractive forces 
of the three particles at any point of the circle DE are in equilibrium. Art. 97. 
The equation (3) giving the ratios of a, j3, y may also he written in the form 

- = ?=--1^ (4). 

If we apply Green's theorem to this system different results may be obtained 
according to the portions of the two spheres which are chosen to form the boundary. 
If we take as the level surface the larger portions of the spheres bounded by the 
plane of intersection, all the three particles at A, B, G are internal. If we take as 
the boundary the larger portion of the sphere whose centre is A and the smaller 
portion of the other sphere, the particles at B and G are external and that at A 
internal, and so on. 

The normal attraction F at the point P is 

^= ^ + bI^ cos 4PB + -^ cos 4PC. 

By expressing these cosines in terms of the sides of the triangles APB, APG, and 
using equation (1) we see that the two last terms reduce to the form L/GP', where L 
is some constant. To find L we notice that F=0 at every point of the circle DE, 

hence 4,rp=F=^, |l - (^y| . 

In the same way, if p' be the density at Q we have 

The result is that, if the boundary be formed by the larger portions of both 
spheres, the stratum is such that its potential is constant throughout the interior, 
and the densities at P and Q are p and p'. If the boundary be formed by the larger 
portion of the sphere whose centre is A and the smaller portion of the other sphere 
the stratum is such that its potential together with the potentials of the external 
particles at B and G is constant throughout the interior, the densities p, p' being 
given by the same expressions as before. 

The electrified state of two spheres intersecting orthogonally is given in Maxwell's 
Electricity, Part i. Chap. xi. ; other interesting cases are also discussed such as the 
case of two spheres intersecting at an angle ir/n where n is an integer, or that of 
three spheres intersecting orthogonally. 

Ex. 2. An infinite cylinder is placed with its axis parallel to a plane and at a 
given distance from it. It is required to place a thin stratum on the plane and 
cylinder such that the potential at any point of the plane shall be zero and that 
the potential shall be constant throughout the interior of the cylinder. Show that 
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the density at any point of the cylinder varies inversely as the distance of that 
point from the plane. 

The plane and cylinder are different level surfaces of two uniform infinite rods, 
one attracting and the other repelling with equal forces. One rod lies inside the 
cylinder and the other on the side of the plane opposite to the cylinder. Removing 
the former we coat the sphere with Green's equivalent stratum. Removing the 
latter we coat the plane with the equivalent stratum. 

Ex. 3. An uninsulated conductor consists of a sphere and an infinitely large 
and infinitely thin plane passing through the centre A of the sphere. If it be 
exposed to the influence of a given charge of electricity at the point B, where BA is 
perpendicular to the plane, prove that, C being a point on BA produced such that 
AG v& equal to AB, the superficial density at any point P on the hemispherical 

surface nearest to B is proportional to =p3 - ^rm • [Math. Tripos, 1877.] 

The potential of the electrical stratum at any internal point of an uninsulated 
conductor is zero. 

127. To find the attraction of any thin heterogeneous stratum 
on an elementary portion of itself. 

Referring to the figure in Art. 117 let the element be a small 
cylinder whose base is the indefinitely small area da situated at A, 
and whose altitude is the thickness t of the stratum. Dividing the 
attracting stratum as before into two parts by a plane DE parallel 
to the tangent plane at A and intersecting the surface of the 
stratum in a small conic, let the linear dimensions of da be 
infinitely smaller than any diameter of this conic. 

We shall consider the attractions of these two portions of the 
stratum separately. The attraction of the adjacent portion on the 
cylindrical element is evidently zero. The attraction of the remote 
portion of the stratum at two points P, P' situated one inside and 
one outside, both being close to the stratum, can differ only by 
terms of the order mt, where m is the surface density at A ; 
Art. 117. Let F represent the normal component of either of 
these attractions. The normal attraction of the remote portion of 
the stratum and therefore of the whole stratum is ultimately equal 
to Fmda. 

Let X, X' represent as before the normal attractions of the 
whole stratum at the points P, P', then by Art. 117 
X = F-2irm, X' = F+27rm. 
.'. F=^(X + X'). 

Thus the whole normal accelerating force acting on the element 
is equal to the arithmetic mean of the normal attractions just 
inside and just outside the stratum. 

5—2 
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The reader will find other modes of proof in the reprint of 
Thomson's papers on Electricity &c. Art. 88, and in Maxwell's 
Electricity, Art. 78. 

Greens Theorem. 

128. One important case of Green's theorem has been already given in Art. 123. 
The mode o£ proof there given, though short, is indirect and depends on several 
properties of the potential. It has therefor^ seemed advantageous to give here a 
direct proof of a somewhat more general theorem, showing, by simple summation, 
that the attraction of Green's film is the same as that of the body it displaces. 

Both these modes of proof depend on the definition of a potential and are adapted 
to a theory of attraction. Another view of the subject has therefore been added in 
which the functions considered are perfectly general and need not be potentials of 
any real system of attracting points. 

129. Geometrical Proof. Let A, B be two fixed points, AQ, BQ radii vectorea 
drawn to any point Q of a surface S. Let r=AQ, r'=BQ, AB = e; let dir be any 
element of area at Q, dn an element of the normal OQN drawn outwards at Q. Let 



also 



--i^m^i^m <"• 



where the integration extends over the whole surface of S. 

Let dio, da' be the solid angles subtended at A and B by the element d(r, and let 
^, ill' be the angles the radii vectores AQ, BQ make with the imoard normal QG, then 



d<r dr 



cos^= — dot, 




with a similar expression for the origin B. Substituting these values we find 

-, ffdu) dai'\ 

^=i(^-T) (2)- 

Let U8 next take the straight line ABZ as an axis of reference, let 0, 6' be the angles 

QAZ, QBZ respectively and let be the angle the plane ABQ makes with some fixed 

plane passing through AB. We therefore have dui = sin ed0d(p, with a similar 

expression for du'. Substituting in (2), we find 

rr rj. r/sintf ,„ sinS' „A 
^=\^'l']\-:p-^«~-,rM') (3). 

Let x=ff -9, so that x is the angle AQB. If c be regarded as positive when B is on 

sin 8 _ sin B' _ sin x 



the right-hand side of j1, we have 



Substituting again, we have 



v^-\d^\'^dx=\^[^.xl 



.(4). 



The limits of cos x depend on whether the points A and B are within or without 
the surface S. If A and B are both inside, then x varies from zero at C to zero at 
D. In this case the value of !7=0. The same result is true if A and B are both 
outside. 
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• 

Next, let A be inside and B outside but on the right-hand side of A, then x 
varies from tt at C to zero at D. If B be outside but on the left-hand side of A, so 
that c is negative, the limits are zero at C? to tt at D. Thus [cos xl= 2 or - 2 accord- 
ing as c is positive or negative. It will be convenient to regard c as always positive 
in order that we may afterwards use the definition of a potential given in Art. 31, we 
therefore put [cosx]/c = 2/c. Lastly, if A be outside and B inside, we find in the 
same way [oosx]/c= -2/c when c is regarded as positive. 

Integrating (4) from 0=0 to = 27r, we have, when A and £ are on the same side 
of the surface, U=0; when A and B are on opposite sides of the surface ?7=47r/c 
or - iirjc according as B is outside or inside. 

Referring back to the definition of U as given by (1), we notice that if the element 

of normal dn were measured positively inwards, the sign of U would be changed. We 

may therefore say that when the points A and B are on opposite sides of the surface 

47r 4:ir 

!^= — - or - — according as B-is on the side towards which the normal is measured 

or on the opposite side. 

130. Let A be the seat of a particle of mass % , then vijr is its potential at any 
point Q of the surface. If we represent this potential by 7^, we have 

where c^ stands for the distance of the particle wi^ from B and is to be always taken 
positively. 

Let the attracting system consist pf any number of particles, mIj , nij , &o. being on 
the side of S opposite to B and m^', m^', &a. on the same side as B. The latter 
system of particles contributes nothing to the right-hand side of (5), while the 
particles of the former system contribute the terms 47rmi/ci , iinii^lc^ , &a. Adding 

these together we have - I -r-r- + {dcrV ^ — ;==fc47rFn (6), 

J r dn ^ dn r 

where V is the potential at the element d(T of all the attracting particles, Vs the 

potential at B of the particles on the side of S opposite to B, and the upper or lower 

sign is to be taken according as B lies on the side towards which dn is measured 

or on the opposite side. Lastly r' is the distance of the element dcr from B. 

131. The equation (6) admits of considerable simpUfication when the surface S 
is a closed portion of any level surface of the attracting system. In this case V is 
the same at all points of the surface. Representing this constant value of V by 

K„ the equation (6) then becomes - i-j ■^ + Vi,jd(T-^ — -—JziirVa. Tofixourideas 

we suppose that dn is measured outwards. 

It has already been shown that d<r t- -j= - da' and that j(iw'=0 or iv according 

as the point B is outside or inside the closed surface S. We therefore have 



fdffdV (iirV,\ . ,. ,_. 



the upper or lower alternative being taken according as B is on the inside or outside 
the surface. 

We may express both the alternatives of this important equation in the form of 
a theorem. 

If a thin layer of attracting matter is placed ore a closed portion of a level surface 
S of any attracting system so that the surface density at any element da is 

^-L%- (•). 
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where dn is an element of the normal measured outwards, then (1) the potential of the 
layer at any external point B is the same as the potential of that part of the attract- 
ing system which lies inside the stratum; 

(2) the potential of the layer at any internal point B, increased hy the potential 
at the same point of that portion of the attracting system which is external to S, is 
equal to the potential of the whole attracting system at its level surface 8. 

132. The equation (6) helps ua to find the potential of all the matter on one 
Bide of any arbitrary closed surface S at any point B on the other side when we know 
both the potential and the normal force of the whole attracting system at all points 
of that surface. 

Supposing dn to be measured towards that side of S on which B lies, we have 

»'y(«) ^'^^-/(^i?-''£)'^ («)• 

("''^^ (10). 



7^ 



dn r'^ 

From this equation we deduce the following theorem. 

If on any arbitrary closed surface S we place a thin layer of attracting matter 
whose surface density is given by 

11^ (U,. 

'^ ir r dn 

its potential at the point B is the same as the potential of that portion of the 
attracting system which lies On the side of the surface 5 opposite to B. 

Suppose for example all the attracting system lies on one side of the surface S; 
then the potential of the thin layer at B is zero when B Ues on the same side of 5 
as the attracting matter and is equal to the potential of the attracting system when 
B lies on the opposite side. 

It may be noticed that the density of this layer at any given element of the 
surface S is a function of the distance of that element from B, and is, therefore, 
not the same for all positions of B. The density of the layer described in Art. 131 
is independent of the position of B, and depends only on the attraction at the 
given element. 

133. The theorem of Gauss given in Art. 81 is a particular case of the theorem 
expressed by equation (6). 

Let the arbitrary point B be taken outside and so far off from S that the distance 

M 
/ is sensibly the same for all elements of S. We then have Vb = — , where M is the 

ft 1 

mass of that part of the system which lies within S. Also j- 7, = 0, so that the 

dV 
equation (6) reduces to -\d(T-^ = iirM (12). 

The equation (6) is a particular case of Green's general theorem. Thus it 
appears that Green's theorem includes the theorems of Gauss, Foisson and Laplace 
as particular cases, 

134. We may deduce a more general theorem from equation (6). Let there be 
a second system of attracting particles situated, like the first, partly within and 
partly without the surface S. Let fi^, /j,^, &o. be the masses of those within, fi^', /j^', 
&c. the masses of those without S. Let their positions in space be denoted by B^, 
B^, &c., Bi, Bj', &c. 

Referring now to (6), let the point iJ be the seat of a particle of mass /n, then fijr' 
is its potential at any point Q of the surface ; let us represent this potential by T^'. 
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Accordingly we have -jVi'-^diT + jV-ji-diT=J=ATfi,VB (13), 

dn dn 

the positive or negative sign being taken on the right-hand side according as the 

point B is on that side of S towards which dn is measured or the opposite. 

Repeating this process for every one of the masses of the second system, we 

obtain for each an equation like (13). Adding these together, we have, when dn is 

measured outwards, 

where V is the potential at the element do- of all the attracting particles of the 
second system, while Z/j/Vb' is the mutual potential of the particles m^, m^, &a. of 
the first system and the particles (Uj', ju/, &c. of the second, and S/nFa is the mutual 
potential of the particles nij', mj', &o. of the first system and /tj, aij, &o. of the second. 
We may put this «quation into the form of a theorem. Let there be two systems 
of particles in presence of each other such that each particle attracts every particle 
of the other system but does not attract any particle of its own. Let any surface S 
be drawn enclosing some particles of each system, let V, V be the potentials of the 
two systems respectively at any element da of the surface, dn an element of the 
normal drawn outwards. Let W be the mutual potential or work of the inside 
particles of the first system and the outside particles of the second, W that of the 
inside particles of the second and the outside particles of the first, then 

I'''^{^^'-^'S}=^'^('^'-^) (1^)- 

It F,E' be the normal components of force at the element da outwards due to the 
two systems respectively, we may write the equation in the form 

\d<r (VF' -V'F) = iir (W -W) (15). 

If we add to each of the expressions W, W the mutual work of those particles of 
the two systems which are inside the surface S, the difference W— W is clearly un- 
changed. Thus if W^ be the mutual work of the first system and the inside particles 
of the second, W^ that of the second system and the inside particles of the first, we 
h.a,yeW-W' = W-^-W^. 

135. Analytical Proof. In the proof which has been given 
of equation (14) it has been assumed that the functions V, V are 
potentials of some real collections of particles, and this is all that 
is necessary when we are considering the attractions of bodies. 
But by adopting another mode of proof we may remove this 
restriction and obtain Green's theorem in another form. 

Let any portion of space be enclosed, or separated from the 
rest of space, by a surface which we shall call S. Supposing 
V, V to be any two functions of x, y, z, let us integrate 

., (([(dVdV' dVdV dVdV'\, , , ,,, 

H\m4^-^-dyi^^Tz iTzj'^'^^y^' (1) 

throughout the given space S. Taking the first term we have, by 
integration by parts, 

\W^yy'^-\\\''%'^'y'^ (^)- 
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We have here integrated all the elements which lie in a column 
parallel to the axis of x. Let AB be one of these columns, and let 




it intersect the surface S a,t A and B in the elementary areas 
da-, da-'. If (V, fi', v) be the direction cosines of the outward 
normal at the upper limit B, we have dydz = 'K'da'. In -the same 
way if (X, /j,, v) be the direction cosines of the outward normal at 
the limit A, we have dydz = — Xda; since V is positive and X 
negative. The quantity in square brackets in the first term of 
(2) is to be taken between the limits A and B, and is therefore 



, dx/B 



dx Ja 



■\d<T) 



•(3), 



where the suffix indicates the place at which the value of the 
quantity in brackets is to be taken. The two terms in (3) have 
now to be integrated, the first for all elements, such as B, on the 
right-hand side of the bounding curve GB, and the second for all 
elements, such as -4, on the left. These are together therefore the 



■' dx 



■(4). 



taken for all elements of the surface, where X now stands for the 
cosine of the angle the outward normal at da makes with the axis 
of a;. 

Treating the other terms of (1) in the same way we see that 



rr t.^f'lV' dV dV \i-'',,,^,/d?V' d^V d^V'\ ^ ^ ^ 



Let now dn be an element of the normal at dcr drawn outwards, 
then 



dV drr dV ^dV 
dy dz dn 



dx 



Also let p, p be such functions of x, y, z that 
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Then substituting we find U = JV^ d(r + 4<TrJVp'dv, 

where dv stands for an element of volume. 

In the same way we have by interchanging V, V in the 

symmetrical expression U U = ^V -j- da- + inrjV pdv. 

Equating these two values of U, we arrive at the following 
equation, usually called Green's theorem: 

^(^S'-^'S'^'^=^-/(^>-^^')'^^ (5)- 

Applying this equation to the case of attraction as in Art. 134, 
we see that the two values of U just found may be written in the 

forms U=SVF'd(T + 4iirW^ = jV'Fda+'^-irW^ (6). 

where, as in the article referred to, V and V are the potentials of 
two systems of particles, and W^ is the work of system I. and 
that part .of system II. which is internal to *Si, and W^ is the work 
of system li. and that part of I. which is internal to S. 

136. The expression for U admits also of interpretation. Let 
(X, Y, Z) {X', Y', Z') be the components of force due to the 
systems l. and II. respectively at any point {x, y, z) within B. Let 
iJ, Bl be the resultant forces, the angle between the directions 
oiR,E. Then by (1) 

tr = / {XX' + YY' + ZZ) dv = SRR' COS <f>dv (7). 

If the two systems are the same, i.e. if the particles have equal 
masses and occupy the same positions in the two systems, the 
equations (6) reduce to U = JWdv = JVFdcr + ^irjVpdv, 

where V is the potential, and F the outward normal force at da: 

137. If the functions V, V satisfy Laplace's equation, we 
have p = 0, p' — 0, the equations (.5) then reduce to 

^ = ^^S''^- = ^^T> • («)• 

138. Instead of considering the space internal to S we may 
integrate through the space on the other side of 8. Supposing 
then that the space under consideration is external to 8 and that 
both the products VdV'/dn, V'dVjdn are zero at all points of a 
sphere of infinite radius enclosing S we find by integrating 
through the space between these two surfaces 

/(^S^-^'S'^'^=^'^(^^'-^^> ^9>' 
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Here however dV/dn differs in sign from its former meaning, for 
dn has been measured outwards from the space over which the 
integration extends. Also W^, W^' are the mutual works of tlie 
first and second systems respectively on the parts of the other 
system within the space of integration. 

139. Two useful cases. Referring to the general theorem 
expressed by (5) in Art. 135 let us put for V unity. Since 
this value satisfies Laplace's equation we have p' = 0. The 
equation then assumes the simpler form 



/ 



-— diT = — 4<Trjpav. 



This is really Gauss' theorem in another form. Here V is any 
function of (x, y, z) which is continuous and finite, —^ivp is the 
result of its substitution in Poisson's equation, and the integration 
extends on the right-hand side throughout any arbitrary space and 
on the left side over the bounding surface. See Art. 133. 

Another useful case is when V = 1/r', where r' is the distance 
of any point within the space of integration from some external 
point P. In this case, as in the last, p = 0. The general theorem 

then reduces to /{f |^ (1,) - \, f^ d. = 4. f-^ (10). 

which agrees with the equation (9) Art. 132 already obtained. 

140. Points at which V is infinite. If P be any arbitrary 
point taken in the interior of the space bounded by the surface S, 
it is evident that one of the columns of integration parallel to each 
coordinate axis will pass through P. It is necessary that in each 
of these three columns the subject of integration should be finite. 
We have therefore assumed in the proof given in Art. 135 that 
(1) both the functions F, F' are finite and continuous, (2) that 
their first and second differential coefficients with regard to x, y, z 
are each finite throughout the space considered. If any of the 
functions be infinite at some point A within S, we must sur- 
round that point by an infinitesimal sphere, and integrate only 
over the space between the sphere and the surface B. 

Let us suppose that, besides other terms, F has a term of the 

form — , where ?• is a distance measured in any direction from the 

point A. Let the centre of the small sphere be taken at A and 

let the radius be e. We shall find the values of /F —,— da and 

dn 
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JV -^ da- taken over the surface of the sphere, and fV'pdv, 

JVp'dv taken throughout the volume. Joining these values to 
the corresponding integrals in Green's equation we arrive at a 
second equation which is true when the infinity at the point A 
is ignored and the integrations extend only through the surface S. 
In these integrations over the surface of the sphere dn is to be 
measured from the space of integration and therefore towards the 
centre ; it will however be found convenient to measure dn from 
the centre of the sphere and to subtract the results of the integrals 
from the corresponding integrals in Green's equation. 

Taking first the terms other than m/r, we notice that since 
da = e^dco both the integrals taken over the surface of the sphere 
are of the order e^, while those taken throughout the volume are 
of the order e^ All these therefore vanish when the sphere is 
indefinitely small. 

Taking next the term m/r in the expression for V, we have 

r^dV' [mdV ,, . 

/ V -^j— d<T—\ i — e'dm = 0. 

dn J e dn 

Since the sphere is infinitely small the value of V at any 
point of its surface is the same as that at its centre and may be 
written F^'. We then have 



Subtracting these values from the general equation (5), we find 

K^^'^'T)'^''- ^'^'^'^^ = ^'^^'^^'p - ^p'^ ^^' 

where the integration on the right-hand side extends throughout 
the space between the infinitely small sphere and the surface S. 

Regarding the term m/r in the expression for V to be due to 
the presence of a mass m at the point A, the term isirmV/ is 
equal to the value of the right-hand side when the integration 
extends through the volume of the infinitesimal sphere. To show 
this we notice that for all elements within the sphere the right- 
hand side is the same as iir {VJJpdv — p'J{m/r)dv}. Writing 
dv = r^dadr, and integrating from r = to e, the value of the 
second term is zero and that of the first is 47rmF/. The term 
4nrmVJ may therefore be transposed to the right-hand side of the 
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equation, and included in that integral when the integration 
extends throughout the whole space bounded by the surface S. 

Other infinite terms of the form m/r occurring in either V or 
V may be treated in the same way. If, as in Art. 134, Wi, Wi 
are respectively the mutual works of the systems whose potentials 
are V, V and the inside particles of the other system, we have 



'{ 



'^'£'-'"S''"*''('^-'-'^') 



whether these infinite terms exist or not. 

141. Ex. If V contain a term m/r', show that some of the integrals connected 
with the infinitely smaU sphere are infinite if k is greater than unity and are all 
zero if k is less than unity. 

142. Multiple-valued functions. It has been supposed in these theorems 
that the functions V, V have only one value at the same point of space. If they 
are potentials of attracting masses, they are each of the form Sm/j- and can have 
only one value. But if they are obtained as solutions of Laplace's ec[uations, as in 
hydrodynamics, they may be many-valued functions. Thus let a fluid be running 
round in a ring-like vessel. If V be the velocity potential at any point P, we know 
by the principles of hydrodynamics that dVjds=u, where s is the arc described, 
and u is the velocity at P. Since the velocity is always positive, the velocity 
potential V must always increase as P travels round the ring. When P has made 
a complete turn, it comes to the point it started from, and V has a different value. 
If we put Laplace's equation into cylindrical coordinates {Art. 78), we easily see that 
V=ia,n~^ yjx = tl> satisfies the equation and represents such a motion. 

143. In order to apply Green's equation to a multiple-valued function by 
integrating throughout the space enclosed in a ring-shaped surface we must deprive 
the function of its multiple values by placing a barrier at any point and including 
this barrier as one of the boundaries. In this way the point P is prevented from 
making a complete circuit and the function is reduced to a single-valued form. It 
may be that the surface has several ring-like passages interlacing, and it may then be 
necessary to insert several barriers before the function is reduced to a single-valued 
form. 

Taking the simpler case of a single ring-like surface, let us suppose that the 
potential F is always increased by the same quantity c when the point P starting 
from any position has made a complete circuit and has returned to the same position 
again. Similarly let V be increased by c'. Let da be an element of the area of a 
barrier placed anywhere across the ring-like cavity. Let s be an arc measured from 
the barrier round the ring to the barrier again, say from s = to s = J. Consider the 
part of the boundary formed by the two sides of the barrier ; remembering that dn is 
measured outwards, we have dn= -da for the side defined by s = 0, and dn=ds 
for the side s=l. We thus have, when we integrate over both sides of the barrier, 
r,,dV' t„dV' ^,,^, .d(r-fc') , /'dF' 

Supposing V and F' to be solutions of Laplace's equation. Green's theorem becomes 

where along the surface S, dn is measured outwards, and across the barrier ds is 
measured in the positive direction round the ring. 
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144. Ex. 1. Let F, V represent as before any two functions of {x, y, z), and 
let a be a third finite function of the same variables. Beginning with 

show by the same succession of integrations as in Art. 140 that 
U=ja''r'~d<r + iTJV'pdv 

= ja.''V^d<r + i7rjVp'dv, 

where -4., = - (a= -j + _ (a^ - j + _ (^„^ _ j , 

and -47rp' represents a similar expression with V written for V. This is Lord 
Kelvin's extension of Green's theorem. See Thomson and Tait, vol. i. p. 167. 
Edition of 1879. 

Ex. 2. If F, F' be both solutions of the differential equation 
d [ .dV\ d ( .dV\ d I „d!F\ „ 

and it also F= V at all points of a closed surface S, prove that F= F' throughout 
the enclosed space. 

Let «= F- F', then u also is a solution of the differential equation. Writing u 
for both F, F' in the general theorem of Ex. 1, we have 

i-i(S)'*0"Hr:)l-=f-s- 

The right-hand side is zero since u vanishes at all points of the surface S. But the 
left-hand side is the sum of a number of positive quantities and cannot be zero 
unless each vanishes. Thus dujdx, dujdy, dujdz are each zero at all points inside 
S, i.e. the function m is a constant. Since it is given equal to zero at the surface 8, 
it must be zero at all points within S. 

This differential equation is of great importance in the analytical theory 
of heat. 

dV dV 
Ex. 3. Show in the same way that if ^j- = -^r- at all points of the surface S 

an dn 

then F= V throughout the space enclosed. 

Ex. 4. If both F and F', besides being solutions of the differential equation, 

dV 
also satisfy the equation ^-= - A; F at all points of 8, where ft is a function of the 
an 

coordinates which is always positive, prove that F= F'. 

Ex. 5. If F be one solution of the differential equation in Ex. (2) such that 

— = - hV at all points of a surface 8, where k is always positive, prove that there 
dn 

is no other solution of that differential equation which satisfies this condition. 

145. Converse Problem. Hitherto the body has been supposed given and its 
potential has been the quantity sought. Conversely, we may require to determine 
the body when the potential is given. It is evident that Poisson's equation 

47r/)=-V2F (1) 

supplies a partial solution to this question. The potential F being given throughout 
all space, we find p by merely performing the proper differentiations. This value of 
p, if finite throughout space, determines the only body which could have the given 
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potential. If the potential is given as a discontinuous function of the coordinates, 
difficulties may arise in applying Poisson's equation at the points or surfaces where 
the discontinuity occurs. The following theorem will therefore be useful. 

146. Let the potential V throughout any given portion S of space be the given 
function (f , ij, f) of the coordinates ; throughout a neighbouring space 8', let the 
potential be a function ^ (f, rj, f) and so on, with the condition that where two 
spaces meet the functions have equal values. We shall then prove that the 
attracting system is made up of (1) a matter filling each of the spaces S, S', &c. 

whose volume density is given by p= -~ V^V, where V is the potential within 

that space ; (2) a superficial stratum surrounding each space whose surface density 

is given by p'= j- F, where F is the normal force just within the boundary, 

measured positively outwards, so that F=dVjdm, where dn is an element of the out- 
ward normal. 

Let P be the point (f , i;, f) at which the potential is given, let dv be an element 
of volume of the attracting body at Q, and let r be the distance FQ. Consider- 
ing the space 8 the potential at P of the matter within it is \ - — , the integral 

extending over all the elements within 8 and p being the volume density given above. 
First, let P be outside the surface 8. Writing dxdydz for dv, we may effect these 
integrations by the process employed in proving Green's theorem in Art. 135. But 
it is unnecessary to repeat the steps, for we have already obtained the result in 
equation (10) of Art. 139. We have therefore 

l^-Ll{^i-y'^^U^--J'^I^] ^^ <^)' 

where the integrations on the right-hand side extend over the boundary of the 
space 8. The integral on the right-hand side represents the potential at P of a thin 
stratum of matter placed on the boundary whose surface density at any point 

Q is given by ^4. ^'li (t-) "gf («)' 

where r is the distance PQ. Art. 132, Eq. (11). 

Next, let (f , 71, f) or P lie within the space 8. We must surround P by a sphere 
of small radius e and include the surface of this sphere as part of the boundary of 
the space 8, as in Art. 140. Considering the surface of this sphere and remembering 
that dm is drawn positively towards its centre, the integral (2) becomes 

4^»'^- "•»/?- 4^. j dn ^'- 
The firM term is evidently (|, ij, f ) and the second term * vanishes by Gauss' 
theorem, Art. 139. Hence the potential at P of the matter between the sphere and 
the surface 8 is equal to that of the stratum on the surface S together with ({, i), f). 
The potential at the same point of the matter within the infinitely small sphere is 
zero by Art. 79. 

* We may also prove in an elementary manner that the second integral is zero. 
Let PN be a normal to the level surface which passes through P and let PN= dv ; let B 

be the angle the normal dn to the sphere makes with PN, then -^= --? cos 8. ■ The 

An dv 

second integral is therefore -=- \<iaz6da, where the integration extends over the 

surface of the sphere. This is evidently zero. 
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147. The result arrived at is that the potential at P. of the matter within the 
space S, diminished by the potential at the same point of the stratum placed on 
the boundary of S, is equal to (p (f, rj, f) or zero according as P is inside or outside 
S. Supposing this stratum to be included, with the sign of its density changed, as 
part of the attracting system, the proposed conditions are satisfied for the space S. 

Treating the neighbouring space S' in the same way, we obtain an internal 
density determined as before by Poissou's equation and a superficial density which, 
when its sign is changed, is the same as that given by (3) except that the function 
4> is replaced by x// and the element dn of the normal is measured in the opposite 
direction. 

Adding together the two superficial densities and remembering that <p and ^ are 
equal at those points of the boundary which are common to S and S', we observe 
that the first terms of each destroy each other. We therefore find for the density 
of the superficial stratum 

where dn and dn' are measured outwards from the spaces S and S' respectively, so 
that dn= - dn'. We notice that this law of density is independent) of the position 
of P. 

148. Ex. 1. The potential at a point Q is 

2ir(62-o2), iT{Sb^-r^-2a^lr) or fir (63-aS)/r-, 
according as the distance r of Q from the origin is less than a, lies between a and 
h, or is greater than b. Find the attracting system. 

Considering the space in which r is less than it, we see that both the volume 
and surface densities are zero. 

Considering the space in which r lies between a and 6, the volume density is 
1 — 



fonnd by substituting in p = - j— --=-^- , Art. 146, and is equal to unity. The 

superficial density is found by substituting in p'= j- -3- and is zero at the inner 

boundary and - (6' - a^)jW at the outer. 

Lastly in the space in which r is greater than 6, the volume density is zero and 
the superficial density (6' - a?)liV. 

Adding all these together, we find that the attracting body is a spherical shell of 
radii a and b and unit density. 

Ex. 2. Find the attracting system wjiose potential V is equal to 

at all points within the ellipsoid Lx^ + My^+Nz^=l and zero at all external points. 
The system is a homogeneous ellipsoid whose density is ii,(L + M+N)j2Tr, 

together with a superficial stratum whose surface density at any point Q is - ^ - 

where p is the perpendicular on the tangent plane at Q. 

Since this stratum is equivalent to a thin homogeneous confocal shell (see Vol. i. 
Art. 430), this result supplies a simple relation between the potential of a homo- 
geneous solid ellipsoid and that of a homogeneous confocal shell. 

Ex. 3. Let r, / be radii vectores drawn from two fixed points A, B, the first 
within and the second without the sphere whose equation is r'=nr. Find the 
attracting system whose potential at any point P is IjAP or nfBP according as P is 
without or within the sphere. 

The system is a stratum on the sphere whose surface density varies inversely 
as the cube of either r or )•'. 
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Theory of inversion. 

149. Inversion from a point. Let be any assumed origin, 
and let Q be a point moving in any given manner. If on the 
radius vector OQ we take a point Q' so that OQ. OQ' = 10"^, then Q 
and Q' are called inverse points. If Q trace out a curve, Q' traces 
out the inverse curve ; if Q trace out a surface or solid, Q' traces 
out the inverse surface or solid. 

Let P\ Q' be the inverse points of P, Q, then since the products 

OP. OF, OQ . OQ' are equal and the ^ ^, . 

angles POQ, P'OQ' are the same, the 

triangles POQ, P'OQ' are similar. 

We therefore have 

J^_ I OQ .,. 

P'Q'~PQ-OP' ^ ^- ^" 

Let m, m' be the masses of two particles placed respectively at 

k 
Q, Q', and let the densities be such that mf = m ^ (2). 

Multiplying equations (1) and (2) together, we see that the 
potential at P' of w! is equal to that at P of m, after multiplication 
by a quantity k/OP' which is independent of the position of Q. 

Let any number of particles of given masses mj, m^, &c. be 

placed at different points Qi, Q^, &c., and let the corresponding 

masses m/, m^', &c. be placed at the inverse points Q/, Q/, &c. 

Then since an equation similar to (2) holds for each pair of masses, 

we have by addition 

/ Potential at P' \ _ / Potential at P \ Jc_ . , 

\of the inverse system/ \of the given system/ OP' 

Ic 
which may be compendiously written V =V jyjy . 

150. If the given masses mj, m^, &c. are arranged so as to 
form an arc, surface or solid, the inverse, masses will also be 
arranged in the same ways. It will therefore be necessary to 
discover some rule by which we can compare the density at any 
point of the given system with that at the corresponding point of 
the inverse system. 

Using the same figure as before but changing the meaning of 
P, let PQ now represent any elementary arc of the locus of Q, 
then P'Q represents the corresponding inverse arc. If the locus 
of Q is a curve, we infer from the similarity of the triangles POQ, 
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P'OQ' that the lengths of the elementary arcs P'Q', PQ are in the 
ratio OQ'/OP, i.e. OQ'/OQ ultimately. Hence by (2) the ratio of 
the line densities of the arcs P'Q', PQ is equal to k/OQ'. 

If the locus of Q is a surface, the elementary areas P'Q', PQ are 
in the ratio of the squares of the homologous sides, i.e. as OQ'^ to 
OQK Hence by (2) the ratio of the surface densities at Q' and Q 
is equal to (k/OQ')". 

If Q travel over all points of space enclosed by a surface, the 
elementary volumes at Q', Q are ultimately in the ratio OQ'^ 
da>.d{OQ') to OQ^dm.d{OQ). Since OQ.OQ' = k\ this ratio is 
equal to OQ'^/OQ'. Hence by (2) the ratio of the densities at Q' 
and Q is equal to (k/OQ'y. 

Summing up these results, we see that 
/ density at Q' \ _ / density at Q N /'_fc_N^-i , , 
\of the inverse system/ \of the given system/ vOQ'/ 
where d represents the dimensions of the system, i.e. d= 1, 2, or 3 
according as the system is an arc, a surface or a volume. 

151. Ex. 1. If the law of force be the inverse nth power of the distanoe, the 

potential of a particle m takes the form = rs=i* Prove that the equations 

corresponding to (2), (3), and (4) become 

When the law of force is the inverse distance n = l, and the potential of the 
attracting mass takes a different form. In this case the quantity here called V, 
after multiplication by n - 1, becomes the mass of the body and therefore the 
theorems of inversion though they no longer apply to the attractions of bodies will 
still enable us to find their masses when their densities vary as some'power of the 
distance from a point. See Quarterly J., May 1857. 

Ex. 2. The potential of a homogeneous spherical surface at a point P is iwap 
or iira^pjCP according as P is inside or outside the surface, where C is the centre 
and a is equal to the radius. It is required to invert this theorem with regard to an 
external point 0. 

Since the product of the segments OQ . OQ' is constant in a sphere, it is clear 
that if we take k equal to the length of the tangent OT, the sphere will be its own 
inverse. When only one sphere occurs in the system this choice of the value of k 
will simplify the process, but when there are several spheres it will be more 
convenient to keep the value of k indeterminate. 




E. S. II. 
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If P is within the sphere, the inverse point P' is also within the sphere. By (4) 
the density of the inverse sphere at Q' is equal to p (ft/OQ')', and its potential at P' 
is iirapTclOP'. 

If P is without the sphere, P' is also without. The density at Q' of the inverse 

system is the same as before, but the potential at P' is . ^^, . Let C be a 

point on the straight line OC such that C and C are inverse points. Then by the 
similar triangles GOP, COP' we have CP . OP'=OC . C'F. The potential at P' is 

If M' is the mass of the inverse system the relation between M' and p may be 
easily deduced from either of these expressions for the potential. Taking the first, 
where P' is inside the sphere, we notice that since every element of the sphere is 
equally distant from the centre, the potential at the centre is M'ja. Hence putting 
P' at the centre and comparing the two values of the potential, we have 
M'=iirpa^lclOC. Taking the second case, when P' is without the sphere, we notice 
that the potential at a very distant point must be mass divided by distance. Hence 
equating these two values of the potential, we have the same result as before. 

Taking both these results, we arrive at the following inverse theorem. 

Let a mass M' be distributed over a spherical surface, centre C, so that its 

density at any point Q' is p(lijOQ'Y, where is an external point, and Ic is the 

length of the tangent from 0. Then p==M'cliTa^k, where c=OC, and the potential 

c 1 M' 

at any point P' is M' - p:p=-, or ^^^^ , according as P' lies within or without the 
ct UP C P^ 

sphere. The points C and C are inverse points with regard to 0, and it is easy to 

see that C lies on the polar line of 0. 

The potentiaJ of this heterogeneous spherical stratum at all external points is the 
same as if its whole mass M' were collected at C, and at all internal points is the 
same as if a mass M'c/a were collected at 0. 

It has been shown in Art. 109 that the attraction of a finite body at a very 
distant point is the same as if the whole mass were collected into its centre of 
gravity. It follows that the point C is the centre of gravity of the heterogeneous 
spherical stratum. 

Ex. 3. If the density of a spherical surface vary as the inverse cube of its 
distance from an internal point 0, find its potential at any point. 

If the centre of inversion is inside the primitive sphere we can still make 
the sphere its own inverse by drawing OQ' from in the direction opposite to OQ 
and taking k^ equal to the product of the segments of all chords through 0. With 
these changes we may show that the potential at all external points is the same as 
if its whole mass M' were collected at and at all internal points is the same as if 
the mass Jlf'c/a were collected at C. 

Ex. 4. The potential of a homogeneous solid sphere at an external point P is 
4irpa'/CP, where C is the centre and a the radius. Invert this theorem with regard 
to an external point 0. 

The result is that the potential at an external point of a heterogeneous sphere 
whose density at any point Q' is p (7c/0Q')° is the same as if its whole mass M' were 
collected into a fixed point C. This point C is the inverse of the centre with regard to 
O and is also the centre of gravity of the sphere. The constant p may be found from 
the relation M'c—iTrpa% where c = OC, and k is the length of the tangent from 0. 

Ex, 5. A heterogeneous spherical shell is bounded by eccentric spheres whose 
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radii are a, 6, and its density at any point Q is mjO(^, where m is a constant and 
O a given external point. Show that its potential at any point P is 

^^'" l^\f~ flV OP - Vols -oB^) opsj . 
where A and B are points where the polar lines of intersect the diameters drawn 
through and/, g are the tangents from 0. 

Ex. 6. An infinitely thin layer of matter is placed on the surface of elasticity 
eh^=a!'x^+b^y^ + cV, so that the surface density at any point distant r from the 
centre varies as pjr^, where p is the perpendicular from the origin on the tangent 
plane. Show that the potential at any external point is the same as if the whole 
mass were collected at its centre of gravity. 

152. Inversion from a line. Instead of inverting the attracting system with 
regard to a point we may invert it with regard to some straight line Oz. Let a 
point Q move in any manner, and let QN he a perpendicular on the axis Oz. If on 
NQ we take a point Q' so that NQ . NQ'= k^, where J is a given constant, then Q' is 
the inverse of Q with regard to the axis of z. 

With this definition it is clear that any cylindrical surface with its generators 
parallel to Oz inverts into another cylindrical surface also having its generators 
parallel to that axis. This method of inversion will therefore help us to deduce the 
potential of one cylindrical surface or solid from that of its inverse. We shall 
suppose that the density of the cylindrical hody is uniform along any generating 
line but varies from one generator to another. 

153. The attraction of an infinite rod parallel to the axis of z at any point P 

on the plane of m/ is known to be imjQP, where Q is the intersection of the rod 

with the plane of xy and m is the line density. The potential of such a rod at P is 

therefore V= G-2m log QP, where C is some constant, Art. 42. Let us invert 

this rod with regard to the axis of z into a parallel rod and P into another point 

P'. Supposing the inverse rod to have the same line density as the primitive rod, its 

OP' 
potential at P* is F'=C- 2m log Q'P'. But by Art. 149 P'Q'=PQ. ^ . Hence 

F'+2mlogOP'=r+2mlogOQ (1). 

Let there be a system of rods intersecting the plane of xy in the points Q-^, 
Qj, &c., and let the inverse rods intersect the same plane in Q^', Q^, &b. Let tti^, 
jBj . &<!• be the line densities of the several pairs. Then for each pair we have an 
equation similar to (1) ; adding all these together we find 
(Potential at P" of inverse system) 

- (Potential at P' of the whole mass collected at the axis) 
= (Potential at P of given system) - (Potential at of given system). 

154. If the primitive system of rods intersect the plane of xy in an arc or an 
area, the inverse system will also be arranged in the same way. To compare the 
densities we observe that the masses of the given system and the inverse are the 
same but differently distributed. If the locus of Q is an arc, the ratio of the 
elementary arcs at Q', Q is equal to OQ'jOQ, and the ratio of the line densities is 
therefore equal to OQjOQ', i.e. {kjOQ')^. If the locus of Q is an area, the ratio of 
the surface densities is equal to (h/OQ')*. 

We should notice that m is the mass per unit of length of a rod. Hence 
when the attracting rods form a cylindrical surface whose surface density is p, we 
have m=:pcls, where ds is an element of arc of the section of the cylinder by a plane 
perpendicular to the axis. For example, in the ease of a right circular cylinder of 

6—2 
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radius a we have STO = 27rap. If the rods form a cylindrical volume of density p, 
we have m=pdA where dA is an element of area of the curve of section. 

Ex. 1. A heterogeneous stratum is placed on a right circular cylinder, the 
density being uniform along any generator. It is required to compare the potentials 
at an internal and an external inverse point. 

If we invert the system with regard to the axis and the radius k of inversion be 
the radius of the cylinder, the stratum inverts into itself. If P, P' be the internal 
and external points, V, V the potentials, we have by Art. 153 

V - {C - 22m log OF') = V-Vo. 
Collecting all the constant terms into one, we have 

F'-F=^- 22m log OP'. 
The corresponding proposition for a sphere is given in Art. 72. 

Ex. 2. Invert the following theorem with regard to an eccentric internal 
straight line. The potential of a homogeneous right circular cylindrical surface at 
any internal point is constant and equal to that along the axis. 

The resulting theorem is as follows. If matter be distributed in a thin stratum 
over a right circular cylinder so that the surface density aji any point Q' is 
proportional to the inverse square of the distance of Q' from an internal straight 
line OZ parallel to the generators, the potential at any external point is the same 
as if the whole mass were evenly distributed over the straight line OZ. 

155. Let Qi, Q2,...Qn,^Bn points arranged at equal distances on the circum- 
ference of a circle of radius p. Taking the centre as origin, let the polar co- 
ordinates of these points be {p, <p), (/>, <p + a), (p, 0-1- 2a) <fcc. where na = 2ir. Let P 
be any point and let {r, 6) be its coordinates. By De Moivre's property of the circle 
we have r^-^i^p'' cos n {6 -<p) + p'"'=PQi'.PQi'...PQn' (1). 

Let us now take two other points Q', P' whose coordinates (p', <p') and (/, $') are 

such that p'=c ( - ) , 0'=m0; r'=c ( - ) , ff — nS where c is any constant. It im- 
mediately follows that the left side of (1) is equal to c2(»-il. (P'Q')2. Taking the 
logarithm of both sides, we find 

logP'e'-f(m-l)logc=logP(3i-l-logPQj-)-&c.-t-logP(3„ (2). 

Let us now suppose that two infinite thin rods, each of uniform line density m, 
are placed perpendicularly to the plane of the circle at P and P" respectively. It 
follows at once from equation (2) that the potential of the second rod at Q' differs 
by a constant from the sum of the potentials of the first rod at the points Q^, Q^,... 
Q„. See Art. 153. 

In the same way, by properly placing pairs of corresponding rods we may build 
up two corresponding cylindrical bodies, which have the property that the potential 
of the second body at Q' differs by a constant from the sum of the potentials of the 
first at Qi...Q„. 

We may express this result in the form of a theorem. An infinitely long 
cylindrical iody has its density vmiform along any generating line and attracts 
according to the law of nature. The body, being referred to cylindrical coordinates 
with the axis of z parallel to the generators, is transformed into a second cylindrical 
body by moving each cylindrical element {r, 6) into the position (/, 8',) where 

r'=c (-) , 6'=nB without altering the mass of element. If the potentials of the 

original body at the n points (p, 0), (p,<j> + a), (p, 0-1- 2a) &c. be V-y, Fj, V^d:c. then 

the potential of the transformed body at (/)', 0'), where p' = e ( - J , (p'=n<p, differs by 

a constant from the svm Fj -)- F, -I- (fie. -^ F„. 
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If the first body be a continuous cylindrical solid, the second body may be made 
also continuous by altering the areas of the sections of the transformed elements, 
keeping the mass unchanged. Since the elementary areas at P, P' are respectively 
rdedr and i-'deW we easily see that the volume densities at P, P' must be in 
the ratio of {nr'f to r^. 

If the first body be a continuous surface, the second body may be made also a 
continuous surface. Since the elementary arcs in which the surfaces cut the plane 
of xy are as r^dejp to r'HB'jp', where p and p' are the perpendiculars from on the 
tangent planes, the densities per unit of arc must be as pjr^ to p'jnr'^. 

Ex. Thin layers of attracting matter are placed on the cylinders 

A(x*+y*) + 2Bxhi^=\ 

4a;8 + 3 (3S - 24) x*!/2 + 3 (34 - 2JS) a;^!/* + Bj/S = 1 ; 

if the surface densities are proportional respectively to r^p and r^, where r is the 

distance from the axis and p is the perpendicular on the tangent plane, prove that 

the potentials are constant at all internal poihts. 

By Art. 56, the attraction of a thin shell bounded by similar cylinders properly 
placed is zero at any internal point. Applying the preceding theorem we deduce 
the surface densities. 

Application of Laplace's functions to spheres and solids 
of revolution. 

156. In many parts of the theory of Attractions, the integrations are shortened 
and made more comprehensive by the use of Laplace's functions. In other parts 
the necessary processes could not be effected without their help. There are several 
treatises on these functions from which the reader may acquire a Tsnowledge of this 
important branch of Pure Mathematics. The propositions however which are 
wanted in Attractions are not very numerous and these books contain much more 
than is here required. At the same time the subject of Attractions is generally 
approached by the student at a period of his course when he has not yet reached 
the proper study of these functions. For these reasons it seems proper to make 
a preliminary statement of a few elementary theorems which the reader acquainted 
with Laplace's functions may pass over. These are given in the small print in the 
following articles. 

157. Expansion of the inverse distance. Let P, P' be two points, one of 
which will afterwards be taken as a point of the attracting mass and the other as 
the point at which the attraction is required. Let (x, y, z), (x', y', «') be their 
Cartesian coordinates referred to any rectangular axes, (r, 6, 0), (/, 9', <p') their 
corresponding polar coordinates. Let R be the distance between the points and 
let ^ = cos POP'. We therefore have 

1 1 1 

R~J{(x- ^f + {y- y'f + (z- z'Y] ~sj{r^- iri'p + Z^} ^^'• 

It will be found convenient to expand 1/B in a convergent series of ascending 
powers of either rjr' or »•'/)•. Supposing first )•</, we write h^rjr'. We then 
have by the binomial theorem 

Expanding these terms and writing Pj, P^, &a. for the coefiioients of the several 
Powersoft (l-'iph + W')~^=X + P.Ji + F^h^+ (2). 
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The terms coutaiuing 7i" are evidently the first in (2ph - h^)"-, the second in 
(2pft- ft^)""!, and so on. It is therefore clear that P„ is a rational integral function 
of p, whose highest power is p'^ and whose powers descend two at a time. Thus P„ is 
of the form P„=^2)''+^j)''-2+ (3), 

where A,,, A^ &o. are constants. 

These constants are easily found when n is a small integer by the use of the 
binomial theorem in the manner shown above, thus 

Px=P, ■P2 = 4(3J»'-1). P3=4(5F'-3i>)&0. 

When n is too large an integer to apply this method we may use some one of 

the many rules which have been constructed for this purpose. For these however 

we must refer the reader to treatises on the subject of these functions. The most 

useful of these is perhaps that given by Bodrigues, viz. 

1 it" 
P = — — -— iv" - 11". 

The two following theorems are also useful. 

«P„- (2n- l):pP„_i + (»- 1)P„_2 = 0. 

dp p^-1 

By using the first of these we may find any of the coefiicients P„,Pi,P^, &a. when 
tue two preceding are known. 

158. It will be useful to notice that whenp = l the equation (2) reduces to 

(1 - h)-^ = l + P^h+PJi^+.... 
Expanding the left-hand side by the binomial theorem, we see that each of the 
functions Pj, Pj, &c. is equal to unity whenp = l. 

159. The function P„ is usually called a Legendre's function of the rath order. 
It is sometimes written in the form P„ [p) when it is desired to call attention to the 
independent variable. Regarding one of the two radii vectores OP, OP' as a fixed 
axis and the other as capable of moving into all positions round the origin, P„ is a 
function of the inclination of the latter to the fixed axis. The fixed radius vector 
is there called the axis of reference of the function or more shortly the axis of the 
function. 

160. If (a', j3', 7') are the direction cosines of OP', we have by projecting OP on 
OP' pr=a'x+^y + y'z, 

•■• Pn^=Ao (a'a; + /3'y + 7'2)" + ^2 (a'x+^y ^-Zz)"-^ {x'' + i/ + z^) + .... 

Regarding OP' as fixed in space and OP as moving about we see that P„r» is 
a homogeneous rational and integral f miction of the coordinates of P. 

The quantity 1/iJ, regarded as a function of the variables {x, y, z),ia known to 
satisfy Laplace's equation. Art. 76. Since this is true whatever {x', y', /) may be, 
provided they are fixed, it follows that the coefficient of every power of 1// in the 

1 1 P,r P„r' 
expansion - = - + _^ + _?-+ (4). 

satisfies Laplace's equation. 

161. Any homogeneous function of (x, y, z) which satisfies Laplace's equation 
has been called by Thomson a spherical harmonic function. Its degree may be 
any positive or negative integer, it may be fractional or imaginary. 

When the function is such that it may be written in the form r"/(9) where 8 ia 
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the inclination of the radius vector to a fixed straight line, it is called sometimes a 
zonal and sometimes an axial spherical harmonic. 

We therefore see that P„7-" is an axial spherical harmonic of the nth order. 

162. The expansion (4) has been made in powers of ?■/»•' on the supposition that 
)■ is less than r'. If the contrary be the case we must make the expansion in 
powers of //r in order that the series may be convergent. We then have 

1 1 py pyo 

55 = - + -V + — ^ + (5). 

It follows in the same way that the coefficient of r'" viz. P„r-l"+il is a homo- 
geneous function of the - (n + l)th order which satisfies Laplace's equation. Thus 
both P„r" and P„r~'"+il are axial harmonics of different orders. 

163. Potential of a body. To apply these expansions to 
find the potential of a body, we regard («', y', z') as the coordinates 
of any particle m of the attracting mass. We now multiply \\R 
by m and sum or integrate the result for all the attracting 
particles. At some points of the body we may have r'>r, at 
others r > r'; we therefore may have to use both the expansions 
(3) and (4) each for the appropriate portion of the attracting mass. 
In this way we find 

F=2^=F„+F,r-+F,r^+...+ ^ + ^^ + 5+ (6), 

where F„ = X p^» and Z„ = Xmr'-Pn. 

These summations cannot be effected until the form and law 
of density of the heterogeneous body are known. We notice 
however that both F„ and Z^ are the sums of a number of 
Legendre's functions with coefficients and axes depending on the 
given structure and shape of the body. Regarded therefore as a 
function of {x, y, z) both Ynr^ and ^„r" are integral rational 
spherical harmonics. 

164. Iiaplace's equations. In this way we have been led to an expansion of 
V in powers of r which must hold for all attracting masses. Let this be written 
J''=Si'„r", where n may be either a positive or a negative integer. Substituting this 
series for V in Laplace's equation as expressed in polar coordinates (Art. 78) and 
equating the coefficient of r" to zero, we have 

i^'->^') f j +I^^'5 + ™("+l)^''=° (^)- 

where /*= cos 0. 

The corresponding equation for Y^ is found by writing m for n. If we olioose 
in so that m (m + X) = n(n + X) we have m = n or m = - (n + 1). It follows that there 
are two powers of r, and only two, viz. r" and r-l"+ii such that their coefficients in 
the series (6) viz. r„ and Z„, satisfy the differential equation (7). It appears 
therefore that Y^ and Z„ are both solutions of the differential equation (7) and 
differ only in the arbitrary functions or constants which occur in the solution. 
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Any function of two independent angular coordinates (such as the direction 
angles 0, <p of the radius vector) which satisfies equation (7) is called a Laplace's 
funetion. Thus F„ is a Laplace's function of the order re. The corresponding 
function Y^r" when expressed in terms of {x, y, z) satisfies Laplace's equation and 
is a spherical harmonic, Art. 161. A Laplace's function when expressed as a 
function of the Caitesiau coordinates of the point at which the radius vector 
intersects some given sphere with its centre at the origin is called a spliencal 
surface Jiarmonic. 

165. If 6', <j}' be the direction angles of a fixed radius vector OP' and 
cosPOP'=^, we have p = cos 6 cos 8' + sin 6 sin 8' oos(<l>- <fl). 

The Legendre's function P„ is therefore a symmetrical function of 9, <)> and 
8', ((>'. Regarded as a function of d, <ji, we see, by comparing the series (4) and 
(5) with (6), that P„ is a special case of F„. It follows that P„ must also satisfy 
the Laplacian equation (7). 

If the axis of the function P„, i.e. OP', be taken as the axis of reference, we have 
li.=p and dPJd(p=0. The function P„ must therefore satisfy the differential 



(8). 



equation ^|(1 _^2,^«J +„(„ + !) p^^O 

The general solution of the differential equation (8) has two arbitrary constants. 
To find the general solution when a partial solution has been found we use a rule 
given in the theory of differential equations (see Forsyth's Diff'. Eq. Art. 58). 
The general solution is thus found to be 



AP^+BP^jpj^^, 



where A and B are the two arbitrary constants. Since P„ is an integral rational 
function of ^ we may by using partial fractions effect this integration. The process 
is rather long and the results will not be required. It will be sufficient to notice 
that the part of the solution derived from the integral is not an integral rational 
function otp. It follows that the only integral rational solution ia AP^. 

166. We have seen in Art. 163 that the potential of any body can be expanded 
in a series of spherical harmonics of integral orders. In this expansion Y^r" and 
Z^r" are both integral and rational functions of x, y, z ot a positive integral order. 
Changing to polar coordinates we find that F„ is an integral function of cos 8, 
gin 8 cos 0, sin 8 sin 0. Expanding the powers of sin 0, cos in multiple angles, 
we have 

y„=^o + (^iCos0 + BiSin0) + (^2Oos20 + £2siu20) + ... + (^„cosn0 + P„sinn0)...(9), 
where A^, A^.. .A^, B^...B^ are all integral and rational functions of sin 9 and cos 9. 
Substituting this value of y„ in (7), we see that both A^ and Bn satisfy 

.7{(^-''^)t}-^"<"^^)^-i^> <^«)' 

where yit=oos 8. 

Since the equation (10) reduces to the form (8) when i=0, we have Af)=aff,^(ij.), 
where a^ is an arbitrary constant. 

The values of A-^ , B^ &o. will not be required ; it will therefore be sufficient to 

mention that their values found from equation (10) are 

d*P W'P 

A,=a, (sin 9)* -^- , B, = h, (sin 8}" ^. 

167. Three theorems. The great utility of Laplace's functions depends on 
three theorems to which we shall now turn our attention. 
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Theorem I. If Y^, Y^ be two Laplace's functions of different orders then 
Jr^y„rfu=0, where da is an elementary solid angle and the integration extends over 
the whole surface of the unit sphere. 

The proof which we shall adopt here is that by which Sir W. Thomson deduces 
Laplace's result from Green's theorem. Putting F= r„7'»», F'=r„r", we have by 
applying Green's theorem to the surface of a sphere of radius a whose centre is at 

the origin JK^' d^=jr' ^ d<r. 

Substituting for T, F' we have a^+^+Hj Y^Y^da = a'^-^+'-mjY^ YJia ; 
hence unless m and n axe equal, we have \Y^Y^d[ii=Q. 

When m and n are positive these values of V and V are both finite throughout 
the sphere. If however m or n is negative it is necessary to integrate over the 
two surfaces of a spherical shell to avoid the infinity at the centre. If a and 6 be 
the radii we then have 

(am+»+i .. jm+«+i) n\Y^YJa= {a"'+»+i - 6«>-Hri-i) m\Y^YJu. 

It follows that jy^y„dw=0 unless m=n or m + TO + 1 = 0. 

Since the Legendre's function P„ is merely a special case of Y„, viz. that in 
which the function is symmetrical about the axis of reference, we have in the 

same way JP^P„d«=0, .: y_^PJPJ.p=Q (12). 

The latter result is obtained from the former by writing d(a = Bva0ddd<t>, and 
integrating with regard to ^ from to 2ir. 

168. Theorem II. Let Y^ be a Laplace's function of the angular coordinates 
(B, (p) and P„ a Legendre's function of the same coordinates having {6', 0') for its 
axis. Let both these be of the same order viz. n, then 

jy„p„d<o=^ z„' (13), 

where the integration extends over the whole unit sphere, and Y^' is the value of Y^ 
when {$', iji') have been substituted for (0, <!>). 

We shall first prove that this theorem is true for the particular case jPn^u and 
thence by using the expression for Y^ given in Art. 166 deduce its truth in the more 
general case in which rT„ is an integral rational spherical harmonic. 

We have by (2) if ft<l, Art. 157 (l-2ph + h^)~i=l + Pih + PJiH .... 
Squaring both sides and integrating between the limits - 1 and +1, 

j{l-2pk + ]v')-'dp=l{l + Pih + P^h^+ ...f dp. 
The left-hand side, by an easy integration, becomes 

l{log{l + h)-log(l-h}} = 2{l + ih^+i¥+...}. 

Since JP^P„dp=0 when m and n are unequal, the right-hand side becomes 

J(l + PiW-|-P/A^+...)(ip. 
Equating the coefficients of h^, we find 

^^'^'"^-2^ (1*)' 

where the limits of integration are ^= ■>- 1 to -^ 1. 

To find the value of jY^P^du, let us takejis the axis of z, the axis of P„, so that 
P^=P^(^), where /i = cosfl. Also du = sin 0d9d(p becomes -dfid^. The limits of 
integration are /i=l to - 1, ^ = to 2ir. 
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Taking the value of y„ given in Art. 166 viz. 

y„= a„P„ (fi) + S {A^ cos ft0 + Bj; sin k^,), 

we notice that Joos k^d^ = and Jsin kfpd^ = when the limits of <p are to Stt. Hence 

2 

It remains to find the value of a^. Referring to equation (10) of Art. 166, we 
see Aic=0 and 3^=0 when /i=l except when k = Q. Also P„(/i) = l when /4=1. 
Thus «„ is the value of Y^ at the point where the positive direction of the axis of z 
cuts the unit sphere. Since the axis of P„ has been taken as the axis of z it follows 
that a„ is the value of F„ at the positive extremity or pole of the axis of P„, and this 
value has been represented in the enunciation by y„'. 

169. Tbeorem III. Any function of the two angular coordinates of the radius 
vector can be expanded in a series of Laplace's functions, and the expansion can be 
made in only one way. 

For a discussion of this important theorem we must refer the reader to the 
treatises on these functions. It will suffice here if we consider how we may 
practically use the theorem in those simpler cases which generally occur in the 
theory of attraction. 

Let us first suppose that the given function is an integral rational function of 
the direction cosines of the radius vector, i.e. of sin 6 cos tjj, sin d sin </>, and cos 6. 
On transforming to Cartesian coordinates and multiplying each term by the proper 
power of r the function becomes an integral rational function of iC, y, z, which we 
can arrange in a series of homogeneous functions. Taking any one of these, 
say /„ {x, y, z), we shall show how it may be expanded in a, series of spherical 
harmonics combined with powers of r. Thence (if it be necessary) we deduce the 
expansion in Laplace's functions by giving r any constant value. 

Subtract from /„ the expression {x'^+y' + !i')fn-i< where /„_2 is an arbitrary 
integral and rational function of {x, y, z) of the {»- 2)th degree, viz. 

/„_2 = Ai^"-^ + A^x'^'y + Bjx"-' 2 + . . . . 
Substituting V=f^-{x'' + y' + z^)f^_^ in V^V, there results a homogeneous function 
of (x, y, z) of the (n - 2)th degree, which therefore contains as many terms as there 
are ways of making homogeneous products of x, y, z of that degree. But/„_^ is an 
arbitrary homogeneous function of the same degree and contains an equal number 
of terms. There are therefore just enough arbitrary constants Af,, A^, B^ &c. to 
enable us to make the coefficients of every term in V^ V equal to zero. Assuming 
that the linear equations thus formed to find A^, A^ &c. are not inconsistent with 
each other, the expression /„ - (x'^ + y'^ + z^)fn^i=Sn satisfies Laplace's equation and 
is therefore a spherical harmonic. 

Repeating this process with the function /„_2 , we have 

and so on. We finally end with a constant or an expression of the first degree 
according as n is an even or odd integer. 

Writing r= for x'^+y^ + z'^e have /„=S„ + 9-%'„_2 + r*S„_4 + ..., where S„, S„_2 
&c. are all spherical harmonics. It should be noticed that this equality is a mere 
algebraical transformation, and involves no assumptions as to the meaning of the 
letters. 

If we now regard r as the radius of the unit sphere or any suitable sphere, S'„ , 
5„_2 &c. become Laplace's functions, and the required expansion has been made. 

When the function does not contain powers of x, y, z above the cube, this 
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process will be unnecessary, for the arrangement in harmonics can then be generally 
performed at sight. 

170. When the Cartesian equivalent of the given function is not an integral 
rational function of the coordinates, an expansion in a finite number of terms cannot 
be obtained. We then proceed in another way. Assume that the expansion can be 
effected in a convergent series, say / (9, ^) = Fj + Yj + Fj + . . . , where Y„ is a Laplace's 
function of the nth order. Let P„ be the Legendre's function having {$', 0') for its 
axis, so that P„ is a symmetrical function of {e, (p) and {$', (p') ; Art. 165. Multiply 
both sides of the equation by P„ and integrate over the whole surface of the unit 

sphere; then by Art. 168 llf{e, 0) PJ,ijd^=,^^^ Y^, 

where r„' is the value of r„ when (8', ij>') have been written for ($, <j)). When the 
integration on the left-hand side has been effected, the result will be a known 
function of 6', 0' only. Since 9', 0' are arbitrary we can replace them by 6, <p and 
thus the form of y„ has been found. 

Laplace's expansion is an extension to two independent variables of Fourier's 
expansion of a function of one variable in a series of sines and cosines of its 
multiples, and like that theorem is subject to limitations. The process of expansion 
given above is not in any way a proof, it is to be regarded as merely a convenient 
method of applying Laplace's theorem to special cases. It fails to give the limita- 
tion and must be used with caution when the function to be expanded is not single 
valued. 

171. Ex. 1. What are the conditions that 

(1) ax + by + cz, (2) Ax^+By'' + Gz'' + 2Dyz + 2Ezx + 2Fxy 
may be spherical harmonics ? The first is always so, the second when ^ -|- £ -|- C = 0. 

Ex. 2. Expand sin' cos' in Laplace's function. 

This is the same as p^ if the axis of x be taken as the axis of reference. Now 
Pg = J (52)' - Sp) , hence p^ - IP3 = ip. The result is p^ = fPj -|- iP^ . 
Ex. 3. Expand sin^ 8 sin </j cos -I- cos' 8 in Laplace's functions. 
The result is Ti+Y^+Y^, where F^ = | cos 9, Fj = sin^ 8 sin cos 0, 

73=1(5 cos' e-3cos 9). 
Ex. 4. Expand log (1 -H oosec JS) in Legendre's function. [Coll, Ex.] 

The result is P„ -F iPi -t- iPj + i^s + • • • ■ 
Ex. 5. Prove the equalities 

P„''-t-3P,= + &c.-l-(2»+l)P„i'=(»+l)^P„2-(p2_i) ^^j , 

172. Attraction of a stratum. A thin heterogeneous stratum 
of attracting matter is placed on a sphere of radius a. It is required 
to find its potential at any internal or external point. 

Let p be the surface density at any point Q of the sphere, da- 
an element of area at Q; ^, ^ the polar coordinates of Q, then 
da- = sin ddffdcj). Let P be the point at which the attraction is 
required, and let the coordinates of P be (/, 6', 4>'). 

If R be the distance between the points Q and P, the potential 
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of the whole stratum at P is V= \ "--n-- Let p be the cosine of 

the angle between the positive directions of the radii vectores OQ 
and OP, then R' = a'' + r'^ - 2apr'. 

If the point F is inside the sphere, r' is less than a, and we may 
expand l/R in a convergent series of ascending powers of r'/a. If 
the point attracted is outside the sphere, we must expand in powers 
of a/r'. Since i? is a symmetrical function of a and r we have 



or 



-i{p..p,^..ft(°)V...} 



The density /a is a given function of the coordinates of Q; let it 
be expanded in a series of Laplace's functions or surface harmonics, 
thus p = F„+ Fi+ F2+ 

Substituting these values of p and l/R in the expression for V, 
we have by the theorems I. and II. in Arts. 167, 168, 

F=4.a|F;-H|F/^- + jF/QV...|. 

>^' = ^^{^o'+jF/^^ + lF/g + ...}. 

according as r' is less or greater than a. The first of these two 
expansions gives the potential at any internal point, the second at 
any external point. 

If F„ is expressed as a function of the angular coordinates 
{6', <j)') of Q, then as already explained (Art. 168) F„' is the value of 
F„ when the polar coordinates of the attracted point P have been 
written for (d, (f)). If however F„ is expressed as a homogeneous 
function of the Cartesian coordinates (x, y, z) of Q, then F„' is 
obtained from F„ by writing the Cartesian coordinates of P for 
(x, y, z) and multiplying the result by {ajr'Y. 

173. Ex. 1. The surface density at any point Q of a sphere is a quadratic 
function of the Cartesian coordinates of Q. Find the potential at any point whose 
coordinates are (x', y', 2'). 

Let the surface density p be given by p=Ax^+By*+Gz' + 2Dyz + 2Ezx + 2Fxy. 
Let us represent this function by /(a, y, 2). 

As this function would be a spherical harmonic if A + B + O=0, we make the 
necessary expansion in surface harmonics by subtracting and adding G {x'+y^ + z^), 
whero. SG = A + B + C. We therefore have p = Fj + i2i where 
Y„ = Oa'', Y„=f(x, y,z)-G (x'+y^+z^). 
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The required potential at the point P is therefore 
according as P is inside or outside the sphere. Here Y^=Ga? and 

y/={/K2/'.^')-G'-'^}(py. 

Substituting these values for Y^ and Fg'in the formulae for V and F'the required 
potentials have been found. 

Ex. 2. The surface density at any point of a sphere is p=mxy: show that its 

potential at any point (t', y', z') is ^^^x'y' or ~^ a!y' (" Y, according as the 

point is within or without the sphere. 

Ex. 3. The surface density at any point of a sphere is mxyz : show that the 
potential at an internal point is f Tram x'i/z'. 

Ex. 4. If P, P' be two points on the same radius vector at distances r, ¥ from 
the centre such that rii'=a^, prove that the potentials, V, V at these points are 
connected by the equation V'^Vajr'. See Art. 72. 

Ex. 5. If the surface density at any point Q be an integral rational function of 
the Cartesian coordinates of Q of a degree not higher than the rath, prove that the 
potential at any internal point P is an integral rational function of the Cartesian 
. coordinates of P also of a degree not higher than the nth. What is the correspond- 
ing theorem for an external point ? 

174. Attraction of a solid sphere. To frnd the potential 
of a solid heterogeneoiis shell bounded by concentric spheres when 
the density p at any point is a homogeneous function of the 
coordinates of the hih degree. 

Let the density p be expanded in a series of the form 
p = r*{F„+7,+ F, + }, 

where F„ is a Laplace's function of the angular coordinates. Let 
the radii of the shell be a and b. 

Taking as an element any concentric shell bounded by the 
radii r and r + dr, its surface density is pdr. Its potentials at an 
internal and external point are therefore respectively given by 

Y ' /r'^ 



2w + 1 Vr 



47rr*+2^ F„' Ir \" 
? 2n + l VrV ' 



where the summation extends to all the values of n in the 
expansion of p. Integrating these expressions from r = a to r = 6 
the required potentials follow at once. 
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175. Ex. 1. The density of a shell bounded by concentric spheres of radii 
a and 6 is given by p=mxy. Show that the potential at an internal point is 
I TOTT (6''' - a^) x'y'. 

Ex. 2. The density of a solid sphere of radius a is given by p='mxyz. Show 
that its potential at an external point is ^rma^ -- - . 

176. Nearly spherical bodies. The strata of equal density 
of a solid are nearly spherical and both its internal and easternal 
boundaries are surfaces of equal density. Find its potential at an 
internal and external point. 

Let any surface of equal density he r = a + af(6, ^, a), where 
a is a constant and / a function whose square can be neglected. 
The quantity a is the parameter of the strata, i.e. by its variation 
we pass from one stratum to another. Let the internal and 
external boundaries be defined by a = a„ and a = sl^. Let the 
density of any stratum be p = F{a). 

Let the equation of the stratum be expanded in a series of 

Laplace's functions, viz. r = a(\+ SF^) (1). 

The solid bounded by this surface and any internal fixed concentric 
sphere of radius h may be regarded as a spherical shell of radius 
a — b, together with a stratum of surface density aSF„ placed 
on its external boundary. 

The potentials of this solid, regarded as homogeneous and of 
unit density, at an internal and an external point are respectively 

a-'-b^ ^ Yn r'" ^ 



F, = 4,r|' 

„,_i7r(a'-¥ ^ Y„' a"+'] 
'~ r' \ 3 "^ 2« + l r'» ]■ 



If we differentiate each of these with regard to a, we obtain the 
potentials of a stratum of unit density bounded by the surfaces 
whose parameters are a and a + da. The actual density of the 
stratum is p=F(a); if then we multiply the differential coefficients 
by p and integrate between the limits a = ao and a = a,, the 
required potentials at an internal and external point are found 

to be ^=4-/pf + ^S^^jc^«. 

„, 47r r ( ,d ^ Yn' a»+=) , 
^=l^'}Pf + da^2i^Wr' 
the limits of the integrals being ao and a,. 

We may also find the potential at any point of the solid 
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defined by the value a of the parameter. In this case the point 
is external to the strata between ao and a and internal to those 
between a and a,. The required potential is therefore the sum of 
the two expressions for V and V, the first between the limits ao 
and a and the second between a and a^. 

The expression thus obtained is the one used by Laplace to 
find the potential of the earth, regarded as a heterogeneous body, 
at any internal point. 

177. Ex. 1. If the strata of the earth, regarded as solid throughout, are 
defined by r=o (1 + Tj), and the density is ga^, where m is greater than - 2, prove 
that the potential at any internal point is 

\a^-^ a=^^™-a'-H»l 7,' a«+™ - a»+™) 
^^ |2+m"'" 3+m ? '^ r^ 5 + m f ' 
where a is the value of a at the boundary. 

178. Solid of revolution. To find the potential of a solid of 
revolution at any point P not occupied by matter. 

Let the axis of the solid be taken as the axis of z with any 
suitable origin. We have then by Art. 163, 

F=Fo + f + F,r + f^+ (1). 

Since the attracting body is symmetrical about the axis of z it is 
evident that V cannot be a function of the angular coordinate ^. 
Hence by Art. 160, F„ = CoPo, ^o=Co'Po, yi = CiPi, &c., where Co,Co' 
&c. are as yet undetermined constants. To find these we put the 
attracted point on the axis ; we then have Pj, = 1, -Pi = Ij &c. The 
equation (1) thus becomes 

F=c„ + ^' + c,r- + ^;+ (2). 

Suppose then we know the potential of the solid at all points 
of its axis in a convergent series, then (2) is a known series, and 
therefore the coeflHcients Co, Co' &c. are also known. The series (1) 
for the potential at P then becomes 



T'={oo + fjP» + {c^r + '^)P.+ (3). 



Thus the potential has been found. 

In this way we arrive at a theorem of Legendre, viz. if the 
attraction of a solid of revolution is known for every external point 
which is on the prolongation of its axis, it is known for every 
external point. See Todhunter's History, Art. 782. 

179. It may happen that the expansion (2) giving the 
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potential at points on the axis takes different forms at different 
points. Thus when r is less than some quantity a there may be 
only positive powers of r, and when r is greater than a, there may 
be only negative powers. Again, if the solid of revolution have a 
cavity extending to the axis, (2) may assume one form within the 
cavity and another outside the solid. There will be corresponding 
changes in the expression (3) giving the potential at P, one form 
or another holding according as a point Q lies on one part of the 
axis or another, where Q is such that a point can travel from P to 
Q without rendering the series (3) divergent or crossing any 
attracting matter. 

If the solid have a ring-like hollow symmetrically placed about 
the axis of revolution but not extending to it, it is clear that 
a point P situated in this hollow has no corresponding point Q on 
the axis from which the potential may be derived. In such a case 
the values of the constants can be determined when we know 
the values of the potential along some line passing through the 
cavity instead of along the axis. 

180. Laplace has shown that a Legendre's function may be 
expressed as a definite integral. We have 

P„ ( p) = - [" (p + V»'-l cos l|r)» d->lr. 

TT/o 

Since p is less than unity, this integral appears to be imaginary. 
If however we expand the wth power, the integrals of the odd 
powers of cos i/r will vanish between the limits, and a real 
expression for Pn will remain. We may therefore take either of 
the signs before the radical. There is another integral which may 
be deduced from (1), viz. 






(jO + Vp^'-l C0Sl/r)»+l 

Suppose that for any portion of the axis the potential is given 
by F= / (r) where /(r) is such an expansion as (2) Art. 178 with 
either positive or negative powers of r or both. Substituting 
for Pn in (3) the first integral in the terms with positive powers 
of r, and the second integral in those with negative powers, we have 

1 /-T 

V = ~\ f (rp ±rjp^- 1 cos yjr)d'^. 

Thus when the potential is known along the aads in the form 
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^=f ('"')> i^ potential at other points is known in the form of a 
definite integral. 

181. Ex. 1. To find the potential of a uniform ring of small seotion at any 
point not on the axis. 

Let the origin be the centre of the ring and let the axis of the ring be the axis of 
z. Let a be the radius of the ring, M its mass. 

The potential at any point Q on the axis distant r from the origin is evidently 
Mj^a^+ifi. We shall expand this in powers of rja or ajr according as r is less or 
greater than a. Taking the first supposition, we have 

a\ 2V0/ 2.4V«/ 2.4.6 Va^^ I 
When J' is greater than a the expression may be deduced from that just written 
down by interchanging a and r. 

The potential of the ring at any point P not on the axis is therefore 

according as r is less or greater than a. 

The former of these formulae is useful for instance in finding the attractions of 
Saturn's ring at a point on the surface of the planet. 

Ex. 2. Find the potential of a solid hemisphere at any point of space by 
means of a definite integral. 

The potential of a hemisphere at any point of its axis is given in Art. 66, 
Ex. 11. The potential at any other point follows at once. 

Attraction of Ellipsoids. 

182. For the sake of brevity we shall adopt in this section 
two new terms taken from Thomson and Tait's Natural Philo- 
sophy. 

A homoeoid is a shell bounded by two surfaces similar and 
similarly situated with regard to each other. In what follows we 
shall somewhat restrict this definition and use the term only 
when the shell is bounded by concentric ellipsoids. 

Afocaloid is a shell bounded by two confocal ellipsoids. 

Thomson and Tait restrict these terms to infinitely thin shells, 
but it will be more convenient for us to use them in a more 
general sense, distinguishing the shells as thick or thin according 
as the thickness is finite or infinitely small. 

A shell bounded by two similar and similarly situated surfaces 
has been called a homothetic shell by Chasles in the Jour. Pol., 
Tome XV., 1837. This is a convenient term when the surfaces are 
either not concentric or not ellipsoids. 

R. s. II. 7 
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183. Let {a, h, c) be the semi-axes of the internal surface of a 
thin ellipsoidal shell, (a + da, &c.) those of the external surface. 
Let OPQ be any radius vector drawn from the common centre 
cutting the ellipsoids in P and Q, let OP = r. Let p be the 
perpendicular from on the tangent plane at P, p + dp the 
perpendicular on a parallel tangent plane to the outer ellipsoid. 
Then dp is equal to the thickness at P. 

When the thin shell is a homoeoid we have by the properties 
of similar figures 

da _db _dc _dp _ ,, 
a h c p 
Since the volume of a solid ellipsoid is ^Trabc, we find by differen- 
tiation that the volume v of the shell is v = ^^irahcdk. Two thin 
homoeoids are said to be confocal when their inner boundaries are 
confocal conicoids. 

When the shell is a focaloid, we have a"^ = a^ -H X, 6'^ — If + X, 
&c., where (a', V, c') are the semi-axes of the external surface. 
These give for a thin shell 

ada = hdh = cdc =pdp = -^ . 

The volume v of the shell may be shown by differentiation to be 
47r h^c^ + cW 4- a'b^ dX 



V = 



3 abc 



184. Thick homoeoid, internal point. To find the poten- 
tial of a thick homogeneous homoeoid at an internal point. 

It has been shown in Art. 56 that the attraction of such a shell 
at all internal points is zero. The potential is therefore constant 
throughout the interior, and it will be sufficient to find the potential 
at the centre. 

Taking polar coordinates with the centre as origin, the mass of 
any element is pr^drdco, where p is the density of the element. 
The potential V of the whole solid at the centre is therefore 
V =.pjfrdrda}. If r-j, 7\ be the radii vectores of the two surfaces of 
the shell, we have V = \pjrida> — ^pJr^doi>. 
The determination of the potential at the centre of a thick shell 
bounded by any concentric ellipsoids depends therefore on the 
evaluation of the integral jr^dw taken over the superficies of an 
ellipsoidal surface. 

When the shell is a homoeoid these surfaces are similar. Let 
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(a, b, c), {ma, mb, mc) be the semi-axes of the external and 
internal surfaces. We then find V=^p(l — m^) Jr^da>, where r is 
the radius vector of the external boundary. 

When the shell is a thin homoeoid, the radial thickness 
r-g — ri = A:r2, where A;=l— m. We then have V = kpJ'r^da. 

185. To find the integral JtMco we write dm = sin 0ddd(f). 
Substituting for r-^ its value found from the equation to the ellip- 
soid, we have 

sin 6d6d(]} 



Jr^dw = jj 



cop^0 , • ,/i/cos2<^ sin2(f)N 



where the integration extends over the whole surface of the 
ellipsoid. Taking only an octant, the limits are = to ^ = ^tt, 
^ = to ^ = ^TT. The order of integration is immaterial. 

Let us integrate first with regard to ^. Dividing both 
numerator and denominator by cos^ <f>, we find 

1 f 2j _ ff sin 6ddd tan 4) 

By obvious processes in the integral calculus 

['' dt _r 1 _ /-Bl" TT 

Jo A+Bt'- y(AB) '^"^ V ^ J ~ 2^{AB) ' 
It therefore follows that 

If iff -TL [ sin 0dd 

^^^ 2 • i //cos^ sm^ /^ cos^ suF0 \ " 

V V~^^^^yV V c' '^ ¥ ) 
To interpret this expression, let us produce the radius vector OP 
or r to cut the tangent plane drawn at the extremity G of the axis 
of z. Let R be the point of intersection and let CR = u, then 
u = c tan 0. Since the limits of are and ^ir, those of u are 
and <x> . Substituting, we find 

where the integration on the left side extends over the whole 
surface of the ellipsoid. 

186. If we write /=( -^-r- — ,. ,,„ , — - , . „ , — rr, we find 

that the potential of a thick homoeoid is 

1 _ «}2 

F = p (1 -•m')'Kabc.I = lMI^—^^. 

7—2 
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The potential of a thin homoeoid is V=IM .1, where, in each 
ease, M is the mass of the attracting body. 

187. Ex. 1. If we reverse the order of integration in Art. 185 and integrate 
first with regard to 0, we find Jr'dM=8a6cJtan-i ^ , 

where Tf^=(a^-c') eoi^(ti'+(lfi-c^)e,VD?<l>' and tan0=-tan^'. The integration on 

the left-hand side extends over the whole ellipsoid and that on the right-hand side 
from ^'=0 to Jtt. 

Ex. 2. Show that the integral I, and therefore the potential V, may be 

expressed as an elliptic integral. Thus I— -rrn — rsr I -m — \ • « .. . 

c^ — a? Ic'^ — X? 

where \ = -^ — r^ and the limits are ^=0 to ^=/ — ^ — . The integral is real if 

the axis chosen, as that of c, is the longest of the three, 

Ex. 3. The ellipsoid becomes a spheroid when a=h. Show that the integral I 

. 2 , cH-((;2-a2)i 2 . , /a^-c^Xj 

becomes log — ^ — or sm-' ( — =— I , 



according as the spheroid is prolate or oblate. 

Ex.4. Showthat (^4,+ J,-,J,)i=-^, 



iin dl dl 



' da?db^ da^ dm ' 
Ex. 5. Assuming that for an ellipsoid jr^du = 2irabcl, 

dl / dl c^ \ 

prove jz^du>= -irabe .c^-p^, jrh''du=^irahc (c*^ + -^ I\ , 

Ex.6. If \r^mdw = abcR^ , prove that 



t 



, d ,. d ^ d a^ + b^ + c- 



Ex. 7. Instead of the standard integral represented by I we may use the 



. , , T {'" abcdu 

mtegral J= I 

Jo 



u (a? + u)i (62 + u)i (c^ + u)i 

•„,,,, dJ be dl dJ cadi „ 

Wethenhave ^= — , __ = _ _. ^e. 

da a da db b db 



If we write a, ^, 7 for the reciprocals of a', 6', c^ we easily find 
J i/ ^ »" r(i-(-i-fX:) Vda; \dp) \dy) "'' 
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where the integrations extend over the surface of an ellipsoid whose principal 
diameters are the axes of coordinates. The symbol r (n) represents, as usual, the 
product of the natural numbers up to but excluding n. 

188. Theorems on thin homoeoids. The potential at any 
internal point of a thin homoeoid being known it is required to find 
the potential at any external point. 

Let two confocal ellipsoids have for their semi-axes {a, b, c), 
{a', b', c'); points on these are said to correspond when their 
coordinates are connected by the relations 
x_x y_y^ z__£_ 

a a' b b' c~ c ^^' 

Let da, da be two triangular elements of area at P, P' such that 
the corners are corresponding points; let p, p' be the perpen- 
diculars from the centre on the tangent planes. The volumes 
of the tetrahedra whose bases are da, da' and common vertex 
are respectively ^pda and ^p'da'. The first of these volumes is 
expressed by one sixth of the determinant in the margin x y z 
where the several rows express the coordinates of the x^ y-^, z^ 
corners. The second volume is expressed in the same x^ y^ z.^ 
way with accented letters to represent the corresponding points on 
the second ellipsoid. It is evident from the relations (1) that 
these determinants are in the ratio ahc : a'b'o'. We therefore infer 
that the elements of surface of the two confocals are connected 
by the equation 

pda _ abc ,„^ 

/d7~^W ^ ^' 

Since any elementary areas at P and P' may be subdivided into 
triangles, it is evident that this relation holds for elementary areas 
da, da' of any shape, provided only their boundaries are formed by 
corresponding points. 

Since the thickness of a thin homoeoid is represented by kp, it 
follows that the volumes of corresponding elements of two confocal 
thin homoeoids are in a constant ratio. Adding these elementary 
vohxmes together, it is easily seen tliat this constant ratio is equal 
to that of the whole volwmes of the two shells. If the shells are of 
such thicknesses that their whole volumes are equal, then the 
volumes of all corresponding elements are also equal. 

189. We shall now require the following geometrical theo- 
rem : — the distances between two points one on each of two confocal 
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ellipsoids is equal to the distance between their corresponding points. 
A proof may be found in Smith's Solid Geometry/, Art. 166. This 
theorem is usually called Ivory's theorem after its discoverer, who 
also applied it to determine the potential of an ellipsoid at an 
external point. 

Let P, P' be two corresponding points, one on each of two 
confocal thin homoeoids of equal volume ; let also Q, Q' be any two 
corresponding elementary volumes each equal to dv. Let the 
equal distances PQ', P'Q be represented by K If/' {R) represent 
the law of attraction, the potentials at P and P' of these ele- 
mentary volumes are each / {R) dv. Integrating over the whole 
surfaces of the shells, we see that the potential of the inner thin 
homoeoid at the eaeternal point P' is equal to that of the outer thin 
homoeoid at the corresponding internal point P, provided the 
densities are equal at corresponding points*- 

Thus when the potentials of thin homoeoids at all internal 
points are known, their potentials at all external points are also 
known. 

190. It is evident that the potentials of these shells are equal 
whatever be the law of attraction provided the potential is a function 
of the distance only. 

191. The potentials are also equal if the shells are heterogeneous, 
and the density at any point is a function of{xja, yjb, z/c). In this 
case it is evident that the densities of the shells are equal at 
corresponding points. 

192. The theorem may also be used (though not so simply) 
to compare the potentials even when the density is any function 
of the coordinates. It will be convenient to express this result in 
an analytical form. 

Let the density p of a thin homoeoid (semi-axes a, b, c) be 
/ {x, y, z), and let v be the volume of the shell. It is required 
to find its potential at any external point (^', tj', ^'). Let a 

* Chasles in his Nouvelle solution du problane de I'attraction d'un ellipso'ide 
heteroglne sur un point ext4riew, Liouville, vol. v. 1840, shows that thin confocal 
homoeoids have potentials at corresponding points proportional to their masses, but 
considers only the case in which they are homogeneous. Knowing that the 
potential of the outer at an internal point is constant, he deduces several theorems 
on the attractions of the inner shell at external points. He finds the attraction of 
a solid heterogeneous ellipsoid by dividing it into thin elementary homoeoids, the 
strata of equal density being the elementary homoeoids. The case in which the 
homoeoid is heterogeneous is not discussed. 
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confocal ellipsoid be described passing through the point (f ', t\', f') 
so that its major axis is given by the equation 

Let this ellipsoid be the inner boundary of a second thin homoeoid 
whose volume is equal to that of the former. Let its density a,t 

any point (a;', y' , z') be p'=fi-x',j,y', -z'). The potential of 

this second homoeoid at the internal point ( — ^', r; Vj -?') is 
equal to the potential required. 

193. Taking the case in which the two thin homoeoids are 
homogeneous, the potential of the outer has been proved constant 
for all internal points, Art. 56. It immediately follows that the 
potential of the inner is the same at all external points which lie 
on the same confocal. We therefore infer that the level surfaces 
of any thin homogeneous homoeoid are confocal ellipsoids. 

194. Since two thin confocal homoeoids have the same level 
surfaces, their potentials can be made equal over any level surface 
enclosing both by properly adjusting their masses. It immediately 
follows that their potentials are also equal throughout all external 
space. Art. 106. Since the potentials of finite bodies vanish at 
infinity in the ratio of their masses, it is evident that the masses 
of the two homoeoids must be equal. We have therefore the 
following theorem, the potentials, and therefore also the resolved 
attractions, of two confocal thin homoeoids of equal masses are 
equal throughout all space external to both. 

195. Lines of force. The lines of force of a homogeneous 
thin homoeoid are the orthogonal trajectories of all the confocal 
ellipsoids. Let (a', b', c'), {a", b", c"), {a'", V", c") be the semi- 
axes of the confocal ellipsoid and hyperboloids which pass through 
any external point (^', i?', f). Then by a theorem in solid 
geometry 



a' a" a'" b'b"b"' dd'd" 

^ ^l{a^-y)(f)?-&)''^ V(&' -«')(&' -cO '■J {s?-a^) {(?-¥)' 

see Salmon's Solid Oeometry, Art. 160. Since these conicoids inter- 
sect at right angles the curve of intersection of the two hyperbo- 
loids is an orthogonal trajectory of all the confocal ellipsoids. The 
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required trajectories are therefore found by regarding {a", h", c") 

and (a'", h'", c"') as constants. It follows that ■^, -/?, -, are 
\ ' > ' a b c 

constant for the same orthogonal. Thus it appears that any line 

of fwce of a homogeneous thin homoeoid intersects all the confocal 

ellipsoids in corresponding points. 

196. Thin homoeoid, external point. To find the potential 
of a hoTnogeneous thin homoeoid at an external point. 

Let (I', 1]', f') be the external point. The potential V of the 
given homoeoid at this point has been proved equal to that of a 
second homoeoid (of equal mass and passing through (|', i?', ^') at 

the internal point (4 ^', t, »?', -,^'], see Art. 192. It immediately 

follows from Art. 186 that 



V 



_Mr du 

~ 2 J {a' + uf{b'' + u)i {d^ + u)i ' 



where M is the mass of the homoeoid. 

This integral may be put into another form, which contains 
the semi-axes {a, b, c) instead of {a', b', c'). Putting a'^ = a^ + X, 
6'^ = 6^ + X., c'= = c^ + A, and m' = m + X,, we have 



V 



M r dv[ 



~2 j; 



where the lower limit \ is determined by the equation 



a^ + \ 6^ + \ c^ + \ 

197. To find the resultant attraction of a thin homogeneous 
homoeoid at an external point. 

Since the level surfaces of the homoeoid are confocal quadrics, 
the resultant attraction at the point f', tj', f, is normal to the 
confocal which passes through that point. If p' be the per- 
pendicular from the centre on the tangent plane to the confocal, 
the resultant force F may be found by differentiating the expres- 
sion for V found in the last article with regard to p'. We there- 
fore have, by Art. 183, 

d\ dp' 2 {a' + X)i {b' + \)i {c' + \)^ ' ^ a'b'c " 

198. When the attracted point is close to the external surface 
of the shell, the semi-axes a', b', c' of the confocal become a, b, c. 
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By Art. 183 the expression for F then becomes 

F = — isirpdp = — 4nra, 
where p is the volume density and o- the surface density of the 
thin shell. Thus the resultant attraction of a thin homoeoid at any 
point just outside the surface is equal to twice that of an infinite 
plate of the same thickness as the shell at that point. See Art. 59. 

199. Conversely, we may use Green's theorem on the attrac- 
tion of a thin stratum to find the attraction of a homoeoid at any 
external point. 

It has been shown in Art. 194 that if we describe a second 
homoeoid external to the given one of equal mass its potential 
will be the same as that of the given homoeoid throughout all 
external space. Let the point (^', rj', f) at which the attraction 
is required be just outside this second homoeoid. Then by 
Green's theorem, its normal attraction at the point is 47r<r, where 
a is the surface density. Art. 117. Since a confocal is a level 
surface, the normal attraction is the same as the resultant 
attraction. 

Let M be the mass of either homoeoid, p the density, then 

a=pp'dk and M=^irdh'c'pdk; see Ai't. 183. The required re- 

p' 
sultant attraction F is therefore F = M^fy~,. 

abc 

Here a!, h', c are the semi-axes of a confocal through the 

attracted point, and p' is the length of the perpendicular drawn 

from the centre on the tangent plane at that point. 

This expression for the resultant force is given by Chasles in the Journal 
Polytechnique, 1837, Tome xv. See also the Quarterly Journal, 1867. 

200. Ex. 1. Deduce from the expression for the resultant force F the value of 
the potential V at any external point. 

We have - ^r-, = P=^I f,-rr- If a'^~a^ = \ we have by well-known properties 
dp' abc 

of confocals p'dp'=^d\. Substituting, we find F= --=- j , , , together with an 



undetermined constant. Since V vanishes at an infinite distance from the shell, 
i.e. at all points given by X=oo , we see that the constant is zero. 

Ex. 2. The attractions of a given thin homoeoid on two corresponding elementary 
areas taken on any two confocal ellipsoids are equal. 

[Chasles, Journal Poly technique, 1837, Tome xv.] 

Ex. 3. The attraction of a thin homoeoid at any point situated on its external 
surface is proportional to the thickness of the shell at that point. [Chasles.] 
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Ex. 4. A thin prolate spheroidal shell of mass 31 is divided into two portions 
by a diametral plane perpendicular to its axis. Prove that the pressure per unit of 
length on the line of separation, due to the mutual attraction of the parts, is 

M2 loga-log6 rivT iu m • n 

SlTb o?-V ■ [Math. Tripos.] 

201. Potential of a solid ellipsoid. To find the potential 
of a solid homogeneous ellipsoid at any external point P' whose 
coordinates are {^', tj', f '). 

Let us take as an element a thin homoeoid having its surfaces 
similar to that of the surface of the given solid. Let a, b, c be 
the semi-axes of the surface of the solid, ma, mb, mc those of the 
inner surface of the elementary homoeoid. Let also mW + X, 
m?b^ + \, mV + X be the squares of the semi-axes of the elliptic 
confocal drawn through F', then X is given by the cubic 



"'' ^,2A2 _L \ /m2/.2 _1_ "X \ )' 



m^a^ + \ m'b^ + X m^d' + X ' 
The volume of the shell bounded by the ellipsoids m and 
m + dm may be obtained by differentiating ^irabcm^ and is there- 
fore i-n-abcm^dm. If the density is p, its potential at P' is 

2'7rpabcm''dmJ^ -5- (2), 

where R' = {m^a^ + u) (m'b' + u) {w?(? -)- m). The potential of the 
whole solid is found by integrating (2) between the limits m = 
and m = 1. 

To simplify both the equation (1) and the expression for iJ we 
put X = m^ and it = vpS'v. The potential V of the whole solid is 

now given by 2^^c = -^o ^'^'^^^ F ^^^' 

where /t is determined by the equation 

fc'2 'i f'2 



a^-h/i y -\- yu & -^ It. 
and \J'' = {a:'-\-v)Q)-'^v){d'-\-v). 

Integrating (3) by parts we have 



.^s-<^/-^.t] <« 



The first of the two terms on the right-hand side is to be 
taken between the limits m = and m = 1. Refemng to (4) we 
see that /a = 00 when m = ; let /it = e be the value of /x. when 
TO=1, then a^-\-e, 6^-|-e, c^ + e are the squares of the semi-axes 
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of an ellipsoid drawn through P' confocal to the surface of the 
attracting body. The first term therefore reduces to /" -^ . 

The second term of (5) is the same as -jm^-jjP, where U' 

differs from U only in having fi written for v. This term also is 
to be taken between the limits m = and m = 1. The two terms 

together therefore reduce to ,- = r°° -=. + f ,^,^ (6). 

° irpabc ■'^ U ■' «> U ^ ^ 

Writing u for v and /a in these expressions to obtain uniformity 
in the notation, and substituting for w? from (4), we have* 

_J^^.«=/l T t. ?1\ dM 

irpabc •'' \ a? + u b' + u c' + uj (a^ + u)^ (¥ + u)i {c' + u)i' 

202. This expression for the potential may be put into another 
form in which both the limits of the integral are constants. 

Let u = e + v and let also a''^ = a^ + e, 6'^ = ¥ + e, c"^ = c^ + e ; 
the expression then takes the form 

_L_^Ci\-^ "i^ ^"i ^ 

■Kpabc •'"V «'' + « b'°' + v c'^ + u/(a'2 + ?;)K6'' + ?')Hc'^ + «)*' 
where (a', b', c') are now the semi-axes of the confocal through the 
attracted point. 

Let /' = /„ ;r-r— — -, .,,- , — .,,,„, — TT , so that /' differs from 
" (a ^ + uf (6 2 -I- uf (c = + u)i 

the value of / given in Art. 186 in having a', b', c' written for a, b, c. 

We now have V^^^M . {l' + 2^J'^ + 2^^v''+2^J'^) , 

where M = ^irpabc and is therefore the mass of the attracting 
ellipsoid. 

This expression for V is sometimes written in the form 
F = - i {A'^'^ + B'r,'' + C'n + D', 
where A', B', C, D' are functions of (^', r)', f') which are constant 
over the surface of any confocal ellipsoid. 

* Lejeune Dirichlet expresses in this form the attraction of an ellipsoid at both 
an internal and an external point, without claiming it as new. See Crelle's 
Journal, vol. xxxii. 1846. But Poisson's forms for the axial components are identical 
with the differential coefficients of V. Mgmoires de I'Institut, vol. xni. 1833. Both 
Todhunter (see History) and Cayley {Quarterly Journal, vol. ii.) appear to connect 
these forms with the name of Eodrigues, 1815. They have also been ascribed to 
Jacobi, 
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203. We notice that the axes (a, b, c) of the attracting ellip- 
soid have disappeared from the right-hand side of the expression 
for V/M except so far as they are contained in {a', b', c'). This 
ratio is therefore the same for all attracting ellipsoids whose 
external boundaries are confocals. We thus deduce Maclaurin's 
theorem, viz. the potentials of two solid homogeneous ellipsoids 
bounded by confocals at any point external to both are proportional 
to their masses. 

Since we may regard a focaloid as the difference of two ellip- 
soids, it is obvious that the same theorem will apply to focaloids 
also. The potentials of confocal thick focaloids at any eodernal 
point are proportional to their masses. 

It follows from the properties of a potential, that all homo- 
geneous confocal focaloids attract the same eodernal point with 
forces whose directions are the same and whose magnitudes are 
proportional to the masses of the attracting bodies. 

204. Ex. 1. The attraction of a thin homoeoid at any external point is the same 
as that of a thin disc bounded by its elliptic focal conic and having the surface density 

1 — 2 -is I > where (a;, y) are the co- 
ordinates of the point P referred to the axes of the focal conic. 

This follows from the theorem in Art. 194, since the disc may be regarded as a 
confocal homoeoid in which the axis c is evanescent. To find its law of density we 

dz 
notice that the mass on any elementary area dxdy is 2p — dxdydc. Now 

and the surfaces being similar, cja and cjb are constants. Hence -r- = - . The 
result then follows immediately. 

Ex. 2. The attraction of a solid ellipsoid at any external point is the same as 
that of a thin disc bounded by its elliptic focal conic and having its density at any 

point directly proportional to ( 1 — a ~ fi ) • 

Use Maclaurin's theorem. Art. 203. 

Ex. 3. The attraction of a thin prolate spheroidal homoeoid at any external 
point is the same as that of a thin homogeneous straight rod joining the foci. 

This result may be deduced from that given in Art. 203, but it follows more easily 
from Art. 106. The thin shell and the straight line have the same level surfaces 
(viz. confocal couicoids), hence their attractions are also the same. 

Ex, 4, The attraction of a solid prolate spheroid at any external point is the 
same as that of a straight rod joining the foci, and having its line density at any 
point P proportional to SP . PH. 
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Ex. 5. Investigate Legendre's expression for the x component of the attraction 
of a solid ellipsoid at the external point (J', if, f'), viz. 

xMx 






- (68 - a?) x^h (a'2 + (c2 - a^) x^i ' 
where a' is the semi-major axis of the confocal through the attracted point and M 
is the mass of the shell. 

Put x^=a"'l(u + a'). 

Ex. 6. If Q be any point of a solid ellipsoid, OQR the semi-diameter drawn 
through Q, and if the density at Q be A"{0(3/0iJ}», prove that the potential at any 
external point (|', rf, f ) is 

205. To find the potential of a solid homogeneous ellipsoid, 
awes a, b, c, at any internal point P. 

We follow the same line of argument as that adopted in the 
case of spheres. Through P we pass an ellipsoid concentric with 
and similar to the external surface ; thus dividing the solid into 
two parts. Let ma, mb, mc be the semi-axes of this ellipsoid. 
The potentials at P of the outer and inner portions are respectively 

^pabc (1 - mO /: (^. + ^),ffi+%,(,.^^), , 

, 3|.<" dv ( f2 ) 

irpabc m J „ ^^,^, ^ ^^^ ^^^^^ ^ v)ijm'c' + v)i [ " m^a' + v ~ 'J ' 

where as before p is the density of the ellipsoid and (f , tj, f) the 
coordinates of the attracted point. 

Writing v = mhi in the second of these and adding the two 
together, we find 

'7rpabc~'''' (a'' + u)^(b'' + u)i(c^ + u)^\ a^ + u ¥+u c^ + u}' 
We may put this result in another form which is sometimes 
more convenient. As before, writing 

du 



r=f: 



(a^ + u)i(¥ + u)^(d' + u)i' 



This is also sometimes written in the form 

where A, B, G, D are the same functions of a, b, c that A', B', C, D' 
as used in Art. 202, are of a', b', c'. 
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206. Ex. 1. Show that 

A+B + C = iirp, Aa' + Bb-' + Cc^-2D = 0. 

The first of these follows from Poisson's theorem, Art. 80. Both follow at once 
from the results of Ex. 4, Art. 187. 

Ex. 2. Show that — da + — db + - dels a, perfect differential. 
a c 

[Townsend's Theorem, Quai-terly Journal, Vol. xii. p. 70.] 

Ex. 3. If Z> be the potential at the centre of the ellipsoid, show that the 
potential at a point P distant r from the centre and situated on the straight line 

If the point P be situated on a straight line making equal angles with the axes, 
the potential at P is V=D - §7rpi-2. 

Ex. 4. If Fj be the potential of a thin fooaloid at an internal point P, prove 

..4v-.^(i-i;^|-g). 

where v is the volume enclosed by the shell, 5v that of the shell itself, V is the 
potential at the same point of the enclosed volume supposed to be of the same 
density as the shell itself, and X is the difference of the squares of the semi-axes of 
the two boundaries of the shell. See Art. 183. 

To prove this we notice that for a solid ellipsoid we have 

^=1+2 |^,f + &0., 
Tpabc da? 

as in Art. 205. To deduce the potential of a thin fooaloid we find SV on the 

supposition that a^, b", c^ are each increased by the same quantity X. This is 

evidently effected by performing on both sides of the equation, as it stands, the 

^ ^ f d d d\ 

°P^'^''*'°" ^=^[w^db' + dF^)- 

The result follows at once from Ex. 4, Art. 187. 

8v 
Ex. 5. Show that the potential of a thin focaloid at an external point is — V. 

207. Attraction of a solid ellipsoid. To find the attraction 
of a solid ellipsoid at an internal point P. 

The axial components of the attraction may be deduced from 
the value of the potential found in Art. 205, but the following pro- 
cess is so simple as to merit attention. 

Through P we pass an ellipsoid concentric with and similar to 
the boundary of the solid. The attraction at P of the portion of 
the solid external to this ellipsoid has been proved to be zero in 
Art. 56. It is therefore necessary only to find the attraction at 
P of the portion of the solid bounded by this ellipsoid. The 
problem is thus reduced to that of finding the attraction of an 
ellipsoid at a point on its surface. Let the semi-axes of this 
ellipsoid be ma, mb, nic. 
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We now construct an elementary cone whose vertex is P and 
whose base is an element of the surface. If dw be the solid angle 

of the cone, its attraction at P is y- — - — taken between the 

limits r = and r = r. The attraction is therefore prdw. 

The axial components of the attraction of the whole ellipsoid 
at P are therefore 

X=—pSrKdo), Y = — pjr/jdo!, Z=-pjrvdco (1), 

where (\, fi, v) are the direction cosines of the radius vector r 
drawn from P as origin, and the integrations are to be taken so as 
to include all the elementary cones which lie on one side of the 
tangent plane at P. 

If (^, 7), ^) be the coordinates of P when referred to the centre, 
the equation of the ellipsoid becomes 

mV in^lP m?(? '' 

But since the point (^, 17, f) lies on the surface this gives 

"^-^V p.' V' ^^^- 

— I- — -I — 
a?^ ¥ & 

This value of r has to be substituted in the expressions (1) and 
the integrations effected. As the radius vector turns round P, it 
is evident by (3) that no values of X, p,, v make r imaginary. 
Since the value of r determined by X, p., v differs only in sign from 
that determined by —X, — /i, — v, the equation (3) represents the 
surface twice over. If then we integrate the equations (1) taking 
all positions of the radius vector and not merely those on one side 
of the tangent plane, we shall obtain in each case twice the required 
attraction. 

^^ rfkp, ^v 

We therefore have X = — p I ^, ; — dm, 

'J A,' p' v^ 

where (X, p, v) have all possible values. It is obvious that the 
term containing the product \p, disappears on integration, for the 
elements corresponding to (X, p) and (X, — p) destroy each other. 
In the same way the term containing the product \v disappears. 
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We therefore have 

■> a' iP & a^ If & 

These are usually written in the form 

X = -Al 7=-Br), Z=-G^. 
We notice that the constants A, B, G are functions of the ratios 
of the axes and are therefore the same for all similar ellipsoids. 
The integrals given above for A, B,G may also be written in 

the form A = p/^^ da, 5= /3/|j dm, G = pf^^ dm, 

where the integration extends over the whole surface of the ellip- 
soid. 

It easily follows that A-\-B-\- G = iirp 

Aa"" + B}f + G& = plr'^dm, 
where r is the radius vector of the bounding ellipsoid drawn from 
the centre as origin. 

It is evident that A, B, G have here the same meaning as 
in Art. 205. See Art. 187, Ex. 4. 

208. Ex. 1. Find the attraction of the spheroid whose semi-axes are a, a, c 
at an internal point. 

If (li Vt f) 1)6 ttie point, the required attractions are X=-A^, Y=-Ari, 
Z= -C(, where A and G are given by 

iA + G=iwp:. (1), 

2^<^=+^«^=Jfr^2»_ (2). 



/ [ sin ededtj) 
' J J cos''' e sin"^ 

To f" To 



The limits of integration are 9=0 to B = v and ^=0 to = 2ir. Writing cos 9=2, 

this reduces to 2A a^ +C<?=- ivpaV | „ , f ^ ., „ , 

J e +(1 -c^n^ 

where the limits are 2 = lto2=-l. 

If the spheroid is oblate, a is greater than c, and 

2^aHCc''=fr\tan-'>/-(g!:i^. 

If the spheroid is prolate, a is less than c, and 

^-«^---;^)^''--^-¥^ (B)- 

Ex. 2. Show that an attracting homogeneous oblate spheroid of eccentricity J, 
in the centre of which there acts a repulsive force iir, will have its own surface for 
one of its level surfaces if Zii.=&irp (5jr^3 - 27). [Coll. Ex. 1888.] 
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Ex. 3. If a concentric ellipsoidal cavity be cut out of a solid homogeneous 
sphere, show that within the cavity the equipotential surfaces are given by 

{2A-B-G)a?+(2B-C-A)y^ + {2G-A-B)z^=coiiaiant, 
and A, B, G are constants depending on the shape of the cavity. 

[St John's Coll. 1887.] 

Ex. 4. A homogeneous ellipsoid attracts a body M according to the law of the 
inverse square ; prove that if M be a spherical or cubical portion of the mass of the 
ellipsoid itself, the resultant attraction will be the same as if the mass M were 
collected at its centre of gravity. Prove also that if JIf be a segment of a thin 
exterior confocal ellipsoidal shell, and if its principal axes at its centre of gravity be 
parallel to the axes of the ellipsoid, the attraction of the ellipsoid on it will reduce 
to a single force through its centre of gravity. [Math. Tripos.] 

Ex. 5. A solid homogeneous ellipsoid is divided into two parts by a plane 
perpendicular to an axis. Prove that the mutual attraction of the parts for varying 
positions of the plane varies as the square of the area of section, 

[May Exam. 1881.] 

Ex. 6. Show that any plane divides a solid homogeneous ellipsoid into two 
parts such that the attraction between them reduces to a single force. 

[Em. Coll. 1891.] 

209. To find the attraction of a solid homogeneous ellipsoid at 
an external point P' whose coordinates are ^', ij', ?'. 

Let R be the distance of any element QQ' of the ellipsoid from 
P', and let ^ be the angle this 
distance makes, with the axis of 
X. In the figure 

R = QP', <j> = PW- 
If f (B) be the law of attraction, 
the X component of the attraction 
of this element at P' is 

pdxdydzf'{R) cos ^. 
Drawing Q^n perpendicular to P'Q, it is obvious that 
^ Q'n dR 

'°"^ = W^~^" 
The X attraction of the element at P', measured positively in the 
positive direction of x, is therefore pdydzf'(R) dR. Let LM be a 
column having its length LM parallel to the axis of x and the 
elementary area dydz for base. Integrating with regard to R we 
find that the x component of its attraction at P' is 

pdydzjf (R) dR = pdydz {/(P'M) -f(P'L)]. 
Let us now describe an ellipsoid through P' confocal to the 
external surface of the attracting solid. Let a', b', c' be the semi- 
E. s. II. 8 
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axes of this new ellipsoid. If U , M', P be points corresponding to 
L, M, P', the column L'M' will have for its base the elementary 
area dy'dz', where y' jh' = yjh and z'jc' = zjc. The coordinates 
^, 7), f of P are known in terms of those of P' by similar relations ; 
see Art. 188. 

The attraction of the column L'M' at P is 
pdy'dz'{f{PM')-f{PL')]. 
By Ivory's theorem, P'M=PM', P'L = PL'; the x attractions of 
the columns LM, L'M' are therefore in the ratio of the areas dydz, 
dy'dz of their bases, i.e. the x attractions are in the constant ratio 
ic to h'c'. 

If we fill one ellipsoid with columns like LM, the other ellip- 
soid is filled by the corresponding columns, and the x attractions 
of the corresponding columns are in the same ratio. We therefore 

X att" of inner ellip* at P' _ he 
mter that -^^^^T^f^^t^T^^^^^^ - h'c' " 

Similar theorems apply to the y and z components of the 
attractions of the two ellipsoids. 

210. When the law of attraction is the inverse square, the 
axial components of the attraction of the outer ellipsoid at the 
internal point P or (^, rj, ^) are 

X^-A'l Y=-B'r,, Z = -G't 
The axial components of the inner ellipsoid at the external 
point P' or (^', 17', f) are therefore given by 
y — A'i — A' f-' 

Y' = -B'-^,V', Z'^-G'^X- 
ahc aoc 

Here a', b', c are the semi-axes of the confocal drawn through the 
attracted point P', and A', B', C are the same functions of the 
ratios of the axes a', h', c' that A, B, G in Art. 207 are of the ratios 
of a, h, c. 

211. From these values of X', Y', Z' we may at once deduce 
Maclaurin's theorem. If we compare the attractions at the same 
point of two different ellipsoids bounded by confocals, we notice 
that a', b', c' are the same for each, so that each of the components 
X', ¥', Z' is proportional to abc, i.e. to the product of the axes. 
2'he attractions therefore at the same external point of different 
ellipsoidal bodies bounded by confocals are the same in direction and 
their magnitudes are proportional to their masses. 
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212. Ex. 1. If a thin layer of attracting matter, distributed over the surface 
of an ellipsoid, be such that the surface density p at any point (a;, y, 2) is 
p{Lx+My+Nz), where p is the perpendicular on the tangent plane, prove (1) that 
the axial components of the attraction at any internal point are constant and 
respectively equal to La^A, Mlt^B, NcV, where A, B, G, have the meaning given in 
Art. 207 and (2) that the potential is a linear function of the coordinates. 

To prove this we regard the layer as occupying the space between two inde- 
finitely near ellipsoids. If the ellipsoids are equal, similar and similarly situated, 

we show that the thickness t is given by *=J>(^3+2/-^ + «-2). 

where 5/, Sg, Sh are the coordinates of the centre of one ellipsoid referred to the 
axes of the other. 

Subtracting the axial components of the attraction of one ellipsoid from those 
of the other, we see, by Art. 207, that the axial components of the attraction of the 
sheU are X=ASf, Y=BSg, Z=GSh. The result easily follows. Since the quantities 
L, M, N may be multiplied by any factor without altering the truth of the theorem, 
we notice that L, M, N need not be indefinitely small. 

Ex. 2. If a thin layer of attracting matter distributed on the surface of an 
ellipsoid be such that the surface density at any point (x, y, z) is pf (x, y, z) where 
/is a homogeneous quadratic function of (x, y, z), prove (1) that the potential at 
any internal point is also a quadratic function of the coordinates of that point 
together with a constant, and (2) that the axial components of the attraction at any 
internal point are linear functions of the coordinates of that point. 

To prove this we regard the thin layer as occupying the space between two 
concentric elUpsoids, having their axes nearly coincident in direction, each with 
each. Let (a, 6, c), {a + da, &o.) be the semi-axes. We show that the thickness t is 

t „da a2_62 , 

given by -=x^-^+...+xy-^^^cosx^y+ ..., 

where (a;', y', z') are the axes of the outer ellipsoid. Thus by choosing da, db, dc 
and the cosines cos x'y &o. properly, this thin layer may be made to represent the 
given quadratic distribution over the surface. 

Subtracting the axial components of one ellipsoid from those of the other, we 
find that the x component of the attraction of the shell is 

X=xl-T-da+ -^db + -^ dc\ +y (A -- B) cos n^y + z {A- 0)coBx'z, 

with similar expressions for the components parallel to y and z. 

Ex. 3. The surface density at any point of an ellipsoid is given by p = kpz^ : find 
the potential at any internal point. 

Since this is a quadratic function of the coordinates, the potential at any 
internal point f , 17, f is of the form r=N+A^+Bri''+G!;^ + 2Dii^+ 2E^ + iF^ri. 
But the expression must be symmetrical about the coordinate planes, hence D = 0, 
E=0 and F=0. Again V must satisfy Laplace's equation, hence A+B + C=0. 
We therefore have V=N+A^^ + Brf'- {A + B) f^. 

If then we find by integration the potential at the centre and any other two 
convenient points, the potential is known throughout. 

Ex. 4. The surface density at any point of an ellipsoid is p—kpxz: show that 
the potential at any internal point is given by V=2Exz where E is a, constant. 

8—2 
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213. Elliptic cylinders. To find the (ittraction at an internal 
point of a solid homogeneous cylinder whose cross section is an 
ellipse and whose length is infinite in both directions. 

The axial components of this attraction may be immediately 
deduced from those of an ellipsoid by making one of the axes 
infinite. Let us make c = oo , so that the infinite cylinder stands 
on an ellipse whose axes are along the axes of x and y. The axial 
components of the attraction at any internal point (^, r), f) are 

X = -A^, T=-Bv, Z = 0, 

where A=p j-^ dm and 5 = p |^ dm. 

Since in a cylinder (x, y) may be regarded as the coordinates 
of any point on the elliptic section, we have obviously 

A + B = iirp, Aa" + B¥ = pfr'^dto, 
where r is the radius vector of the cross section in the plane of 
xy. Putting for da> its usual polar value sin Odddtf) we have 

Sr'^dw = jsm.ed6.Sr'^d<l,, 
where the limits are ^ = to tt and ^ = to Stt. The first 
integral is obviously equal to 2 and the second integi'al is twice 
the area of the ellipse, i.e. ^irah. We thus have 

Aa''+Bh'' = '^irpah. 
The axial components are therefore 

_. . ah ^ „ . ah 7) 

^ a + h a '^ a + b h 

214. To find the attraction at an external point of a solid 
homogeneous elliptic cylinder. 

The attraction of an ellipsoid at an external point has already 
been deduced from that at an internal point by an application of 
Ivory's theorem. The same arguments apply to cylinders, and to 
avoid repetition we take the result from Art. 210. 

Since a', h', c' are the semi-axes of a confocal through the 
attracted point, a'^-a^=b''-¥ = c'^-c'. 

Since a'^ — a^ is finite, it follows that when c and c' are both 
infinite, their ratio is unity. The component X' is therefore 

XT/ ^, O'b w J b' ab ,,, 

ab '^ a +b ab 

by substituting for A' its value found jn Art. 213. 
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In this way we find that the axial components X', Y', Z' of 
the attraction of a solid cylinder at an external point (|', tj', ^') are 

where (a', 6') are the semi-axes of a cross section of a confocal 
cylinder drawn through the attracted point. 

215. Ex. 1. Show that the resultant attraction of an infinite cylinder is the 
same in magnitude at all internal points situated on a coaxial cylinder similar and 
similarly situated to the boundary. Show also that the direction of the attraction 
at any point on the surface of such a cylinder is parallel to the eccentric line of that 
point. 

Ex. 2. Show that the resultant attraction of an infinite cylinder is the same in 
magnitude at all external points situated on a cylinder confocal with the boundary. 
Show also that its direction at any point on a confocal is parallel to the eccentric 
line of that point. 

Ex. 3. If a thin stratum of attracting matter distributed on the surface of an 
infinite elliptic cylinder be such that the surface density at any point {x, y, z) is 

p(L-+Mj-+N\, prove that the axial components of the attraction at an 

internal point (^, r/, ^) are 

a + b a + b' ' 

where the coordinate axes are the principal diameters of a cross section and the 
axis of the cylinder. 

Ex. 4. If the surface density p of a thin stratum of attracting matter placed on 
the surface of an infinite elliptic cylinder be given by 

prove that the x component of the attraction at any internal point (|, rj) is 
^trab , ,_ ,,. .„, , 

with a similar expression for the y component. 

Ex. 5. Show that the potential at an internal point of an infinite cylindrical 
mass bounded by two coaxial similar and similarly situated cylinders is infinite. 

Ex. 6. The components of the attraction of a right elliptic cylinder whose 
section is (a;/o)^ + (j//6)^=l, and whose ends are anytwo planes perpendicular to the 
axis, at an external point {', ri', f ', are X', Y', Z'. A confocal cylinder having the 
same ends is described through f, V. f 'i and attracts an internal point f , i;, f, with 
components X, Y, Z. Show that if ija^^'ja', rilb = ri'lb', f=r, then X'jX=bjb', 
Y'jY=aja'. [Math. T. 1879.] 

216. Heterogeneous ellipsoidal layer. A thin layer of 
matter is placed on the surface of an ellipsoid, such that the surface 
density at any point Q is p<f> {x, y, z), where cf) is an integral rational 
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homogeneous function of tJie kth degree of the coordinates of Q. It 
is required to find the potential at any internal point P*. 

If d(T be any elementary area of the surface at Q, and D the 
distance of Q from P, the potential of the layer at P is 

the integration extending over the whole surface of the ellipsoid. 
Let dm be the angle subtended at the centre by the elementary 
area d(T. Let OQ = r-, OP = R and cos POQ = q. 

If (I, m, n) be the direction cosines of OQ and (X,, fi, v) those of 

OP, we have _ = _ + _ + _ (2), 

q=lX+ mil + nv (3). 

Since pda- is three times the volume of the tetrahedron whose 
base is da and vertex 0, we have pda = r^dw. The potential is 



__ r <f> (a;, y, z) r^da 
J(r^ + B'-2rRQ)^ 



therefore 

' {r^ + B'- 2rRqf 

The attracted point being within the surface we expand the 

denominator in a series of ascending powers of R/r. We thus 

have V=J<t> {x, y, z) r^da, {l + p^^ + p^^+ .\ (5), 

where Pi, P^, &c. are commonly called Legendre's functions of q. 

* The potentials of heterogeneous solid ellipsoids and ellipsoidal shells have been 
discussed in several ways. First there is the important paper of Green read to the 
Cambridge Philosophical Society in 1833, in which the subject is treated in a very 
general manner ; the law of attraction being the inverse mth power and the density 
is of the form m"/ (x, y, z), where / is an integral function and u represents 
1 - x^ja^ - y^ltf' - ^'-'/c". Green uses Cartesian coordinates throughout, but a solution 
has also been obtained by the use of elliptic coordinates and Lamp's functions. An 
account of this method may be found in the treatise on Sphmcal Harmonies by 
Dr Ferrers, now Master of Caius College. The reader may also consult a paper on 
the potentials of ellipsoids &a. by the Master of Caius College in vol. xiv. of the 
Quarterly Journal, 1877. The method adopted is first to investigate the potential of 
an ellipsoid whose density is any function /(m), where u has the same meaning as 
before. Next it is shown that if the density be zero at the boundary the differ- 
ential coefficient of this potential with regard to any variable, say x, is the 
potential of an ellipsoid whose density is df {u)jdx. If this density is again zero at 
the boundary, this process may be repeated. It is then pointed out that x'^^zt 
may be expressed by means of differential coefficients of powers of u. Thus the 
potential of a solid ellipsoid whose density is any integral rational function of 
X, y, z is determined. The potentials of shells, laminae and rings are then deduced. 
Another method by Mr Dyson is given in vol. xxv. of the Quarterly Journal, 
1891. In the first part of the paper the potential of an ellipsoidal shell is found by 
a method nearly the same as that adopted in the text. The results thus obtained 
suggest the general form of expansions for the internal and external potential when 
the density is kpx'^ or kpf {x, y, z). These assumed forms are shown by actual 
substitution to satisfy Laplace's equation. Finally the law of density of the 
stratum is connected with these expansions by using Green's theorem, see Art, 117. 
The paper terminates with the potentials of solid ellipsoids of variable densities. 
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Putting ^ = r^^jc, where -^jc is a homogeneous function of I, m, n 
of the kth degree, we may write the expansion (5) in the form 

V = fd^r^+^-f, b-+Pij + &c. + P, (^)*| 
+ R^+'fdcorf, |p,+, + Pa+3 (7 j'+ &c.| 

+ E'+'Sdro^k {P*+. + P*+4 (~)\ &c.} (6). 

Now r''+*P/ji|rj, is a homogeneous function of the Cartesian co- 
ordinates of Q of A + A dimensions ; hence since the ellipsoid is 
symmetrical about the coordinate planes 

where h + k is an odd integer and / is any positive or negative 
integer. It is therefore evident that the alternate terms in the 
first line of (6) are zero, and also that every term in the second 
line is zero. 

The terms in the third line are included in the general form 

-K*+"/d(B ^ ^_*° ' . Since a is here an even integer greater than 

zero, we can substitute for l/r"~^ its value given by (2) without 
introducing any square roots. After the substitution T/^s/r'"' 
becomes a homogeneous function of I, m, n of a degree less than 
that indicated by the sufSx of Pjc+a- When this quotient is 
expressed in a finite series of Laplace's functions, not one will 
rise to the order indicated by the suffix of Pit+a- Hence by the 
first property of Laplace's functions mentioned in Art. 167, the 
result of the integration is zero. 

In this way the expression for V is reduced to the alternate 
terms in the first line. "Writing these in the reverse order, we 

have F=/da,r*+^Vr, |p;(^)% P,_, (1)*" + ...| (7), 

where the integrations extend over the surface of the ellipsoid. 

217. Since P* may obviously be written in the form of a 
homogeneous function of X, fi, v of the kth. degree (as well as 
of I, m, n), it follows that R^P^ is a homogeneous function of the 
coordinates (f, 7), f) of the attracted particle. The potential due 
to the distribution of density represented by p =pr^-^k has there- 
fore been expressed in the form F = Wj, + %_2 + Mfc_4 + &c. . . .(8), 
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where %, uj^^ &c. are homogeneous functions of the coordinates of 
the attracted particle respectively of the kth, {k — 2)th degrees. 

We infer the following theorem, if the surface density p at any 
point Q be such that p/p is an integral rational homogeneous funxition 
of k dimensions of the coordinates of Q, the potential at any internal 
point P is the sum of a series of integral rational' homogeneous 
functions of the coordinates of P of the degrees k, k — 2, &c. 
respectively. 

218. The several terms in the expression for V are double 
integrals, but each can be integrated once in the manner explained 
in Art. 187. In this way the potential of a thin heterogeneous 
ellipsoidal stratum is reduced to single integrals. 

To effect the transformation we notice that P^, as well as i|rj, 
can be expressed as an integral rational function of I, m, n and 
that A + A is an even integer. Thus each term of the expression 
for V given in (7) is the sum of a number of integrals of the form 
Jr* P'' m^ n* da, the integrations being taken over the whole ellip- 
soid. There are also terms with odd powers of I, m, n, but since 
the ellipsoid is symmetrical about its coordinate planes, each of 
these is zero. We also notice that the highest power of r which 
occurs does not exceed the sum of the powers of I, m, n by more 
than 2. 

219. To effect the integrations, we take the expression for jr'du found in 
Art. 185 after integration with regard to 0. Introducing the factor (cos ff)'^, which 
is constant during the integration with regard to 0, and remembering that 

u=c tan 0, we have fr^ (cos 8)^dia =2wahc / , -; n- > 

■^ ; (a' + u^iib^ + u^iic^ + uy+i 

where the limits on the right-hand side are zero and infinity. 

Putting a'=lla, 6^=1/;?, c^=\jy and u'^=ljv this becomes, after substituting 
for r its value given by (2) Art. 216, 

[ n^dw f v^'idv 

Jal' + ^m'^ + rn^-.'^J {a + v)i (fi + v)Uy + v)' 
Differentiating this equation i times with regard to a, j times with regard to /3, 
r P'n0n^du, r yP-idv 

} (aP + ^m^+r»^p« -^' • j (a + vY+i i^ + vy+i {y+vf+^ ' 
, „ „ 1.3.5. ..(2i-l). 1 .3.5.. .(2i-l) 
''''"'' ^-'' 1.2.3...(i.H,-)2^ • 

Comparing these integrals we notice that 1 . 3...(2/-l) is to be interpreted as 
equal to unity when i is zero. 

Here p is any positive or negative integer. If ft be greater than p, differentiate 
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this h-p times with regard to 7, but if k be less than p integrate iip-k times with 
regard to 7 from 7=00 107=7. We then have 

2ir.l.3.5...(2i-l).1.3.5...(2;-l).1.3.5...(2i-l) 
where U- 2*-W-*-*.l. 2 . 3...(i+j + J;-p)1.3.5...(2p-l) 

provided p is equal to or less than i +j + k. Itp be greater than i+j + k the denomi- 
nator in the integral on the left-hand side is either unity or rises into the numerator 
with a positive exponent. The integration can then be effected by ordinary 
methods, and the reduction to a single integral becomes unnecessary. 
This result may also be written in the forni 

f V"m^n^da -N ( ^\ ( ^^ f ^X [ '"^~-^^^. 

J {aP+pm''+r«f^^+'»-^-''~ \da) \dp) \dy) J Q ' 
2ir.2»' 1 

where N= ( - 1Y^» i, s.5...{2p-l) 1.2 .3...{i+j+k-p) ' 

and Q'={a + v){p + v)(y+v). 

Substituting back )• for its value given by (2) Art. 216 the integral on the left-hand 
side becomes ^t^PW^du, where ft = 2 (i -I- j -I- J; -I- 1 - ^) . 

220. Ex. 1. li f{P, m?, if) be a homogeneous function of V, m% n^ of s 

(d d d\ f'° v^~^dv 
da' dB' *y) /o — — ' 

^•'^'^ ^- 1.3.5...{2p-l) 1.2.3...(s-i)) • 

, .,. . [f{x,y,z)dw „,(d d d\ f vP-idv 

Show also that j '^'^'J =Nf (^ . ^ . 5^ j j ~q- . 

where g=2 (s-t-l-p). 

Ex. 2. If X be the angle which a variable central radius vector r of an ellipsoid 
makes with a fixed straight line OP, whose direction cosines are X, /n, y, prove that 

^2 y2 \>v^-9+hdv 



J^ '^' j \a, + v p + v y+vj 



where K= 



Q 
L (2s) L (s -q) 2ir 1 



L(s) I,(2s-2g + l) L(g-l) 22S-1' 
q'={a. + v)(^ + v)(y+v), i(a:) = 1.2.3...a;. 
By differentiating this expression with regard to a, ;8, 7 successively, we can find 
an expression for IV^^v?* (cos x) V*du 

in terms of single integrals, where ft has been written for l+j + k + q. 

Since P^ is a function of the cosine of the angle x which the radius vector to any 
point of the ellipsoid makes with a fixed radius vector, viz. that to the attracted 
point, this example enables us to find the several terms in equation (7) without 
reducing them to powers of I, m, n. 

221. To find the potential of the same ellipsoidal layer at an 
eoatemal point P' whose coordinates are (^', 17', f')- 

To effect this we use the theorem of Art. 192. The potential 
of the given shell at the external point P' is the same as that of a 
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confocal shell drawn through P' at an internal point P whose 

coordinates are -, ^', j-, t}', -, 5". 

It is also necessary that the surface density p' of the confocal 
shell should be such that the masses of corresponding elements are 
equal. It will be found convenient to express the surface density 

(X y z\ 



p of the given layer in the form p =p<f> ( "> f > ~)> where may be a 

function of the constants a, b, c as well as of as/a, &c. The surface 
density p' of the confocal must be such that pda- = p'da-'. Since 
pda- abc ,.,,„„ ^i ^^ / abc , , fx' y' /\ 

/d7 = aW ^y ^"^^ ^^^' ^" '"" *^^* P=Wo'P'^\a"b"-c')- 

The potential of this confocal at the internal point P may then 
be found by equation (11), and this result is the required potential 
of the given shell at the external point P'. 

222. Ex. 1. The surface density of an ellipsoidal layer at any point (x, y, z) is 
given by p=Ppxy ; find the potential at any point (|, ri, f). 

The potential at any internal point is given by F=Jdwj-*^2{P2 ( — I +Po]' 
where 4i^=pim, P„=l and P2=J(32'- l) = 4{3(a + m/i + nc)'i-l}. 

Substituting and omitting all those terms (as already explained) which contain 
odd powers of I, m, n, we have V=3pR''\fi.jrH'Wdia. 



The integral is equal to -=- I j . 

' / {a+v)i[p+v)^{y + v)i 



The potential V at an external point (fVf') is the same as the potential of a 

confocal shell passing through that point at the internal point a^'ja', &o. Since 

ftfi c ecu 

the surface density of the confocal shell must be p' = —rz-r -, v' -rr, 0ab, we see that 

abc a'b' 

where )' is that radius vector of the confocal whose direction cosines are I, m, u. 

Ex. 2. The surface density of an ellipsoidal layer at any point x, y, z is given 
by p=ppx^; show that the potential at any internal point is F= B|^ + ii"?)'^ + Gf^ + H, 
where E=^pj(3P-l)xHo), H=BjlVd<a, and F, G may be obtained from £ by 
writing m and n respectively for I. 

223. The inverse fourth power. Prof. Townsend has given some interesting 
theorems on the attraction of an ellipsoid when the law is as the inverse fourth 
power of the distance. A few of these are shown in the following examples ; we 
refer the reader to his paper in the Quarterly Journal, Vol. xh. 

The attraction for the inverse sixth and higher even powers may be deduced 
from these by the principle mentioned in Art. 77. • 

If the law of attraction on any particle be mass divided by the fourth power of . 
the distance, prove that the attraction of a solid homogeneous ellipsoid at an internal 
point is normal to the similar and similarly situated ellipsoid through that point, 
and that its magnitude varies inversely as the perpendicular from the point attracted, 
on its polar plane with respect to the bounding surface of the mass. 
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Prove that the attraction of a solid ellipsoid at an external point is normal to 
the oonfooal ellipsoid through that point, and that for points situated on the same 
eonfocal the magnitude varies directly as the perpendicular from the centre on the 
tangent plane to the eonfocal. 

If the law of attraction be the inverse fourth power, show that the potential of 
a thin shell bounded by ellipsoids (abc), (a + da, b + db, c + dc) at any internal 

point is i'^ ■rz~i {-3da + j-:^db + -^dc\+il-da + jdb + -dcj, where 

n'=-s + ?; + -s, and A, B, G are the three integrals used when the attraction 

f X^ /" 1/2 . f z^ 

follows the law of nature, viz. ^— \ "!<'"> ■^= I ^''"i ^— \ ~i^"- 

When the surfaces are similar, show that the potential is 4ir'- „ — . 

Show that the potential of a sohd ellipsoid at an external point is with the usual 

notation iirabc I _ ,,, , . 
J \abc 

If the law of attraction be the inverse fourth power of the distance, show that 

the attractions of a solid ellipsoid at an internal and external point are respectively 

X^ y2 ^2 

where m^ = — + f- + — , (a', 6', c') are the semi-axes of a eonfocal through (x',y',z') the 
a^ b^ c^ 

external attracted point, and p' is the length of the perpendicular from the centre on 

the tangent plane to that eonfocal. 

Find also the direction and magnitude of the resultant force in each case. 

Potentials of rectilinear figures. 

224. Fotential of a lamina. To find the potential at any point P of a plane 
lamina of unit surface density. 

Let FN be the perpendicular from P on the plane. Let the plane of the lamina 
be the plane of xy, N the origin and NP the axis of z. Let JirP=f. Let (r, 6) be 
the polar coordinates of a point on the plane of xy. 

If QQ' be any elementary arc of the curvilinear boundary, the potential of the 

triangular area NQQ' is / — V, where the limits of integration are r=0 and 

?•=)•. If B=PQ, this reduces to {B - f) d8. 

Integrating this again for all the elements of the boundary, we see that the 
potential V at P of the area of any closed plane curve is J(B - f ) dS. In this 
expression the limits are determined by making the point Q (whose coordinates are 
(r, 8) travel completely round the curve in the positive direction, the elementary 
angle dd having its proper sign according as the radial angle is increasing or 
decreasing when Q passes over each element of the perimeter. 

When the perpendicular PN falls within the lamina, the limits of 6 are and 
27r, the expression for the potential is then ^Bdd - 27rf. When the perpendicular 
falls outside the lamina the upper and lower limits of are the same, so that 
Jfde=0 and the expression for the potential is simply \Rd0. 

225. We may put the expression just found for the potential into another form 
which is sometimes more useful. 
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[art. 226 



If rd0dr Ib any element of the area of the triangle NQQ', u its distance from P 
and tj> the angle u makes with the normal to the plane, the solid angle du 
subtended at P by the triangle is 



^QQ' at P is 
-...(1-1)=' 



the limits of u being . and R. 

The potential of the triangular area NQQ' at P is equal to 

In fig. 1, the perpendicular PN falls within the attracting area. We then find, by 
integrating all round the perimeter of the area, that the potential at P is 



.,,^jrm 



-fw, 



where u> is the solid angle subtended at P by the area. 

P 





Fig. 1. Fig. 2. 

In fig. 2, the perpendicular PN falls without the area. In this case we must 
subtract from the potential of NQQ' that of NSS'. Since dS is positive for QQ' and 
negative for S'S when a point travels round the curve in the positive direction, 
the form of the result is unaltered. 

Let ds be the length of any elementary arc QQ' of the perimeter, p the perpen- 
dicular from N on the tangent at Q. Then since r^dd^pds, the potential at P of the 

area takes the form y'=\ '=-5- -fw. where the integration extends all round the 
perimeter, and u is the solid angle subtended by the lamina at P. 

Ex. 1. If the law of force be the inverse fifth power of the distance, show 

that the potential of a plane lamina of unit density at a point P is ^x; 1 1^ > where 

OS J -R 
the integration extends all round the perimeter and the letters have the same 
meaning as in Art. 224. 

226. When the lamina is bounded by rectilinear sides, p is constant for each 
side and may therefore be brought outside the integral sign. The integral Jtfe/B is 
then the potential of that side at P. We therefore have the following theorem. 

If V he the potential at any point P of the area contained by any plane rectilinea/r 
figure regarded as of unit surface density ; V-^,V^, (&c. the potentials at the same point 
of its sides each regarded as of unit line density, u the solid angle subtended at P by 
the area, then V = - fw+|)iFi+^2F2-|-&c., where iis the length of the perpendicular 
PN on the area, and p^, p.^, (6c. are the perpendiculars from N on the sides taken 
with their proper signs. 
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The signs of the perpendiculars are determined by the following rule. If the 
point Q travel round the perimeter in the direction of the motion of the hands of a 
watch, the perpendicular p is positive or negative according as the origin N lies on 
the right or left hand side of the tangent at Q. 

227. Fotentlal of a solid. If V" be the potential at any point P of a solid, of 
unit density, and hounded by plane rectilinear faces ; F/, Kj', <tc. the potentials at 
the same point of its faces each regarded as of unit surface density, then 

2F"=i-,Fi + f2F2+..., 
where fj, fj, (&c. are the perpendiculars from P on the faces taken with their proper 



Describe an elementary cone whose vertex is P and whose base is any element 
of area of the boundary of the solid. Let da be its solid angle. The volume of an 
element of the cone being rHadr, the potential of the cone at P is 



/ 



r^dadr ^ „, , pdu 



r 

where r is now the radius vector drawn from F to the elementary area dtr and p is 
the perpendicular from P on the tangent plane. The potential of the whole solid 

body at P is therefore J | - — . 

When the boundaries of the solid are planes, p is constant for each plane and 
^pdfffr is the potential of that plane face at P. We have at once V"=\'2pV'. 

228. The solid angle subtended at any point P by any triangle ABC is the area 
of the unit sphere enclosed by the planes PAB, PBC, PCA. This area is the same 
as that of the spherical triangle traced on the sphere by these planes, and a finite 
expression for its value is given in books on spherical trigonometry. Since any 
polygonal area can be divided into triangles it follows that the solid angle subtended 
at P by any rectilinear figure can always be found. The result may be complicated 
but it involves no integrations which cannot be effected. 

It immediately follows from Arts. 226, 227 that the potentials of all rectilinear 
figures and the potentials of all solids bounded by plane rectilinear faces can be 
found. Thus the three integrals which express the components of the attraction of a 
rectilinear lamina or solid can be found infinite terms. 

229. Components of Attraction. Some simple expressions may be found for 
the components of the attraction of the lamina. We know by Playfair's theorem, 
that the component along the perpendicular PN on the lamina is equal to the solid 
angle subtended at P by the lamina, see Art. 26. 

By using Gauss' theorem (Art. 16) we may obtain an expression for the resolved 
part of the attraction along a straight line drawn in the plane. If this straight line 
be called the axis of x and the boundary of the lamina be a closed curve in the 
plane of xy, the x component of the attraction is 



-/|. 



where R is the distance of an element of the boundary from the attracted 
point P. 

To prove this we proceed as in Art. 16. We divide the lamina into elementary 
rectangles having their length parallel to the axis of x, and whose breadth is dy. 
IfAB be any one of these (regarded as of unit surface density), its x attraction on 

P in the direction ^B is ( =-r - == ) dy, see Art. H. The attraction of the whole 



'''{lA-m) 
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lamina is therefore / -~ , where E stands for either PA or PB, and dy is taken 






positive or negative according as the ordinate y is increasing or decreasing when a 
point Q travelling round the curve passes ^ or B. 

230. A solid body of unit density is bounded by plane faces : it is required to find 
the resolved part of its attraction at a given point P in a given direction Px. 

This is a simple corollary from Gauss' theorem, Art. 16. Whatever the form of 

the solid maybe, its component of attraction in the direction Px is X"— ' - 



"=/- 



R • 
where d(r is an element of the surface, the angle the normal at da makes with the 
given direction Px and R is the distance of da from P. 

When the solid is bounded by plane faces, cos is the same for all the elements 
of the same face. It may therefore be brought outside the integral sign. Since the 
integral jda/R is obviously the potential at P of the face, we have at once 

Z"=Fi'cos0i+F2'cos02+ = SFcos0, 

where F^', V^', &o. are the potentials at P of the plane faces regarded as of unit 
surface density, and 0^, 02, &c. are the angles the normals measured inwards make 
with the direction in which X is measured. 

231. Ex. 1. If o, /3, 7, 5 be the quadriplanar coordinates of a point P referred 
to the faces of a tetrahedron, show that the potential of the solid contained by the 
tetrahedron regarded as of unit density is ^{Vja+V^ + V^y+ F4S), where Fj, Fj, 
F3, F4 are the potentials at the same point of the several faces regarded as of unit 
surface density. 

Ex. 2. Show that the solid angle w subtended at any point P by a triangular 
area ABC is given by 

\-rf-a^ { r + pf-b^ (p + q)^ 
4 ■ 4- ■ 4 

where v is the volume of the tetrahedron ABCP and p, q, r are the distances of P 
from the angular points of the triangle. 

Ex. 3. The triangle OBG is right-angled at B and at a straight line OP is 
drawn perpendicular to its plane. If the triangle be of unit surface density, prove 
that its attractions at P resolved parallel to OP, OB, and BC respectively are 

tan-i - (a= + 6^ + c")* - tan"' - 
ac c 

c {b^ + c^)^ + {a'' + b^ + c'')i c + (a' + 6'+c'!)* 



UucoseCgj =^2 — 



(b^ + c^)i a (a-'+62)i 

b + (a'+b^)i _ b (6g + c^)i + (a° + 62 + c') * 

°^ a (b-' + c^i °^ « 

where a= OP, b= OB, c=BC. Since any rectilinear figure in the plane of xy may 
be divided into right-angled triangles having a common corner by dropping per- 
pendiculars from on the sides and joining to the corners, these results give the 
three resolved attractions of any plane rectilinear figure. [Knight's problem. Tod- 
hunter, p. 474.] 

Ex. 4. Deduce the expressions for X' and X" given in Arts. 229, 230 from the 
values of the potential given in Art. 227. 



THE BENDING OF BODS. 



Introductory Remarks. 

1. Our object in this chapter is to discuss the stretching, 
bending, and torsion of a thin rod or wire. We may define a rod 
as a body whose boundary is a tubular surface, of small section. 
The surface is therefore generated by the motion' of a small plane 
area whose centre of gravity describes a certain curve and whose 
plane is always normal to the curve. The curve is generally called 
the central aads or central line of the rod. 

The rod or wire is to be so thin, that, so far as the geometry of 
the figure is concerned, it may be regarded as a curved line having 
a tangent and an osculating plane. Although this limitation will 
be generally assumed it will be seen in the sequel that some of the 
theorems apply to rods of considerable thickness. It is not pro- 
posed to enter into the general theory of the elasticity of solid 
bodies, except where it is necessary for the elucidation of the point 
under discussion, and even then the reference will be restricted as 
far as possible to the most elementary considerations. 

2. In general the deformation of the body will be regarded as 
very small, so that each element of the body is only slightly 
strained from its natural shape. It will therefore be assumed that 
the whole effect, when properly measured, of any number of dis- 
turbing causes may be obtained by superimposing their separate 
effects. 

3. By reference to Art. 142 of the first volume of this treatise, 
it will be seen that the action across any section C of a thin rod 
AB consists of a force and a couple. On this is founded the 
mathematical distinction between a string and a rod. The action 
across any section of the former is a force, called its tension, which 
acts along the tangent to the string. Vol. i.. Art. 442. In the case 
of a rod the force may act at any angle to the tangent and there is 
in addition a couple. 
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4. Let P be any point of a body, let a closed plane curve be 
described round P of indefinitely small area, and let this area be 
ft). If the body is a fluid it is the fundamental principle of hydro- 
statics that the action between the fluid on one side and the fluid 
on the other side of the area m consists of a force whose direction 
is perpendicular to the plane of the area. It is thence deduced 
that the magnitude of this force or pressure is the same for all 
inclinations to the horizon of the elementary curve provided its 
area remains unaltered. If the body is an elastic solid, the action 
across the plane is also a force, but its direction is not necessarily 
perpendicular to the plane of the area and its magnitude is not 
necessarily the same for all inclinations of the plane. 

In discussing the mechanics of a rod, its cross section, though 
very small, is not to be regarded as infinitely small. If we divide 
any section into elementary areas, the action across each element 
will be an elementary force, and the resultant of all these will be, 
in general, a force and a couple. Vol. i., Art. 143. 

The Stretching of Rods. 

5. To determine the simple stretching of a straight rod hy a 
force applied at one extremity, the other being held fast. 

The relation which exists between the force and the extension 

of the rod has already been discussed in the first volume of this 

treatise under the name of Hooke's law. li 1^,1 be the unstretched 

and stretched lengths of the rod, co the area of the section of the 

I— I T 
unstretched rod, Tco the tension, then ^— ' = ^, where ^ is a 

constant depending on the material of the rod and is usually 
called Young's modulus. 

When a rod is stretched we know by common experience that 
its breadth and thickness are also altered. These lateral changes 
follow a law similar to Hooke's law except that the modulus E is 
not necessarily the same as that for extension. The study of these 
lateral contractions belongs properly to the theory of elasticity and 
only a simple case will be considered here. 

6. The substance of a homogeneous body is called isotropic yriien the properties 
of a solid of any given form and dimensions cut from it are the same whatever 
directions its sides may have in the body. The substance is called oeolotropic when 
the properties of the solid depend on the directions which its sides have in the 
body. We shall suppose that the material of which the rod is composed is 
isotropic. 
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7. Tbeory of a stretched rod. Let the unstretohed rod form a cylinder with 
a cross section of any form and size. When stretched the rod becomes thinner, so 
that the several particles undergo lateral as well as longitudinal displacements. 
There is one fibre or line of particles which is undisturbed by the lateral contraction. 
Let this straight line, which we may regard as the central line, be taken as the axis 
of X, and let the origin be at the fixed extremity of the rod. We suppose that the 
stretching forces at the two ends are distributed over the extreme cross sections in 
such a manner that after the rod is stretched these sections continue to be plane 
and perpendicular to the central axis. It will appear from the result that the force 
at each end should be equally distributed over the area. 

Let a;, y, z be the coordinates of any particle P in the unstrained solid, x + m, 
y + v, z + w the coordinates of the same particle P' of matter in the deformed body. 
Then u, v, w are such functions of x, y, z that the equations of equilibrium of all 
the elements of the solid are satisfied. We shall now prove that if we take u = Ax, 
v= - By, w= -Bz all the equations of equilibrium may be satisfied by properly 
choosing the constants A and B. According to this supposition the external 
boundary of the stretched rod will be a cylinder and the particles of matter which 
occupy any normal cross section of the unstrained rod will continue to lie in a 
plane perpendicular to the axis when the rod is stretched. 

Let PQBS be any rectangular element of the unstrained solid having the faces 
PQ and BS perpendicular to the central axis. By the given conditions of the 
question this element assumes in the strained solid a form P'Q'R'S' in which all the 
angles are still right angles and the sides parallel to their original directions. The 
direction of the stress across each face of the strained element is therefore perpen- 
dicular to that face. To measure these forces we refer each to a unit of area. Let 
iVj. , Ng, Ng be the forces, so referred ; let these act on the three faces which meet 
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at the corner P' and are respectively perpendicular to the axes of x, y, z; we shall 
regard these forces as positive when (like the tension of a string) they pull the 
matter on which they act, and as negative when (like a fluid pressure) they push. 

Let a, 6, c and a(l + o), 6 (1+/3), c{l + y) be the sides of the element before and 
after the deformation. Then N^, Ny, N^ are functions of a, /3, y, see Art. 489, 
Vol. I. We shall expand these functions in ascending powers of o, ft y and since 
we here confine our attention to a first approximation, we shall neglect all the 
higher powers of a, /3, y. Assuming the lowest powers in the expansion to be the 
first, we have N^=Ka + \{p + y), 

the coeflScients of /3 and y being the same because the medium is isotropic. For 
the same reason the stress Ny must be the same function of /3 and y, a, that N^ is 
of o and /3, 7. Thus Ny=Kp + \(a+y). 

In the same way N^ may be derived from N^ by interchanging a and 7. To make 
these more symmetrical, it is usual to write them in the form 

iVj,=2/io + X(a+;8+7), Ny=2iip + \(a+^ + y), N^=2^y + \(a+p+y). 
The constants X and /» are the same as those chosen by Lam^ to measure the 

R. S. II. 9 



130 BENDING OF RODS. [AET. 9 

elastic properties of a solid ; see his Lec^ons sur la tMorie matMmatique de VSlastieiU 
des corps solides. 

8. In the problem under consideration the sides dx, dy, dz of the unstrained 
element become dx + dti, dy + dv, dz + dw. It follows that 
du dv dw 

Substituting the assumed values of u, v, w, we have 

N^=2iiA + \(A-2B), Ny=~2ii.B + \{A-2B), N,= -2nB + \{A-2B). 
These values are independent of .r, y, ii, so that the opposite faces of any element 
wliolly internal are acted on by equal and opposite forces. It follows that every 
internal element is in equilibrium. 

Consider next the elements which have one or more of their faces on the 
boundary of the rod. Such faces must be parallel to the central axis and in a 
vacuum are not acted on by any pressure. It is therefore necessary for their 
equilibrium that the constant forces represented by Ny and N^ should be zero. 

We therefore have ^ = ,^^^ , N^J^h+MjL a. 

A 2(X + Ai) " \ + n 

Since Ax is the extension, By the contraction of a rod of length x and breadth y 
and N^ is the stretching force per unit of area of the section, it follows that 
increase of length _ \ + jK 



original length /n (3X + 2n) 
decrease of breadth \ 






original breadth 2yn (3X + 2/i) 
Comparing the first of these with the statement of Hooke's law given in Vol. i. 
Art. 489, we see that the constant E, usually called Young's modulus, is the 
reciprocal of the coefficient of N^ . If E' be the corresponding coefficient for the 

decrease of breadth we have E= ^'f + ^^^ B'J-Shp^E. 

It follows from this solution that when a rod has been stretched, each fibre (or 
column of particles parallel to the central axis) is stretched and contracted indepen- 
dently of the others and exerts no action on the neighbouring fibres. The total 
force required to produce a given extension is therefore independent of the form of 
the cross section provided its area remains unaltered. 

In this investigation the action across each of the six faces of the element is 
normal to that face. In many problems in elastic solids this simplicity does not 
exist and there are tangential actions also across the faces. For the discussion of 
these questions the reader is referred to A Treatise on the Mathematical Theory of 
Elasticity, by A. E. H. Love, 1892. 

9. Ex. 1. Show that E and JE' are the forces which would stretch a rod of 
unit section to tvrice its original length and half its original breadth respectively. 
Show also that E' is greater than 2E. 

If the stretching tension be W,. , i! the volume, Sv the increase of volume, prove 

Ex. 2. If the side faces of the rod are exposed to a uniform normal pressure 
equal to p per unit of area, prove that the force required to produce a given 
extension is less than that in a vacuum by \p/(\ + /u.) per unit of area of cross 
section. 



ART. 10] EQUATIONS OF EQUILIBRIUM. 131 

Ex. 3. If a wire be constructed by drawing out a portion of metal, the material 
is not neoesBarily isotropic, but we may consider the molecular structure to be 
symmetrical about any line parallel to the axis of the wire. Assuming that the 
normal pressures on the faces of the element are given by 

N^=aa+fp+fy, Ny=fa + Ji^ + ey, N,=fa + ep+by, 
where a=duldx, p=dvjdy, y = dwjdz and a, b, e,f are given constants depending 
on the material of the wire, show that 

D_ i+e „ 9.-JL 

L a(6 + e)-2/2 "i' D l) + e' 

where L is the length, D the longitudinal extension and G the lateral compression. 

The Bending of Rods. 

10. To form the equations of equilihrium of a thin inextensible 
rod bent in one plane. 

First Method. In this method we consider the conditions of 
equilibrium of a finite portion of the rod or wire. The method 
has been used in Vol. i. Arts. 142 — 147 to determine the stress at 
any point of a rod naturally straight and slightly bent by the 
action of given forces, and the same reasoning may be applied to 
rods whose natural forms are curved. 




Let P be any section of a thin rod APB regarded as a curved 
line. Let T and IT be the resolved parts of the stress force along 
the tangent and normal at P, and let L be the stress couple. 
These represent the mutual action of the two parts AP, PB of the 
rod on each other. These stresses are then obtained by considering 
the conditions of equilibrium of the portions AP, PB separately. 
Let Pi, Pa &C' l^e forces acting at the points i)i, D^ &c. of the 
portion PB in directions making angles Sj, S^ &c. with the tangent 
at P. Taking any directions along the tangent and normal at P 
as positive, let T and U act on the portion PB in these directions ; 
we then have by resolution 

r + 2PcosS = 0, C/"+2PsinS=0. 

In the same way if p^, p^ &c. be the perpendiculars from P on 
the lines of action of the forces, we have by moments L + XFp = 0. 
These three equations determine T, U and L when the form of the 
curve is known. 

9—2 
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11. Second Method. In this method we form the equations of 
equilibrium of an elementary portion of the rod or wire. 

Let PQ be any element of the rod and let the arc s be measured 
from some fixed point D on the rod up to P in the direction AB 
so that s = DP. Let the stress forces of ^P on PB be represented 
by a tension T acting, when positive, in the direction PA and a 
shear U acting in the direction opposite to the radius of curvature 
PG. Then the stress forces of QB on QA are represented by 
T + dT in the direction QB and TJ+dUmth.e direction QG ; these 
directions being represented in the figure by the double arrow 
heads. Let the stress couple at P on PB be represented by L, the 




positive direction being indicated by the arrow head on the circle 
at P ; then the stress couple at Q on J.Q is represented hy L+dL 
acting in the opposite direction, i.e. in that indicated by the double 
arrow heads on the circle at Q. Let Fds, Ods be the impressed 
forces on the element PQ resolved in the direction of the tangent 
PQ and normal PG, taken positively when acting respectively 
in the directions in which the arc s and the radius of curvature p 
are measured. Let dli|r be the angle between the tangents at P 
and Q, and let A|r be so measured that i/r and s increase together. 

Resolving the forces in the direction of the tangent and normal 
at P, we have 

-T + {T + dT) cos d'^^-iU^dU) sincii^ + Fds = 0, 
- 1/"+ (f/ + c^C/") cos d-f + {T + dT)sm d^fr + Gds = 0. 
In the limit these become 

dT~ Ud'f + Fds = (1), 

dU+Tdyjr + Gds^O (2). 
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Also taking moments about P 

-L + (L + dL) + (U+dU)ds + ^Gds(ids) = 0, 

.■.dL+Uds = (3). 

Writing dyfr = ds/p, these equations take the form 



.(4). 



dT 

ds 
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T 

- + 
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ds 
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dL ^ 
ds 


U 


= 



If each element of the rod is acted on by an impressed couple, 
as well as by the impressed forces Fds, Gds, it must be taken 
account of in the equation of moments. Let Ids be its moment 
taken positively when the couple acts on the element PQ in the 
opposite direction to the couple L. We then add Ids to Uds in 
equation (3) and therefore add / to the left-hand side of the last 
of equations (4). 

12. When we compare the advantages of the two methods of solution we notice 
that the second gives differential equations which must be integrated, and the 
constants must be determined by the conditions at the extremities. On the other 
hand the first method, though it gives expressions for T, U, and L, introduces into 
the equations the action of all the forces on the finite arc PB. When, therefore, 
the form of the strained curve is so well known that we can calculate the resolved 
parts and the moments of the impressed forces the first method gives the required 
stresses at once. When however the form of the strained curve is very different 
from that when unstrained, and is itself unknown, the second method presents 
several advantages over the first. 

13. When a thin rod or wire is bent under the action of 
forces we have to determine not merely the components of stress, 
i.e. T, U and L, but also the form of the strained rod. The equa- 
tions of equilibrium found above supply three equations, so that a 
fourth is required to make up the necessary number. For this 
purpose we have recourse to experiment. Vol. i., Art. 148. If p^, p 
are the radii of curvature at any point P before and after the 
deformation, the stress couple L is given by 



-^e-^j <^)^ 



L- 

\p Pi. 

where K is some constant depending on the material of which the 
rod is made and on the section at P. It is usually called the 
flexure rigidity of the rod. 
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Since the moment L represents the product of a force and a 
length, it is evident that the dimensions of K are represented by a 
force multiplied by the square of a length. If E be Young's 
modulus for the material of the rod and to the area of the section, 
Ea> will represent a force, so that the constant K is often written 
in the form K = Eo)Jc^, where k is a length. 

It will be shown further on that in certain cases cok'' is the 
moment of inertia of the area of the normal section about a straight 
line drawn through its centre of gravity perpendicular to the plane 
of bending. 

14. It is hardly necessary to remind the reader of the remarks 
made in Vol. i. Art. 490, on the limits to the laws of elasticity. 
When the stretching or bending of the rod exceeds a certain limit, 
the rod does not tend to return to its original form, but assumes a 
new natural state different from that which it had at first. In 
all the reasoning in which the equation (5) is used, it is assumed 
that the bending is not so great that the limit of elasticity has 
been passed. 

15. The theoretical considerations which tend to prove the truth of the 
equation (5) depend on the theory of elasticity and therefore lie somewhat outside 
the scope of the present chapter. As however this theory clears up some of the 
diflSoulties which belong to the bending of rods, it does not seem proper wholly to 
pass it over. One case can be presented in a simple form, and that case will be 
discussed a little further on after the use of the equation (5) has been explained. 

16. The work of bending an element. To find the work 
done by the stress couple L when the curvature of an element of the 
rod is increased from its natural value 1/pi to the value l/p^. 

Let PQ be an element of the central line and let ds be its 
length. As PQ is being bent, let yjr be the angle between the 
tangents at its extremities ; let p be its radius of curvature. If i/rj 
be the value of i/r when the rod has its natural form, the stress 

couple Z is L=k(--^] = K t^ . 

\p pJ ds 

The work done by the couple L when yjr is increased by dyjr is 

- Ld^jr, (see Vol. i. Art. 291). The negative sign is given to the 

expression because, as explained in Art. 11, Lis measured in the 

direction opposite to that in which '\}r is measured. The whole 

work done by the couple when i/r is increased from i/tj to i/tj is 

therefore equal to —^K. T ■ 
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the forms 



Wds: 



Replacing t/t^, -^^ by their values in terms of pa, pi, we see that 
the work Wds done by the couple L may be written in either of 

^ \p, pj 2K 

If the change of curvature at every point of the rod is known, 
the whole work done by the stress couples in the rod may be found 
by integrating the first of these expressions along the length of the 
rod. If however the change of curvature is unknown, and the 
couple is given, the work is found by integrating the latter 
expression. 

17. Deflection of a straight rod. A heavy rod rests on 
several supports arranged in a horizontal straight line, and is slightly 
deflected by its own weight. It is required to explain the method of 
finding the deflection at any point of the rod and to determine the 
relations which exist between the stresses at successive points of 
support. 

Let A, B, G be three successive points of support, let AB = a, 
BG=b. Let X be measured from B in the direction BG. The rod, 
when bent by its weight, will assume the form of some curve which 
differs very slightly from the straight line ABG. Let y be the 
ordinate at any point Q between B and G measured positively 
upwards, and let the radius of curvature be positive when the 
concavity is upwards. The stress couple at the point Q is Kjp ; 
when p is positive the fibres of the under part of the rod are 
stretched while those above are compressed, hence the stress couple 
at Q acts on QG in the clock direction and on BQ in the opposite 
direction. Let the shear at Q be ?7 and let its positive direction 
when acting on QC be downwards. 

P D' B Q 

A ■ ' ■ 

A 
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Let ij and U^ be the couple and shear at a point D indefinitely 
near to B on its right-hand side. Let w be the weight of the rod 
per unit of length, then the weight of DQ is wx, and this weight 
acts at the centre of gravity of DQ. Taking moments about Q for 
the finite portion of the rod DQ, we have 

~ = L^- U^-^x" (1). 

In forming the right-hand side of this equation the rod has 
been supposed to be straight, because the deflections are so small 
that only a very small error is made by neglecting the curvature. 
If this were not so, the shear would not be vertical, and the arm of 
its moment would be different from that used in the equation. In 
the same way the thickness of the rod has been neglected, and in 
all its geometrical relations the rod is regarded as if it were a line 
coincident with its central axis, Art. 1. 

The rod is supposed to be of such material that a considerable 
effort is required to produce a slight curvature ; the coefficient K 
is therefore large. On the left-hand side of the equation all the 
small terms cannot be rejected because these are multiplied by K. 
It is however sufficient, in a first approximation, to retain only the 
largest of these small terms. We therefore put 

p - dx' \ \dx) J -dx^' 

The upper sign must be taken because p is measured positively 
when the concavity is upwards, and in this case dy/dx is increasing 
and therefore d^yjdx^ is positive. 

The general rule followed in these problems is, (1) that all 
terms not containing K are formed on the supposition that the rod 
has its natural shape, (2) that in all terms containing K as a factor 
only the first power of the defiection y is retained. 

18. The equation (1) now takes the form 

K^=L,-U,x-\wx^ (2), 

where x is restricted to lie between a; = and x = h. Let L,^ and 
f/a' be the stress couple and shear at a point D' indefinitely near B 
on its left-hand side, and let R^ be the pressure of the point of 
support B on the rod inwards. By considering the equilibrium of 
the small portion D'Z) of the rod we have by moments and 
resolution U = L.„ U,'-U^=R, ,(3). 
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If we take a point P between A and B so that BP represents a 

negative value of x, we have K -j^ = Z/ — Us'ds — ^wa? (4), 

where x is restricted to lie between a; = and x = — a. 

Lastly, if U be the shear at any point of the rod we have by 

equation (3) of Art. 11 U=-^=-K^ (5). 

It is evident that the two arcs AB, BC of the rod must have 
the same tangent at B and therefore the same value of dyjdx. It 
follows from the first of equations (3) that the stress couples on 
each side of B are equal ; the two arcs have therefore the same 
curvature. But the shears on each side of B differ by the pressure 
i?2, and therefore there is an abrupt change in the value of 
d'yjdai? at a point of support. 

Integrating (2) we have, if /8 be the inclination of the rod at B 

to the horizon, K^ = K^ + L^ — \ U^^ — ^woi? (6), 

Ky = K^x + ^L^^ - ^ U^ - ^wx" (7), 

the constant in the last equation being omitted because x and y 
vanish together. 

Since y = when x = b, we also have 

0=Kl3+iLJ)-iUJ>'-4jw¥ (8). 

Integrating (4) in the same way, we have 

O = K0-^L,'a-^U,'a' + ^wa' (9). 

19. Equation of the three moments. If Zi, ij, Z3 be the 

stress couples at the three successive points of support A, B, (7 we 
have by taking moments about G and A 

U = L^- Ujb -|w6= (10), 

Li = L^+ U^'a-^wa" (11). 

Eliminating Us,, U^, and /3 from (8), (9), (10) and (11), we have 

i,a + 2Z,(a + 6) + L3& + iw(a= + 60 = (12). 

This important relation between the stress couples at any three 
sviccessive points of support is usually called the equation of the 
three moments. By help of this theorem, when the stress couples 
at two of the points of support are known, the stress couples at all 
the points may be found. The shears are then determined by (10) 
and (11) and the pressures on the points of support by (3). 

20. Extension of the theorem of three moments to the case in 
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which the three points of support are only nearly on a level. If yi, y, 
be the altitudes of the points of support A and G above B, we may 
prove in the same way 

6z(| + |)=Affi + 2Z,(a + 6) + 46 + |(ct= + 60---(13). 

It is assumed that the differences of level of the three points of 
support are of the same order of small quantities as the deflection 
of the rod. 

In this form the equation of the three moments may he regarded 
as the relation between the ordinates y^ and y^ at any two points, 
and the stress couples at these points. The equation therefore gives the 
ordinate y^ at any point at which the stress couple L3 is known ; 
for example at the free end, where X3 = 0. 

21. If the rod rest on n points of support, the equation of the 
three moments supplies n—2 equations connecting the n stress 
couples Li, Li,...Ln at the points of support. Two more equations 
are therefore necessary to find the n couples, and these may be 
deduced fi-om the conditions at the extremities. 

If one end of the rod is free, and at a distance c from the 
nearest point of support, the stress couple Z„ at that point of 
support is found, by taking moments about it, to be X„ = — ^wc". 

If an extremity rest on a point of support the stress couple at 
that point is zero. 

If an extremity be built into a wall so that the tangent to the 
rod at that point is fixed in a horizontal position we may imagine 
that the fixture is effected by attaching that end of the rod to two 
points of support indefinitely close together. The required condi- 
tion at that end then follows at once from the equation of the three 
moments. Let Ln+i be the couple at the wall, Z„ that at the 
nearest point of support and let c be the distance, then writing 
a = c, 6 = in the equation of the three moments we have 

Ln + 2Ln+i + IWC^ = 0. 

The pressures on the points of support may be obtained by 
combining equations (10), (11) with (3). If iJj be the pressure on 
the rod measured upwards at B, we find by eliminating U^, U^ 

t~^^(^+i) + y=^^-*'"^''+^^ (^*>- 

This result has also been attained in Vol. I. Art. 145. 
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If weights are fastened at any given points of the rod, these 
may be regarded as points of support at which the pressure is 
known. The deflection at each of these points being unknown, the 
extended equation of the three moments fails to determine the 
stress couple. But the pressure being known, the equation (14) 
gives an additional equation connecting the stress couples, and the 
extended equation of the three moments then gives the deflection. 

22. Ex. 1. A nniform heavy rod is supported at its extremities; the deflection 
at its middle poiut is observed and found to be h. Show that the value of the 

constant K for the rod is given by K= . . where 2a is the length of the rod. If 

the inclination to the horizon of the tangent at either end of the rod be observed by 

a level and found to be 6, show that the value of K is also given by K=-^-r-. 

This example shows how the value of K may be found by experiment for any 
given rod. 

Ex. 2. A uniform heavy rod is supported at its extremities A, C and at its 
middle point B ; A and C are at the same level and B such that the pressures on 
the three supports are equal. Prove that the depth of B below J C is 7/15ths of the 
whole central deflection of the beam AG when supported only at its ends. 

This example shows that when a long heavy bridge is supported on three 
columns of equal strength, their summits ought not to be on the same level. 

Ex. 3. A heavy rod rests on a series of points of support which are very nearly 
in a horizontal line. Let A, B be any consecutive two of these points, a their 
distance apart, j/i, y^ their altitudes above a horizontal plane. Let ij, ij be the 
stress couples, 9^ , 0^ the inclinations of the rod to the horizon at A, B. Prove that 
K (tan $2 - tan 9^) = J (tj + L^ a + j^wa^, 
K {y.2 -Ih-a tan e,) = } (2Li + L^) a? + ^^a*. 
The stress couples having been found, the first of these equations enables us to 
find the inclination of the rod at any point of discontinuity when the inclination at 
some point is known. The second determines the inclination at any one point. 

23. Ex. 1. A uniform heavy beam ABC is supported at its extremities A, C and 
at its middle point B, and the three points are in one horizontal line. Prove that 
3/16ths of the weight is supported at either end and 5/8ths at the middle point. 
We notice that the pressure at the middle support is more than three times that at 
either end. 

Prove also that the stress couple is a maximum at a point which divides either 
span in the ratio of 3:5, but the stress couple at either of these points is 9/16ths of 
the stress couple at the central point of support. Prove that the latter is equal to 
the stress couple at the middle point of a beam supported at each end whose length 
is equal to that of either span. 

Prove that there is a point of contrary flexure in each span dividing it in the 
latio 1 : 3. 

Ex. 2. A uniform beam is supported at its extremities and at two other points 
dividing the beam into three equal spans, all the four points being on the same 
ievel. Prove that the pressures on the supports are in the ratios 4 : 11 : 11 : 4. 
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Ex. 3. A uniform beam ABODE is supported at its extremities A, E and at 
three points B, G, D, all five being on the same horizontal line. To assimilate this 
problem in some measure to the case of the Britannia Bridge the two middle spans 
are supposed to be twice the lengths of the outside ones, i.e. BG=GD = 2AB = 2DE. 
Prove that the pressures on A, B, G are in the ratios 4 : 27 : 34. 

The examples in this article are taken from a treatise on The Britannia and 
Gonway tubular bridges by Edwin Clark, resident engineer, 1850. 

The tubes AB, BO, GD, DE, which form the four spans of the Britannia Bridge, 
were raised separately into their proper places and then rigidly connected into one 
long tube. The connections at B and D were such that the tubes adjacent to each 
had a common tangent. The junction at G was however so arranged that the 
tangents to BO and OD should make a small angle with each other. The object of 
this was to diminish the inequality between the pressure on G and that on either B 
or D. It was found convenient to make the angle between the tangents equal to 
2tan-i '002, In Example 3, given above, the analytical condition to be satisfied at 
is that the tangents to AG and GB should be continuous, but in the bridge the 
condition is that these tangents should make a known small angle with each other. 

24. Ex. 1. A rod without weight is supported at its extremities A, and at 
some other point B, all three being in the same horizontal line. Given weights P, 
Q are suspended at the points D, E, bisecting AB and BO. Show that the inclination 
to the horizon of the tangent at A and the deflection y at the weight P are given by 

32 (a + 6) ir tan a = - Pa2 (a + 26) + Qab\ 

K8{a + b)Ky=-P (la + 166) a^ + ^Qa%^, 
where AB = a, BG = b. 

It appears from this result that when the point of support B bisects AG and 
Q = 3P the tangent at A should be horizontal. Moseley describes three experiments 
with different rods supported on knife edges by which this curious result has been 
verified. See his Mechanical Principles of Engineering and Architecture, 1855, 
page 527. 

Ex. 2. A uniform thin rod of length 2 (a + 6) rests on two points of support in 
a horizontal line whose distance apart is 2a. Show that, if the middle point and 
the two free ends are on the same horizontal line, bja must be the positive root of 
the cubic Sr" + 9r^ - 3r - 5 = 0. 

25. Ex. 1. A uniform heavy rod rests on any number of points of support in 
the same horizontal line. Let A, B, 0, D, E be any consecutive five of these, and 
let their distances apart be a, b, e, d. Prove that the pressures Bj, Uj, U4, at B, 
G, D axe connected by the linear relation aE.^ + ^R.^ + yRi = \v>S, where 

a=a''(b + c)(c + d) (6 + c + d), 

p=(a + b) (c + d){62(ce + 2c) + 25c (a + dj + c^ (a + 26) + od(6 + c)}, 

y=d?{b + c)(a + b){a + b + c), 

S = {a + b) (6 + c) {c+d) (b + c + d)[a + b + c)(a + b + c-\-S). 

Ex. 2. Prove that the deflection y at any point Q between B and is given by 
-&Kby=BQ.GQ{L^(b + OQ) + L3(b + BQ) + \%ob(b'' + BQ.Oq)}, 
whereP(7=6. 

26. Ex. 1. A wire is bent into the form of a circle of radius c, and the tendency 
at every point to become straight varies as the curvature. Show that, if it be made to 
rotate about any diameter with a smaU angular velocity w, it will assume the form 
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1 ± ^r^ — J , m being the mass of a unit of length, 

and lijc the couple necessary to bend the straight line into the circle. 

[Math. Tripos, 1868.] 

Ex. 2. A heavy elastic flexible wire originally straight is soldered perpen- 
dicularly into a vertical wall. If the deflection is not small prove that the 
difference between the tension at any point P and the weight of a portion of the 
wire whose length is the height of P above the free end is proportional to the square 
of the curvature at P. [May Exam.] 

Ex. 3. A flexible wire is pushed into a smooth tube forming an arc of a circle, 
and lies in a principal plane of the tube ; prove that it will only touch it in a series 
of isolated points, and that if it only touch the inner circumference at one point, 
the pressure there will be 4E cos a (sin a - sin y)la^ sin^ a, where a is the inner radius 
of the tube, 2o the angle subtended at the centre by the wire, y the angle at which 
either end of it meets the wire, and E the coefficient of flexibility. 

[Math. Tripos, 1871.] 

Ex. 4. Three very slightly flexible rods are hinged at the extremities so as to 
form a triangle, and are attracted by a centre of force attracting according to the 
law of nature situated in the centre of the inscribed circle. Shew that the curvature 
of any side as AB at the point of contact of the inscribed circle varies as 
oosiA+ cos ^B - cos ^C 
cos JC 

Ex. 5. Equal distances AB, BG, CD are measured along a light rod which is 
supported horizontally by pegs at B, D below the rod and above. A weight is now 
hung on at /I, producing at that point a deflection. Find how much B must be 
moved horizontally towards A that the deflection may be unaltered when the peg D 
is removed. [Coll. Exam. 1888.] 

27. Ex. 1. A uniform heavy rod rests symmetrically on 2m+l supports placed 
at equal distances apart, and the altitudes are such that the weight of the rod is 
equally distributed over the supports. Show that the altitude yp of the support 
distant pa from the middle point is given by 

?^^^^^ (2/p - !/o) = (2/3 - 1)P^ - { (2|3 - 1) (6m= - 1) + (6^2 - 1) (2m + 1) }^^ 

where u is the distance between two consecutive points of support and /So is the 
length of the rod beyond either of the terminal supports. 

We first see by taking moments about the pth support that the stress couple Lp 
at that point is a quadratic function of p. The extended equation of the three 
moments is ij, + 4Lj,+i + Lp^ + Iwa' = (j/p+j - ^rjp+i + yp) &Kja?. 
By an easy finite integration, or by the rules of algebra, it follows that yp is a 
biquadratic function oip. Since there can be no odd powers of ^, we have 

yp~ya=Ap'^ + Bp\ 
The values of A and B are then found by applying the equation of the three moments 
to any two convenient spans. ■ 

28. A bent bow. A uniform inextensible rod, used as a bow, 
is slightly bent by a string tied to its ecetremities. It is required to 
find its form. 
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evidently ^ = ±^^,= ^2/ (1), 



Taking the string as the axis of x, the statical equation is 

p 

where T is the tension of the string. Let A, B be the extremities 
of the rod, G a point on the rod at which the tangent is parallel to 
the string. Let OG be the axis of y. Then since dyjdx vanishes 
when x = and decreases algebraically as x increases, d^yjda? is 
negative. In forming (1) p has been taken as positive, we must 
therefore give the second term the negative sign. Putting T= Kn^ 
for brevity, the equation gives y = h cos nx (2), 






where h is the versine of the arc formed by the bow. It is obvious 
that unless the conditions of the problem make h small, we cannot 
reject the terms containing (dy/dxy in the expression for p in 
equation (1). 

The form of the curve given by the equation (2) is sketched in 
the diagram. It appears therefore that the bow may take the 
form AGB, the string being attached at A and B. It may also 
take the form AGB' with the string attached at A and B', and so 
on. 

Let the length of the bow be 21 and that of the string 2a, then 
a and I are nearly equal. We have y = when x=a, hence 

m = i,r(2i+l), T='^i2i+iy (3), 

where i is an integer whose value depends on which of the points 
A, A', &c. B, B', &c. are taken as the terminals of the bow. We 

also have ''^Iv ^ (^) T ^* = '^ (^ + i^'"'') (*)' 

nearly, the limits of integration being and a. If AGB be the 
rod, this gives 7r%^ = \Qa{l — a). 

29. By considering only the half GB of the bow the same 
analysis gives thefor^n of a uniform rod GB having one end G and 
the tangent at G fixed while the other end B is acted on by a force 
whose direction is parallel to the tangent at G. 

Kegarding the force T as given, n is known; since y must be 
zero when a; = a, we must have either h=0orna = ^ir(2i+l), where 
i is any integer. 



ART. 31] A BENT BOW. 143 

Supposing the length I of the rod to be given, it follows that it 

is only when the force is nearly equal to -jj^ (2i + 1)^ that there 

can be a small deflection. If the force have other values, either 
A = and there is no deflection, or the deflection is so great that 
the terms containing dyjdx in equation (1) cannot be rejected. 

30. When the terms containing dy/dx are included in equa- 
tion (1), we have - K — ^ j= Ty C5) 

where accents denote differential coefScients with regard to x. 
Multiplying by y' and integrating, we find 

1 - cos -vl^ = ^n^ (A^ - 2/0 (6), 

where ■yjr is the acute, angle made by the tangent at any point P 
with the string of the bow. 

Referring to the diagiam, let ^ be the acute angle made by the 
tangent at either A or B with the string. Then since (6) is satis- 
fied by 2/ = 0, i^ = /3, we find 2sm^l3 = nh (7). 

The equation (5) maybe written in the form -^ =n^y. Substitut- 
ing for y and integrating between the limits s = and s = I, we 

have i = 7rl / ■ o ■, a ■ «■, ,\i (8)- 

We may notice that if the integration extend beyond the point 
B in the diagram, both numerator and denominator simultaneously 
change sign at B. If the length of the half bow GB, and the ten- 
sion or force at B, are given, both I and n are known. The equa- 
tions (7) and (8) may then be used to find /8 and the deflection h. 

The integral is lessened by introducing the factor cos \-^ into 
the numerator. We therefore have 

nl>A_^^im±-- i.e. > rsin-^7. 
■/ (sin^ \^ - sin^ \-ff L sii^ i^ Jo 

It immediately follows that vl > ^ir. Thus unless the tension or 

force exceed the value ir^Kj^il^ the equation (8) cannot be satisfied. 

It follows that i/r cannot be taken as the independent variable, i.e. 

there is no deflection. 

31. The importance of the case considered in Art. 29 lies in 
its application to the theory of thin vertical columns. The rod 
may be regarded as a vertical column having the tangent at its 
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lower end G fixed in a vertical position, while a weight, much 
gi'eater than that of the column, is supported on the upper ex- 
tremity. It appears from what precedes that if the weight on 
the summit is gradually increased, the column will remain erect, 
without bending, until the weight becomes nearly equal to a 
certain quantity depending on the flexibility and dimensions of 
the column. 

Since the constant K is equal to Easl<? (Art. 13) it follows that 
the bending weight, for columns of the same kind, varies as the 
fourth power of the diameter directly, and as the square of the 
length inversely. This result is usually called Euler's* law. 

Columns yield under pressure in two ways, first the materials 
may be crushed, and secondly the column may bend and then 
break across. In some cases both effects may occur at once. If 
the column is short it follows from Euler's law that the bending 
weight is large, so that short columns yield by crushing. Long 
columns on the other hand break by bending and are not crushed. 

Many experiments have been made to test the truth of Euler's 
law. The results have not been altogether confirmatory, possibly 
because Euler's law applies only to uniform thin columns, in which 
the central line in the unstrained state is a vertical straight line. 
For the details of these experiments we must refer the reader to 
works on engineering. See also Mr Hodgkinson's Experimental 
researches on the strength of pillars, Phil. Trans. 1840. 

32. Ex. 1. A vertical column in the form of a paraboloid of latus rectum 4m 
with its vertex upwards is fixed in the ground. Show that it will bend under its own 
weight when slightly displaced if the length be greater than ir (2Em/w)i, where w is 
the weight of a unit of volume, E the weight which would stretch a bar of the same 
material and unit area to twice its natural length. 

Suppose the column slightly bent, consider any horizontal section say at the 
point P of the central line. If p be the radius of curvature, wfc^ the moment of in- 
ertia of the section, the equation of equilibrium is obtained by equating Euk'jp to 
the moment of the weight of that part of the column which lies above P. 

This example and the next are taken from a paper by Prof. Greenhill. 

Ex. 2. A vertical cylindrical column of radius a is fixed in the ground. Show 

that it will bend under its own weight if its length h be greater than cS ( ^^ — j , 

where c is the least root of J_i(c) = 0, w the weight of a unit of volume and E 
the weight which will stretch a column of unit section to twice its length. 

33. Theory of a bent rod. A uniform thin straight rod is bent without tension 

* Euler, Berlin Memoirs, 1757. Petersburg Commentaries, 1778. Lagrange, 
Acad, de Berlin, 1769. Poisson, Traiti de Mecanique, 1833. 
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into the form of a circular are of great radius; it is required to find the stress couple 
at any point F. 

We shall obtain a particular solution of this problem by making an hypothesis 
which simplifies the process, and which we afterwards verify by showing that all the 
equations of equilibrium are satisfied. 

We assume (1) that all filaments of matter parallel to the length of the rod are 
bent into circles with their centres on a straight line perpendicular to the plane of 
bending. This straight line will be referred to as the axis of bending. We assume 
(2) that the particles of matter which in the unstrained rod lie in a normal section 
continue to lie in a plane when bent, (3) that this plane is normal to the system of 
circles above described. 

Let ABGD be a short length of the straight rod bounded by two nornial planes 
AOC, BMD. To examine the small changes which this length undergoes we take 
the plane AOC as that of yz and let some perpendicular straight Une OM be the axis 
of x. To avoid confusing the figure only the lines on the positive octant have been 
drawn. Let the plane of xz be the plane of bending, so that the axis of y is parallel 
to the axis of bending. Thus OA is the axis of z, OC that of y. Let QR be any 
elementary filament parallel to the axis of x, let (0, y, z), {x, y, z) be the coordinates 




of Q and R. Let the positions of these points and lines in the bent rod be denoted 
by corresponding letters with accents. According to the hypothesis A'O'C, B'M'D' 
are normal to all the filaments of the bent rod, and (when produced) these planes 
intersect in the axis of bending. Any filament, such as Q'B', is a circular arc whose 
unstretched length is OM. 

The rod being bent without tension, the filaments near A'B' are compressed 
while those on the opposite side of the rod are extended. There is therefore some 
surface such that the filaments which lie on it have their natural length. This 
surface is usually called the neutral surface, and the lines on it parallel to the length 
of the rod are called neutral lines. Since the filaments on this surface are circular 
arcs of the same length with their centres on the axis of bending, the neutral surface 
is a cylinder which cuts the plane of yz in a straight line parallel to the axis of 
bending. Let the origin 0' be taken on the neutral surface, the axis of x is there- 
fore a tangent to a neutral line, and the unstretched length of every filament, such 
as Q'B', is equal to OM or OM'. Let p be the radius of curvature of this neutral 
line. Since the rod is thin, all the linear dimensions of the mass ABGD are small 
compared with p. 

When the unstretched length QB has been compressed or stretched into the 
length Q'K, it remains sensibly parallel to the axis of x, but its distances from the 
planes xz, soj may have been altered. Let these distances be y'=y + v,z'=z-\-w, and 

E. S. II. 10 
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let the stretched length Q'R' be x'=x + u. Since R' lies in a plane normal to the 

neutral line at M', we have ar = (p - « - je) sin - =x- '— . 

P P 

The difference a;' - x represents the stretch of the fibre QB whose unstretched 

length is x. The tension per unit of sectional area is therefore equal to -E . 

P 
The displacement w being small compared with «, we may, as a first approximation, 
equate the tension to - Ezjp. 

Since the resultant tension across the section AOG is zero, we have 
jj{Ezlp)dydz = 0. 
It immediately follows that the centre of gravity of the section lies in the plane of 
xy. The neutral surface therefore passes through the centre of gravity of every 
normal section. In a cylindrical rod therefore, bent without tension, the central line 
is also a neutral line. 

Since the elementary tensions have no components parallel to the axes of y or z, 
it follows that the shear is zero. 

If L be the moment about the axis of y of the tensions which act across the 
section AOG, measured positively from a to x, we have 

L = Uz'dydz.- = E'^', 
" " P P 

where tali^ is the moment of inertia of the sectional area about the axis of y, i.e. 
about a straight line drawn through the centre of gravity of the section perpendi- 
cular to the plane of bending, see Art. 13. Since the rod is a uniform cylinder bent 
into a circular arc, the corresponding couples about O'C, M'D' balance each other. 

In the same way the moment about the axis of z of the tensions which act across 
the section AOG is jjyzdydz . E/p. This couple cannot be balanced by the equal 
couple about M'B' because their axes are not parallel. It is therefore necessary that 
this moment should vanish. It follows that the rod will not remain in the plane of 
bending unless the product of inertia of the area of the normal section about the 
axis of y and any perpendicular straight line in its plane is zero. In other words, 
the plane of bending must be perpendicular to a principal axis of the section at its 
centre of gravity. 

34. If we suppose, as already explained in Art. 8, that each fibre or filament of 
the rod is contracted or extended in the same manner as if it were separated from 
the rest of the rod, the mutual pressures of these filaments transverse to the length 
of the rod and also the tangential actions are zero. Each element of the rod is 
therefore in equilibrium, and the surface conditions are also satisfied. Each 
filament is slightly displaced, like those discussed in Art. 8, and slightly turned 
round. These displacements are those represented hy v, w, and are such that, 
when the fibres are stretched independently of each other, the body remains 
continuous. 

The expressions for the coordinates y'=y+v, z' = z + w, of Q' in terms of the 
coordinates y, z of Q may be deduced from the theorems given in Art. 8. It 
follows from that article that when the filament QR is stretched into the filament 
Q'R' by a tension N^, the rectangular base QLMN remains rectangular and similar 
to its original form, and is of such size that corresponding sides are connected hy 
the relation (Q'L' - QL)IQL= - NJE'. 

Let be the angle which the side Q'L' makes with the axis of y measured posi- 
tively from z to y; then 

<?'L'cos,=|;.,= (l + |).,, 
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-,-., . ^ dz' dw , 
-Q'LBm,^=^dy=^dy. 

Rejecting the squares of the small quantities v, w and remembering that QL=a 
dv N^ 



these give 



, — _, , -tan 0= 5-. 
dy B" ^ dy 



Treating the side QW in the same way, we have 

dw N^ , , dv 
3-= - TO> tand. = — . 
dz E' ^ dz 

Substituting for N^ its value -(« + to) /p, and neglecting wjp as before, we find by 



integration 



E yz+f(z ) E z^ + F(y) 

E' p ' '"-2E' ~p ■ 

Equating the two values of ^ and substituting for v and w, we find that 

-i*"(2/)=2/+/»- 
It follows that/(«) = a« + 6, and therefore 



E {y + a)z + b 



E 22- 



, + af 



If 



~ E' p ' " 2E' p 

The terms independent of y, z represent a translation of the section as a whole, 
those containing the first powers represent a rotation through an angle EalE'p, 
neither of these displacements exist, we may omit these terms. 

The expressions thus found for u, v, w, give the displacements of Q referred to 
the axes O'M', C/A', O'C. They also give those of B referred to corresponding 
axes with M' for origin. The displacements of R referred to the axes with 0' as 
origin are therefore given by 

xz E vz x^ E z^- ifl 

"="7' "=^7- "'=27+:B^^r' 

where x, y, z are the coordinates of B. 

35. If the section of the beam is a rectangle having the sides EF, GH perpen- 
dicular to the plane of bending, we see by examining the expression for v and w that 
these sides become curved when the rod is bent, and that they have their convexities 

E F 




a Bo' 

turned towards the centre of curvature of the rod. The sides EG, FH which before 
bending were parallel to the plane of bending remain straight lines but are inclined 
to the plane of bending and tend outwards on the concave side of the rod. 

The expressions found in Art. 34 for the displacements u, v, w agree with those 
given by Saint-Venant for one case of bending. But what has been said in that 
article is not to be taken for a complete discussion of his problem ; for that the 
reader should consult a treatise on the theory of Elasticity. 

36. Airy's Problem. In using standards of length two considerations have 
attracted attention, (1) the application of supports in such a manner as to produce 
no irregularities of flexure and (2) the application of such supports as will permit 
the expansive or contractive effects of temperature. The importance of the former 

10—2 
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was made known by Kater, that of the latter by Baily. Freedom of expansion is 
usually secured by supporting the body on rollers. Excessive flexure is avoided by 
making the rollers rest on levers which are so arranged that the weight of the 
body is either equally distributed over the points of support or distributed in such 
ratios as may be thought proper. 

The flexure is so small that the mere curvature of the central line does not 
produce a sensible alteration of its length. If however the measured length is on 
the upper surface of the standard it is assumed that the extension of each element 
of its length is proportional to the bending moment. If L be the bending moment 
and dx an element of length, Airy's principle is that the rod should be so supported 
that ^Ldx is zero, the limits of the integration being from one end of the measured 
length to the other. 

We may deduce the correctness of this principle from the theory given in Art. 33. 

The extension of the filament QB. has been shown to be approximately QB. (zjp), 
where p is the radius of curvature of the central line and z the distance from the 

central line of the projection of QR on the plane of bending. If then z be the half 

thickness of the rod, the extension of an element dx on the surface is zdxjp. Since 

L = Kjp, it immediately follows that the extension of any element on the surface of a 

uniform rod is proportional to the bending moment. 

Ex. 1. A bar, of length a, is supported at two points symmetrically placed, and 

the marks defining the extremities of the measured length are close to its ends ; 

prove that the distance between the points of support should be ajiji. 

Ex. 2. A standard of length a is supported on re rollers placed at equal distances, 

and the weight is equally distributed over the rollers. The measuring marks are 

placed at distances e from the ends. If D be the distance between two consecutive 

rollers, prove that D ^{m^-l) = a,J{l-Se^la^). 

Memoirs of the Royal Astronomical Society, Vol. xv., 1846, and Monthly Notices, 

Vol. VI., 1845. 

37. Bending of Circular rods. The natural form of a thin 
inextensible rod is a circular arc ; supposing it to he slightly flexible, 
it is required to find the deviation from the circular form produced 
by any forces*. 

Let AB be the arc of the circle when undeformed, its centre, 
a its radius. Let P be any point on 
the circle, P' the corresponding point 
on the rod when bent. Let a, 6 be the 
polar coordinates of P ; a(l + u), ff + ^ 
those of P', referred to as origin. 

If p be the radius of curvature at 
P', we have by a theorem in the differ- 
ential calculus 

11 1/ dhi\ ,.. 

pa a\ dff'J 

* The case of a circular arc is important because the periods of its vibrations, 
both when inextensible and extensible, can be found. See the second volume of the 
Author's Rigid Dynamics, where also the expression for the work of the stresses is 
found in a different manner. 
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where the squares of u are neglected. Let us represent either side 
of this equation by q/a. 

If the central line be extensible, let ds^ and ds be the un- 
stretched and stretched lengths of an element of arc. We then 
have dsi = add, 

(dsy = (aduy + a= (I + uf (d9 + d^f. 
Neglecting the squares of small quantities, this gives 

ds = a(l + u)d0 + ad(j>. 
If p be the proportional elongation of the elementary arc 

ds — ds, dd> 

^=^^ = J+^ (2)- 

If the rod is inextensible, we have p=0. 

The equations of equilibrium of an inextensible rod may be 
formed by either of the methods described in Arts. 10, 11. Taking, 
for example, the three equations marked (4) in Art. 11, and joining 

them to L = K^, jp=0 (3), 

we have five equations to find T, IT, L, u, <f} in terms of 0. 

38. If the rod is slightly extensible as well as flexible, the equations become 
somewhat changed. The arc ds in the equations of equilibrium in Art. 11 means 
now the stretched length of the element, while F and G represent the impressed 
forces referred to a unit of length of the stretched rod. The equation p=0 must 
also be replaced by another connecting p with the tension. 

The relations which connect L and T with p and q are perhaps most easily 
deduced from the expression for the work done by the stresses when the rod is 
deformed. If TTdSj be the work done by the stresses when the element is stretched 

and bent, we have Wdsi= -idsi{llp'+ -^\ (4), 

where H and K are the constants of tension and flexural rigidity. This result 
follows at once from those given in Art. 16 of this volume and in Art. 493 of Vol. I., 
when we assume that the work due to a deformation of bending is independent of 
that of stretching. 

From this expression for W we may deduce the values of T and L. Keeping 
one end P' of an element P'Q' fixed, let the element be further stretched, without 

altering the curvature, so that its length ds becomes ds', then dv= — = — . The 

dsi 

work done by the tension T at the end Q' ia -T {ds' - di), and that done by the 

ds' ~ds 
couple at Q' is -L . We therefore have 



i^*j)-'i «■ 



Next let the element, without altering its length, receive an increase of curvature 

so that the radius of curvature is changed from p to p' ; then -^ = - — . The 

a p' p 
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tension at Q' does no work, while the work of the couple i at Q' is -if- — jds. 

In this way we find = t— 7-; — (6)- 

These expressions give for a slightly extensible and flexible rod 

^=?' ^=^^^-5^ - (^)- 

The equations of equilibrium found in Arts. 10 and 11 when joined to (7) 
supply five equations from which L, T, U, u, ip may be found. 

39. Ex. One end of a heavy, slightly flexible wire, in the form of a circular 
quadrant, is fixed into a vertical wall, so that the plane of the wire is vertical and 
the tangent at the fixed end horizontal. Assuming that the change of curvature at 
any point is proportional to the moment of the bending couple there, prove that the 

TT IDft 

horizontal deflection at the free end is ^ -=- , where E is the flexural rigidity, w 

the weight of a unit of length, and a the radius of the circle. [Trin. Coll. 1892.] 
Let A be the free end of the rod, B the end fixed into the wall, the centre. 
Taking moments about any point P for the side PA, Art. 10, we arrive at 



-n-( M + 3^ = -sinS + Soose, 



where A0P=6, and OP=a[l + u). The constants of integration are determined 
from the conditions that u and dujdd vanish at B, and the deflection required is 
the value of au when 8 = 0. 

40. To find the work when a thin rod, whose central line in the natural state is 
a circle of radius a, is stretched and bent so that the central line becomes a circle of 
radius p, by a method analogous to that used in Art. 33 for a straight rod. 

The figure of Art. 33 may be used in what follows, except that the lines OM, 
AB, CD must be supposed to be small arcs of circles. 

Let OM be an element of the central line of the unstrained solid, O'M' the same 
element when the rod is deformed. Let the tangents to OM, O'M' be the axes of x 
and x', and let the planes of xz, x!z' be the planes of the circles. Let QB be any 
filament parallel to OM, Q'B' its position in the strained rod. Let y, z ; y', z' be 
the coordinates of Q, E ; (jj, K, each referred to its own set of axes. 

If (fej, (fe be the lengths of OM, O'M' and 1+jp stand for (fe/dsj as before, the 
tension of O'M' per unit of area is Ep. If d^i, da be the lengths of QiJ, 

Q'U', wehave d<i^=dSi(\--\ , da=ds(l — j (1), 

and the resultant tension of all the fibres which cross the area dydz is therefore 

^^y^'it,-") ■ (^)- 

The work done by this tension when the filament is pulled from its unstretohed 
length do-j to the length da is 

-lEdydz(^-iyda^ (3). 

The difference z' -z is a small fraction of z ; for a straight rod it has been 
shown to be of the order z^jp. Art. 34. As a first approximation we take z'=2. 
Substituting for dsjds-^ and for l/p their values 1+p and (l + g)/o, and neglecting 
all powers of zfa above the second, we find that the work is 

-J£%d«[p2_|y2+2pj{l+i))}| + 22(l+p)aQyidSi (4). 
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Integrating this over the area u of the section, and remembering that is the 
centre of gravity of the area, we have for the whole work 



Wds^= -iEarp^ + '^^q^l+py'^dSi '. (5); 



when the higher powers olp, q are rejected this becomes 

Wdsi= -iEarp^ + '^q^ldsj, (6). 

41. In the same way we find that the tension of the fibres which cross the 

area (%(?« is iSd?/'*^ jj-g (1+^) ■^- + ( - ) I (7). 

Remembering that O is the centre of gravity of the section, we find by an obvious 
integration that the resultant tension T and the resultant couple L axe given by 

T=Eo, |^-_g{l+^)|- , L=E^a-^q(l+p) (8). 

These reduce to the forms given in Art. 38 when the product pq is neglected. 

42. If we examine the expressions for the work, tension and couple given by 
equations (6) and (8) of Arts. 40, 41 we see that they contain two constants of 
elasticity, viz. Ew and Euk'^. These were represented by the letters H, K in the 
corresponding expressions in Art. 38. 

When the rod is such that the constant of elasticity Em is infinite or very great, 
a small change in the proportional extension p alters the product Eap very con- 
siderably. Unless, therefore, the circumstances of the problem allow the tension to 
be infinite or very great, p must be very nearly equal to zero. It follows that in 
aU the geometrical relations of the figure we may regard p as equal to zero. At the 
same time the product Eiap which occurs in the tension is not to be regarded as 
zero, but as a quantity analogous to the singular form oo . 0. If the tension is 
finite, the term Ep^ which occurs in the work is zero. 

Since the other constant of elasticity, viz. EaWja^, is not necessarily large in 
thin rods, it does not follow that, because Eoi is large, q must be small. 

Rods in which Eoi is very great are said to be inextensible. Such rods may be 
bent, and the bending couple is proportional to the change of curvature. 

43. Very flexible rod. When the fiexibility of the rod is such that it may be 
made to pass through several small rings not nearly in one straight line the 
integrations of the differential equation become more intricate. To simplify the 
problem we suppose that though weights may be attached to any points, the rod 
itself is without weight. 

Let A, B, G &o. be a series of small smooth rings through which the rod is 
passed. Let the stress couple at A be ii, and let Tj, fj be the tension and shear 
at the same point. Let ij, T^, U^ be the corresponding stresses at B and so on. 

The stress L^, T^, U^ acting at A may be reduced to a single resultant F^ acting 
along some straight line A'B', whose position is found in Vol. I. Art. 118. If P be 
any poinl between the rings A and B, the stress at P must be equivalent to the 
same force, for otherwise the portion AP of the light rod would not be in 
equilibrium. In the same way the stress at every point of the rod between the 
rings B and G is equivalent to a single resultant F^ acting along some other 
straight line B'G', and so on for evqry portion of the rod lying between contiguous 
rings. These straight lines may be called the lines of pressure. We shall suppose 
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the forces ii'i, F^, &c. when positive to be pulling forces, so that for instance 
the action of AP on PB is equivalent to the force F^ acting in the direction B'A'. 




A' ^ 

jB' 

The stress forces at points one on each side of any ring, as B, being F^ and F^, it 
follows that the pressure on the ring B is the resultant of F^ acting along B'A' and 
F^ reversed and thus made to act along B'C The pressure at B therefore acts 
along B'B, and this line is a normal to the rod at B. 

Let us consider the equilibrium of any portion BP of the rod, where P is a point 
between B and G. Let ^ be the angle the tangent PH makes with B'C, and let 
B'C be the axis of {. Let 77 be the perpendicular distance of P from that axis. 
Let L, T, U he the stress couple, tension and shear at P. Then 

r=F2Cos^, U=-F^sixi^, L-F^ri (1). 

Taking moments about P for the portion BP we have 

r-f=-^^ (^)- 

Multiply both sides by sin \p=cb)jds and integrating, we find - 2ircos \j/= F^rj^+G. 
This result may be written in the form 

iKF^ooBiz + F^^ri^rzI (3), 

where I is a constant for the portion BP of the rod. We notice that in this 
equation .Pj cos ^ is the tension and F^rj the stress couple at the point P. 

A similar equation holds for each portion of the rod which lies between 
contiguous rings. If P move along the rod and pass through the ring G, the 
tension and stress couple undergo no sudden changes of value, though the shear is 
altered discontinuously. It follows that f 3 cos ^ and F^tj are the same on both 
sides of C and that therefore I is the same for both portions of the rod. The 
constant I has therefore the same value throughout the whole length of the rod. 

If one extremity of the rod is free, let A be the ring nearest the free end. The 
tension and the stress couple at^ are therefore zero; hence, by equation (3) the value 
of / is zero. In this case, since the stress at A is reduced to the shear only, the 
line of pressure between the rings A and B is the normal at A. 

Since p cos \j/=d^jd\j/, we have 

d^ _ K cos ^ _ K cos \j/ ... 

#~ FiV ~{I-2KF^ooBf)^ ■ 

where J is measured positively opposite to the direction of F^ . Putting ^ = tt - 29 , 
we reduce this to the difference of two elliptic integrals, 

i^sf = jf(l - c2 sin" 9)* de--.( — , 

V (l-c^sin^tf)* 
where P=I+2KF„ and cH'=:iKF„. 
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44. To show that these results supply a sufficient number of equations, let us 
suppose, as an example, that both ends of the rod are free and that it has been 
made to pass through five small rings at A, B, G, D, E. 

Beginning at the ring A, the line of pressure A'B' is the normal at A; let 9 be 
the angle it makes with any fixed straight line in the plane of the rings. Taking 
AB' as the axis of f and A as origin, the coordinates of B, viz. f , ij, are known 
functions of d. The eijuations (3) and (4) give |, t;, in terms of \jy and F^, the 
constant in (4) being determined from the condition that when f =0 the value of f 
is known, viz. in this case ^ is a right angle. Equating these two values of f and -q 
we have two equations to determine F^ and the value of ^ at B. The tangent at 
B having been found, the normal BB' can be drawn and the position of B 
determined. 

If 7r-/S be the angle A'B'C, we have F^co&^=Fy When therefore we repeat 
the process just described and take B'C as a second axis of J and the foot of the 
perpendicular from B on B'C as the origin, with the object of finding F^ and the 
value of \j/ at C, we really have sufficient equations to find ^ also. 

In the same way we next take CD' as the axis of | and finally B'E'. But since 
this last line of pressure must be the normal at E, the value of ^ at B must be a 
right angle. This supplies a final equation from which 8 may be found. 

Ex. A light rod DE is made to pass through two small rings A, G in the same 
horizontal line at a distance apart equal to 26, and has a weight W applied at a 
point B so that the vertical through B bisects AG at right angles. If 20 be the 
angle between the normals at A and C prove that 

2 cos (cot <j>)^ + (cos 0)^ I (sin 0)*d0 = 6 cosec ( — J . 

On rods in three dimensions. 

45. Measures of Twist. Let PK be a normal to the 
central line of an elastic rod at any point P, and let K lie on 
the outer boundary of the rod, the portion PK is called a 
transverse of the rod. This name is due to Thomson and Tait. 

Let P, P', P" &c. be a series of adjacent points on the central 
line of the unstrained rod, and let each of the arcs PP', P'P" &c. 
be infinitesimal. Any transverse PK having been dravyn at the 
first of these points, let the plane KPP' intersect the normal 
plane at P' in a second transverse P'K'. Let the plane K'P'P" 
intersect the normal plane at P" in a third transverse, and so on. 
We thus obtain a series of transverses, any consecutive two of 
which lie in a tangent plane to the central line. 

If the rod when unstrained is straight and cylindrical it is 
obvious that all the transverses thus drawn lie in a plane passing 
through the central line. It is also clear that the extremities 
K, K' &c. of the transverses then trace out a straight line on the 
surface of the rod parallel to the central line. 
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Let these transverses be fixed in the material of the rod and 
move with it when the rod is strained. The normal section at P 
of the rod being fixed, let the elements lying between the normal 
planes at P, P', P"&ic. be twisted round the tangents PP', P'P" &c. 
respectively, so that the points K, K', K" &c. trace out a spiral 
line on the outer boundary of the rod. The twist of the ele- 
mentary portion of the rod which lies between the normal planes 
at P, P' is measured by the infinitesimal angle which the 
transverse P'K' makes with the plane KPP', or, what is ulti- 
mately the same, by the angle which the planes KPP', PP'K' 
make with each other. If the arc PP' of the central line be ds, 
and if the angle which the planes KPP', PP'K make with each 
other be dx, the ratio dxjds represents the twist of the portion ds 
of the rod referred to a unit of length, and is usually called the 
twist at P. 

It is sometimes useful to so choose the transverses PK, F'K' &o. in the unstrained 
rod that the angle which the planes KPP', PP'K' make with each other has any 
convenient value. Let dxi be this angle and let dxi = Tids, then tj is an arbitrary 
function of the arc s. If dx or rds be the corresponding angle in the strained rod, 
the twist is measured by t - tj. 

46. Resolved Curvature. Let a straight rod be strained 
by bending, so that the central line takes the form of. a curve of 
double curvature. If de be the angle between the normal planes 
to the central axis at P, P', the curvature at P is measured by 
the ratio de/ds, and the central line is said to be curved in the 
osculating plane. 

It is sometimes more convenient to resolve the curvature in 
two directions at right angles. Let the normal planes at P, P' 
intersect each other in a straight line CO, then GO intersects the 
osculating plane at right angles in some 
point C. Since PC, P'G are two con- 
secutive normals lying in the osculating 
plane, the point G is the centre of the 
circle of curvature ; let GP = p. Let us 
now draw a plane through the tangent 
PP' to the central line making an arbi- 
trary angle cj) with the osculating plane, and let this plane cut GO 
in Q. Then since PQ, P'Q are two consecutive normals to the 
central line, the point Q is the centre of a circle of curvature 
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drawn in the plane QPP'. If the radius PQ of this circle be M, 
we have from the right-angled triangle QGP 

1 1 

P 
It follows that the curvature in a plane drawn through the 

tangent may be deduced from the curvature in the osculating plane 

by the same rule that we use in statics to resolve a force. 



P = - cos ^. 



47. Let us draw two planes through the tangent at P to the 
central line, and let these be at right angles to each other. Let 
the resolved curvatures of the central line in these planes be 
called K and X. Then the curvature in the osculating plane is 
V (k^ + X^), and the tangent of the angle the osculating plane 
makes with the first of these planes is X/ic. 

These two planes intersect the normal plane at P to the 
central line in two straight lines at right angles. Let these be 
PK, PL, the straight line PK being perpendicular to the plane 
in which the resolved curvature is k. 

The three straight lines PK, PL, PP' thus form a convenient 
system of orthogonal axes to which we may refer that part of the 
rod which lies in the immediate neighbour- 
hood of P. The resolved curvatures of the 
central line in the planes perpendicular to 
PK, PL, being k, X and the twist about 
PP' being t, it follows that in passing from 
the point P to P' the three axes are screwed 
into positions P'K', P'L', P'P" by a combination (1) of the rota- 
tions Kds, Xds, rds about the axes PK, PL, PP' and (2) of a 
translation of the origin P along the tangent to P'. It should 
be noticed that each of the three quantities «;, X, t is of — 1 
dimension as regards space. 

The quantities k, X are the resolved curvatures of the strained 
rod and are the same as the resolved bendings produced by the 
forces only when the unstrained rod is straight. To find the 
bending produced by the external forces when the unstrained rod 
is itself curved we must subtract from k, X the resolved curvatures 
of the unstrained rod. 

48. Since xds, Xds, rds are rotations about the axes of 
reference, we know by the parallelogram of angular velocities 
that they may be resolved about other axes by the parallelogram 
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law. If then we wish to refer the strains to a different set of 
axes, say PK^, PL^, PT^, we change k, \, t into Ki,\, Tj by the 
usual formulae for the transformation of coordinates or for the 
resolution of forces. In this way we may refer the bending and 
twist in the neighbourhood of P to any arbitrary system of axes 
having the origin at P. These generalized axes may be screwed 
from their positions at the origin P to those at P' by the three 
rotations K^ds, \ds, r^ds and the translation ds along the tangent. 

49. In many of the applications of analytical geometry to physical problems 
it is found advantageous to make the coordinate axes moveable, so that they may 
always be in the most convenient position. Thus if a point travel along the strained 
rod and successively occupy the positions P, P', P", &c., the axes change their 
directions in space. To specify the motion of these axes we may either use a 
second system of axes fixed in space or we may refer the motion to the moving 
axes themselves in the manner above described. The first method requires 
the use of the formuls of transformation of axes which are often complicated, in 
the second we avoid the introduction of a second system of axes. Moving axes are 
of great importance in Dynamics and are also of much use in discussing the 
geometrical properties of curves and surfaces. For these applications the reader is 
referred to the second volume of the Author's treatise on Eigid Dynamics. 

50. Ex. 1. A straight line is marked on the surface of a thin unstrained 
cylindrical rod, parallel to the central line. If the rod is bent along any curve on 
a spherical surface so that the marked line is laid in contact with the spherical 
surface, show that the twist is zero. 

If the rod is laid on a cylindrical surface so that the marked line is in contact 
with the cylinder, show that the twist is sin a cos o/a, where a is the radius of the 
cylinder and a is the angle the rod makes with the axis of the cylinder. Both these 
results are given by Thomson and Tait, Art. 126. 

If P, P' be two consecutive points on the central hne, the transverses PK, P'K' 
axe normals to the surface. The first result follows, because the transverses pass 
through the centre of the sphere, so that the angle between the planes KPP', 
PP'K' is zero. Since the radius of curvature at any point of a helix lies on the 
normal to the cylinder on which the helix is drawn, the second result follows from 
the ordinary expression for the radius of geometrical torsion. 

Ex. 2. A straight thin rod has a straight line marked along one side. If the 
rod is bent and laid on a surface so that this line lies in contact with a geodesic, 
show that the twist at any point P is A sin 6 cos 6, where A is the difference of the 
curvatures of the principal sections of the surface at P and 6 is the angle the rod 
makes with either line of curvature. 

51. Relations of stress to strain. Let P be any point on 
the central line ; the mutual action of the parts of the rod on each 
side of the normal section at P can be reduced to a force and a 
couple with any convenient point of that section as base. 

Let three rectangular axes be taken at the point P to which 
we may refer the strains and stresses in the neighbouring portion 
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of the rod. Let K, L, T be the components of the stress couple 
about these axes. If the unstrained rod is straight, let k, \ t be 
the resolved parts of the curvature and twist about the axes ; if 
the unstrained rod is itself curved, then k, \, t represent the 
changes in the curvature and twist produced by the external forces. 
We shall now assume the two following principles*. 

(1) that the changes in the twist and curvature of the rod in 
the neighbourhood of P are independent of the force and are 
functions only of the couple. 

(2) that the couples K, L, T are linear functions of the strains 

K, X, T. 

These assumptions are necessary because we do not in this 
place enter into the theory of elasticity. 

If we suppose, as usual, that the strains are so small that we 
may neglect all powers but the lowest which enter into the 
equations, the second principle is equivalent to th^ assumption 
that when K, L, T are expanded in powers of k, 7i/ t the lowest 
powers in the series are the first. 

52. Since the three couples K, L, T are each expressed in 
terms of k, \, t by a different linear equation, it might be supposed 
that we shall have to deal with nine constants. But if the elastic 
forces form a conservative system we may reduce these to six by 
using the work function. 

Let Wds be the work function of an element of the rod 
bounded by the normal sections at P, F'. Supposing the end P 
fixed, let one strain, say X, become X + dX, the other two remaining 
unaltered. Since the element of the rod has been rotated about 
the axis of the couple L through an angle equal to dX. . ds, the work 
done by the couple L is LdXds, while that done by each of the 
couples K and T is zero. We therefore have dsdW = LdXds. 
Similar expressions hold when K and T are increased by dK and 
dr, so that in general 

K = d W/dK, L = d W/d\, T = d W/dr. 
Since K, L, T are linear functions of k, \, t it follows that Wis 
a quadratic function of k, \, t, i.e. 

W=^ {Ak" + BX? + Ct^ + 2aXT + 2bTK + 2ck\). 
.: K = AK + cX + br, 
L = CK + BX + ar, 
T=bK + aX + CT. 

* See Thomson and Tait, 1883, Art. 591. 
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53. We have already seen that if we refer the strains to 
another set of axes the quantities k, \ t are changed by the 
ordinary formula} for transformation of coordinates, Art. 48. 
Since a homogeneous quadratic expression can always be cleared 
of the terms containing the products of the variables, it follows 
that by a proper choice of the axes of reference the expressions for 
W, and therefore those for K, L, T may be reduced to the simplified 

forms W = ^ (^i«i^ + AV + G^t^^) 

These axes are called the principal axes of stress and the constants 
Ai, Bi, Gi, are the principal fleooure and torsion rigidities. 

In what follows it will generally be assumed that the tangent 
to the central line at P is one principal axis of stress at P ; this is 
of course the axis of torsion. If also the constants of rigidity for 
the other two principal axes are equal, we have 

where the sufiixes have been dropped as being no longer required. 
The expression for the work is not complete if the rod is 
extensible, for we have not yet taken account of the extension or 
stretching, of the element PP" of the rod. This additional term is 
given in Vol. I. on the supposition that the torsion obeys Hooke's 
law. It will not be required in the problems considered in this 
chapter. 

54. Helical twisted rods. A uniform thin rod, naturally 
straight, whose principal stress axes at any point are the central line 
and any two perpendicular axes, is bent into the form of a helix of 
given a/ngle and receives at the same time a given uniform twist. 
It is required to find the force and couple which must he applied at 
one extremity, the other being fixed, that the rod may retain the 
given strains. 

Let APQ be an arc of the helix, A the fixed extremity, Q the 
terminal at which the forces are applied. Let A MB be a circular 
section of the cylinder on which the helix lies, OZ the axis of the 
cylinder. 

The action of the portion AP oi the helix on the portion PQ 
consists of a force and a couple. From the uniformity of the figure 
it is clear that the force and couple must be the same in magnitude 
wherever the point P is taken on the helix, and that their direc- 
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tion and axis respectively must make the same angles with the 
principal axes of the curve at P. 

The stress force at P may be resolved into two components, 
one acting along the gene- 
rating line MPF of the 
cylinder and the other act- 
ing parallel to the plane 
XY. The latter, if it is 
not zero, must be in equi- 
librium with the compo- 
nent at Q parallel to the 
same plane. This however 
is impossible, because as P 
is moved along the helix 
the direction of the com- 
ponent at P makes always the same angles with the principal 
axes at P and is therefore changed, while that of the component 
at Q remains unaltered. Both these components must therefore 
be zero. It follows that the resultant stress force at any point 
P must act along the generator through that point. 

Let R be the stress force at any point of the wire and let it be 
estimated as positive in the direction FPM. The force R may be 
transferred to the axis OZ of the cylinder by introducing the 
couple Ra acting in the plane OZFM. The force R thus 
becomes independent of the position of P. 

Let us now turn our attention to the stress couples at P. Let 
Px be drawn perpendicular to the axis of the cylinder and let 
TPz be a tangent at P to the helix. Then by the known 
properties of the curve, the plane TPx is the osculating plane 
at P. Let Py be the binormal. If p = 1/k be the radius of 
curvature of the helix, the strains round Py and Pz are re- 
spectively K and T, each being measured in the positive direction 
round the axes i.e. from z to x and x to y. If A and are the 
constants of flexure and torsion, the corresponding stress couples 
are Ak and Ct. These couples may be resolved into two com- 
ponents, one having the generator PF for axis and the other 
having its axis parallel to the plane of XY. 

The latter, together with the couple Ra, must be in equi- 
librium with the corresponding component at the terminal Q. 
But since the axis of the couple at P always makes the same 



160 BENDING OF RODS. [ART. 55 

angle with OM, its direction is altered when the point F is moved 
along the helix, while that of the couple at Q is fixed. Equi- 
librium therefore cannot exist in all positions of P unless each of 
these components is zero. The axis of the stress couple at F 
must therefore be parallel to the axis of the cylinder. 

It follows from this reasoning that if a thin straight rod, with 
one end fixed, have any given twist and be bent into the form of 
a helix, it may be maintained in that position by the action of a 
force and a couple at one terminal. These when reduced to a 
wrench will consist of a force R acting along bhe axis of the 
cylinder together with some couple G whose plane is perpendicular 
to that axis. 

Taking moments about an axis perpendicular to the plane 

MFx, we have Ra = ~ Ak sin a + Ct cos a (1). 

Taking moments about the generator of the cylinder 

G= Akcos a + Ct sin a (2). 

These equations determine R and G when the angle a of the spiral, 
its curvature k and the twist t of the material are known. 

55. Spiral Springs. A thin rod or wire whose natural form 
is a given helix cmd whose principal axes of stress at any point are 
the tangent to the central line and any two perpendiciolar axes is 
bent into the form of another given helix. It is required to find the 
forces and couples which must he applied at one end, the other being 
fixed, that the rod may retain the given form. 

Let Oj, a be the radii of the cylinders on which the unstrained 
and strained helices lie; «!, a the angles of the helices. Let the 
axes of the two cylinders be coincident and let it be taken as the 
axis of Z, the plane of XF being perpendicular to it. 

Let F, F' &c. be a series of consecutive points on the central 
line of the unstrained rod and let F^, F'^' &c. be the principal 
normals at these points. The angle between the consecutive 
planes ^FF', FF'^' is ds sin Kj cos Hi/oi where ds is the arc FF'. 
Let Fr), F'r/ be the binormals at the same points, then the 
curvature of the unstrained rod, measured, as in Art. 47, round 
the binormal, is ds cos^ aj/oi. Let Pf, P'f' be the tangents to the 
helix taken positively in the direction in which s is measured. 

Let the axes of ^, t) be fixed in the material of the rod and be the 
transverses of reference. When the rod is strained, let Fx, Py, Pz 
be the principal normal, binormal and tangent at P, then Pf 
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coincides with Pz, and P^ makes some angle with Px. The 
figure of Art. 54 may be used to represent the strained position 
of the rod, the axes Pf, Pt), Pf are not drawn but may easily be 
supplied by the description just given. 

The stress at the point P of the strained rod consists of (1) a 
force which we may suppose to be resolved into two components, 
one along the generating line of the cylinder and the other 
parallel to the plane of XY. (2) A couple G{t — t^, whose axis 
is the tangent Pz and two couples Ak, and — Ak-^, whose axes are 
Py and Pt) respectively ; where 

_ sin «! cos «! _ cos^ «! _ cos" a 

and rds is the elementary angle between the planes ^PP', PP'^' 
in the strained rod. 

Examining first the stress force, we find, as in Art. 54, that 
the component parallel to the plane of XF is zero. The stress 
force at every point P therefore acts along the generating line of 
the cylinder; let this force be R, and let it be transferred to the 
axis of the cylinder by introducing a couple Ra. 

Taking next the stress couples, we find by the same reasoning 
that the component about any axis parallel to the plane of XF is 
zero. Let us first equate to zero the moment about Px; since 
Px is perpendicular to Py, Pz and the axis of the couple Ra, and 
makes with Prj an angle ^tt + (^ we have k^ sin = 0. Since k^ is 
not zero, as in Art. 51, it follows that ^ = 0. The axes P^ and 
Px therefore coincide and the couples Ak and —Ak^ have a 
common axis Py, viz. the binormal of the strained helix. The 
angle rds is also equal to the angle between the consecutive 
osculating planes to the strained helix, i.e. r = sin a cos a/a. 

Equating to zero the moment about a perpendicular to the 
plane passing through Px and the generator of the cylinder, we 

have Ra— — A sina(/«: — «i)+ (7cosa(T — Tj) (1). 

Equating the moment about a generator to the corresponding 
moment at the terminal we have 

= Acosa{K — «i) + Csin«(T — Ti) (2). 

The curvatures and torsions are 

cos" «! cos" a sin a^ cos Kj sin a cos a 

Oi a Oi a 

56. If the spiral spring have a great many turns so that Kj 
R. s. II. 11 
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and a are both small, we have when the squares of a, , a are neg- 
looted ^, = _^«(l-l) + 0(«-g 

\a a^l 
If there be no couple G but only a force at each end pulling the 
spiral out, we deduce from these equations that a = Oj, so that the 
spring occupies a cylinder of the same radius as before the strain. 

We also have B,a = G -^ , 

a 

which is independent of the constant of flexure. It appears there- 
fore that the spring resists the 'pulling out chiefly by its torsion. 
This result is ascribed to Binet in 181.5 by Saint-Venant and by 
Thomson and Tait. 

Let I be the length of the spiral spring, h the elongation of its 
axis produced by the force R ; then 

I sin a — I sin a^ = h. 

Rejecting as before the squares of ai and a we find that R = G.j~^. 

This expression determines the force required to produce a given 
elongation in a given spring of small angle. 

57. Equations of Equilibrium. To form the general equa- 
tions of equilibrium* in three dimensions of a strained rod. 

Let P, P' &c. be a series of consecutive points on the central line 
of the unstrained rod. Let a series of transverses PK, P'K' &c. 
be drawn such that the angle of twist Tj is either zero or some 
arbitrary function of the arc s. Taking the transverse PL per- 
pendicular to PK, let the resolved curvatures about these lines 
be \i and k^. If these transverses are the principal flexure and 
torsion axes at each point of the rod they form a convenient 
system of coordinate axes. If not let some other system of axes, 
P^, Pt], Pf be chosen which are connected with the transverses 
PK, P'K &c. in a known manner. Let 0^, 6^, 0^ be the resolved 
parts of Ki, \i, Ti about the axes Pf, Pr/, Pf. Then, as explained 
in Art. 48, the axes at P may be brought into positions parallel to 
those at P' by rotations d^ds, d^ds, d^ds about themselves. 

* The general equations of a rod in Cartesian coordinates may be found in tbe 
Treatise on Natural Philosophy by Thomson and Tait, 1879. The intrinsic equa- 
tions, or those referred to moving axes, are given in the Treatise on Statics by 
Minehin, 1889. 
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When the rod is strained the axes P^, P-q, Pf will move with 
the material of the rod and assume new positions in space. Let 
these be Px, Py, Pz. Let Wids, to-^ds, cc^ds be the rotations by 
which the axes at P in the strained rod are brought into positions 
parallel to those at P'. The differences (toi — ^i) ds, (m^ — 6^ ds, 
(oos — 0s) ds may be used to measure the strains produced by the 
external forces. 

Let Ri, R^, Rs; L^, L^, L^ he the stress forces and couples 
which act at P on the element PP' in front of P and let them be 
estimated as positive when they act in the negative directions of 
the axes at P. Then Ri + dRi &c., L^ + dL,^ &c., are the corre- 
sponding forces and couples at P' and act on the element PP', 
behind P", in the positive directions of the axes at P'. Besides 
these the element is acted on by the impressed forces Fids, F^ds, 
Fsds and the impressed couples (if any) Gids, G^ds, Gsds. 

Since R^, R2, R3 are the components of a vector, viz. the stress 
force at P, the differences of the resolved parts at P and P' along the 
same set of axes are given by the rule for resolving vectors*, we 

therefore have — ,— — w A + co^Rs + Fi = 

ds 

* The following proof of the rule is the same as that given in the second volume 
of the Author's Rigid Dynamics. 

Describe a sphere of unit radius whose centre is at P and let the axes Px, Py, Pz 
cut its surface in x, y, z. Let parallels to the corresponding axes at P" drawn 
through P cut the surface in x', y', z'. Thus we have two spherical triangles xyz, 
a'j/V, all whose sides are quadrants. Also x, y, z are brought into coincidence with 
a;', yf, «' by the combined effect of the rotations u-^ds, w^ds, Ujds about Px, Py, Pz 
respectively. 

Let U,V,W\>e the components of the vector at P in the directions of the axes 
x, y, z, U+dU, &e. the components of the vector at P' along the axes x', y', z'. The 
difference of the resolved parts along the axis of x is then 

(U+ dU) cos xx^ + {V+dV) 00s xy' + {W+dW) 00s x/ - U. 
The rotations about Px, Py cannot alter the arc xy, but the rotation about Pz will 
move y' away from x by the arc a^ds. In the same 
way the rotations about Px and Pz cannot alter the 
are xz, but the rotation about Py will move z' to- 
wards X by the are ujffe. Therefore 

xy'=xy + asd!, xz'=xz-w^. 
Also the cosine of the are xal differs from unity by 
the square of a small quantity. Substituting w6 
find that the difference of the resolved parts along 
the axis of x is dXJ- Va^ds + Wia^s. 

If V, V, TT stand for R^, B^, R, we join to this the 
force Fjds, equating the result to zero and dividing 
by ds, we obtain the first of the six equations. If 
U, V, W stand for ij, I-a. is we add the couple ff,(Zs 
and the moments of the forces iJj + dPL^ &o. acting at P'- We thus obtain in the 
same way the fourth of the six equations, 

11—2 
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-^ (B,i?l + ft)ii?2 + -fa = 0. 

as 
In the same way since Li, L^, L, are the components of a vector, 

we have -^ — W3Z/2 + co^Ls + Gi + /ttiJg — vRi = 

-^ (Ul-Z/S + fOsL-i + G2 + vRi — XJJg = 

as 

, eSsZ^i + w-Jj^ + O3 + XiJa — /t-Bi = 0, 

where X, fi, v are the direction cosines of the arc PP' referred to 
the axes at P. 

The relations between the couples L^, &c., and the strains 
Wi — 61, &c., may be deduced from the expression for the work W 
given in Art. 62, by writing co^- 6^, &c. for k, t, X. Supposing for 
the sake of brevity that the axes are the principal flexure and 
torsion axes, we have 

L, = A{ay,-e,), L, = B(a,,-e,), L, = G (a,, - 0,). 
If the axes are the tangent at P to the central line and two per- 
pendicular axes, we have X = 0, ^ = and v = 1 ; but in all cases 
X, jjL, V are known from the given conditions of the rod. 

We thus have nine equations to determine the quantities 
Ri, i?2, R3; L^, L^, L^; ft),, 6)2, &)3. If the rod is extensible there 
will be another equation supplied by Hooke's law. 



ASTATICS. 



On Astatic Couples. 

1. The conditions of astatic equilibrium in two dimensions 
have already been investigated in the first volume of this treatise. 
We have now to consider what other conditions are necessary 
when the body is displaced in any manner in thi-ee dimensions*. 

2. We shall suppose, as before, that each force acting on the 
body retains the same direction in space, the same magnitude and 
continues to act at the same point of the body, for all displace- 
ments. 

The forces of a couple remain parallel, equal, and unaltered in 
magnitude as the body is moved, but the length of the arm is 
not necessarily the same. Let A, B be the points of application 
of the forces, then the distance AB is unaltered, and is called the 
astaiic arm of the couple. If in any position of the body the 

* The subject of Astatics appears to have been first studied by Moebius, who 
published his results in his Lehrbuch der Statik, 1837. Moigno also, in his Statique, 
has discussed the subject at great length. Minding in the fifteenth volume of 
Crelle's Journal gave the theorem that, whenever the body is so placed that the 
forces admit of a single resultant, that resultant intersects two conies fixed in the 
body. Many proofs have been given of this curious theorem ; we may mention that 
by Darboux, Tait's proof by quaternions modified by Minchin ; Larmor's proof with 
the use of the six coordinates of a line. 

Darboux published in the Memoires de la Societe des Sciences physique et 
Naturelles de Bourdeaux, t. ii. [2" S6rie), 2" Cahier, a very long paper on this subject. 
In contradiction to Moebius, he showed that when one point of a body is fixed there 
are in general tour positions, and only four, in which the body can be placed so that 
the forces are in equilibrium. These he called the initial positions of the body. 
His investigation is rather long and a different proof is given here. He also 
introduced the idea of a central ellipsoid analogous to the momental ellipsoid 
used in discussing moments of inertia. This result is given in Art. 14 of the text, 
and the general lines of his argument have been followed in that article. By the 
use of this ellipsoid he gave a geometrical turn to the proof of Minding's theorem, 
but it remained rather complicated. Extending the theory by considering all 
positions of the body, he showed that Poinsot's central axis formed a complex 
of the second order, such that each straight line is the intersection of two perpen- 
dicular tangent planes to the conies used by Minding. The first part of this result 
was subsequently arrived at by Somoff in 1879. 
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inclination of the astatic arm to the forces is 6, the arm of the 
couple is AB sin 6. 

The product of either force into the astatic arm is called the 
astatic moment of the couple. The astatic moment is of course un- 
altered by any change in position of the body. Kepresenting the 
astatic moment by K, the actual moment in any position of the 
body is K . sin 6. 

The angle 6 which the astatic arm makes with the force is 
called the astatic angle of the couple. 

Two couples are said to have the same astatic effect when they 
are equivalent in all positions of the body. 

For the sake of brevity the couple whose force is F and astatic 
arm is AB is represented by the symbol (P, AB). 

3. The astatic effect of a couple is not altered if we replace it 
by another having the same astatic moment, the astatic arms being 
parallel, and the forces acting in the same directions in space as 
before. 

Let the astatic arm AB be moved to a new position A'B' in 
the body. The extremities of the astatic arm of a couple are 
fixed in the body and move with it, thus as the body is displaced, 
AB and A'B' continue to be parallel to each other. The astatic 
angles of the two couples continue therefore to be equal to each 
other. Since the astatic moments are equal, it follows that the 
actual moments of the couples are equal. The two couples are 
therefore equivalent. 

It may be noticed that we cannot in general turn the astatic arm of a couple 
through any angle in the manner explained in Vol. i. Art. 92 ; for the planes of the 
couples may not remain parallel to each other, unless the displacements of the body 
are restricted to be parallel to the original plane of the couples. 

4. To find the astatic resultant of two couples whose forces are 
parallel but whose astatic arms are inclined at any angle. 

Let AB, A'B' be the astatic arms of the couples, the forces at 
A, A' being supposed to act in the same direction in space. 
Through any point draw OL, OM to represent the directions 
of AB, A'B' and let the lengths of OL, OM be proportional to the 
astatic moments of the couples. We shall now prove that the 
diagonal ON of the parallelogram described on OL, OM will 
represent in direction the astatic arm of the resultant couple and 
in length the magnitude of the astatic moment of that couple. 

Let the straight lines OL, LN be fixed in the body. By Art. 3 
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the two couples may be replaced by two others having OL, LN 
for their astatic arms and having the four forces all equal. The 
two forces acting at L being equal and opposite may be removed, 
so that the two given couples are equivalent to two equal and 
opposite forces acting respectively at and N. These two forces 
constitute a single couple having ON for its astatic arm and 
having its astatic moment proportional to the length of AN. The 
proposition is therefore proved. 

From this proposition we infer that the theorems used to 
compound forces apply also to compound the astatic arms of 
couples having their forces parallel. It is hardly necessary to 
add that the forces of the resultant couple are parallel to those of 
the two constituents. 

5. To find the astatic resultant of two couples whose astatic 
arms are parallel hut whose forces are inclined at any angle. 

Let AB, A'B' be the parallel astatic arms of the couples, both 
AB, A'B' pointing in the same direction in the body. Through 
any point draw 00 parallel to AB and also two straight lines 
OL, OM parallel to the forces at A and A' and proportional to 
the astatic moments of the couples. We shall prove that the 
diagonal ON of the parallelogram OLM represents the moment 
of the resultant couple, the plane of the couple is parallel to the 
plane NOG, and the astatic arm is in the direction of 00. 

Let the couples be referred to a common astatic arm along 00, 
the forces at are then represented by OL and OM. Proceeding 
as in Art. 4 the results stated are easily seen to be true. 

6. Working rule. Uniting these two propositions we may 
construct a rule to resolve or compound couples. 

When the forces are parallel we resolve or compound lengths, 
measured along the astatic arms and proportional to the astatic 
moments, by the parallelogram law, the new forces being supposed 
to act parallel to their former directions. 

When the arms are parallel we resolve or compound lengths, 
measured along the directions of the forces and proportional to 
the astatic moments, by the parallelogram law, the new arms 
being parallel to their former directions. 

7. There is one resolution of a couple which will be found 
useful afterwards. 

Let Ox, Oy, Oz be any set of Cartesian axes not necessarily 
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rectangular. Let («, y, z) be the coordinates of any point D, and 
let OB = r. Then a couple whose astatic arm is r and forces ± P 
may be resolved into three other couples whose astatic arms are 
situated in the axes of coordinates and whose lengths are equal to 
X, y, z. The forces of these couples are parallel to that of the 
original couple and their astatic moments Px, Py, Pz. 

Let us now take any three points A, B,G aa. the axes and let 
OA =a, OB = b, 00 = c. These three couples may be replaced by 
three others having OA, OB, 00 for their astatic arms. It follows 
that any force P acting at any point D may be replaced by four 
parallel forces acting at any four points A, B, and whose 
magnitudes are respectively equal to Pxja, Py/b, Pz/c and 
P(l-xla-y/b-zjc). 

Conversely, since these four parallel forces may be compounded 
into a single force equal to their sum and acting at the centre of 
gravity, it is evident that they are equivalent to the force /-* 
acting at the point (x, y, z). See Vol. I., Art. 80. 

8. Two couples cannot be astatically compounded together into a single resultant 
couple unless either the four forces are parallel or the two astatic anm are parallel. 

If possible let three couples be in astatic equilibrium. Transfer these parallel to 
themselves so that one force of each couple acts at the point 0. Let OA, OB, 00 
be the astatic arms, let OP, OQ, OR be the directions of the forces. Then as the 
body is displaced, OA, OB, OC are fixed in the body, OP, OQ, OR are fixed 
in space. 

If the four forces of any two of the three couples are parallel, the forces of their 
resultant couple are also parallel to them, by Art. 4. Thus equilibrium could not 
exist unless all the six forces were parallel to each other. In what follows, we may 
therefore suppose that no two of the three Unes OP, OQ, OR are coincident. In the 
same way no two of the three OA, OB, OC are coincident. 

Place the body so that OC, OR are in one straight line. Since in this position 
the couples {P, OA), (Q, OB) are in equilibrium, the planes POA, QOB coincide. 
Thus OA, OB lie in the plane POQ and continue to lie in that plane as the body is 
turned round OC. It follows that the axis OC must be perpendicular to this plane 
and therefore to both OA and OB. Similarly OA is perpendicular to both OB and OC. 

Supposing as before that OC, OR are in one straight line, it is clear that the 
body may be turned round OC uutU OA coincides with OP. The axis OB must 
then coincide with OQ, for otherwise equihbrium could not exist. Summing up, the 
axes OA, OB, OC are at right angles and the body can be so placed that the forces 
of the respective couples act along their astatic axes. 

Referring to the figure of Art. 76, Vol. i., we see that if the couple (P, OA) is a 
stable couple, the couple {Q, OB) must be unstable, for otherwise they would not act 
in opposite directions when the body is rotated about OC. Similarly by rotating 
the body about OB we see that (iJ, OC) is an unstable couple. Therefore (B, OC) 
cannot balance (Q, OB) when the body is rotated about OA. The three couples 
cannot therefore be in equilibrium in all positions of the body. 
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The Central Ellipsoid. 

9. To reduce any number of forces astatically to a single force 
and three cowples. 

Let the forces be F^, P^, &c. and let their points of application 
be Ml, Mi, &c. respectively. Let Ox, Oy, Oz be any axes, not 
necessarily rectangular, which are fixed in the body and move 
with it. Let {x, y, z) be the coordinates of the point of applica- 
tion M of any one force P, and let OM = r. 

Take three arbitrary points A, B, G on the axes of coordinates; 
let OA = a, OB = b, OC = c. By Art. 7 the force P acting at x, y, z, 
is equivalent to an equal and parallel force acting at 0, together 
with three astatic couples whose arms are OA, OB, OG respec- 
tively, whose astatic moments are Px, Py, Pz and whose forces 
are parallel to P. 

In this way all the forces may be brought to act at the origin 
parallel to their original directions. These may be compounded 
together into a single force, whose magnitude and direction in 
space are the same for all positions of the body. Let us represent 
this force by R. 

Each force P will also give a couple having OA for its astatic 
arm. Compounding the forces at the extremities of this common 
arm, all these couples reduce to a single couple. The arm OA of 
this couple is fixed in the body while the magnitude and direction 
in space of the forces are the same for all positions of the body. 
Let us represent the magnitude of either of its forces by F. 

The couples having OB, OG, for their astatic arms may be 
treated in the same way. Their astatic arms also are fixed in the 
body, while the magnitude and direction in space of the forces are 
always the same. Let these forces be G' and H. 

Summing up, we see that a system of forces can be reduced to 
a principal force R acting at any assumed base point 0, together 
with three couples {F, OA), (G, OB) and (H, OG), having their 
astatic arms arranged along any three assumed straight lines 
OA, OB, OG fixed in the body and not all in one plane. 

It may be seen that this reasoning, as far as we have gone, is 
the same as that used in the corresponding proposition when the 
body is fixed in space (Vol. i.. Art. 257). The difference is, that 
when the body has only one position in space these three couples 
may be compounded into a single couple. But no single couple 
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can be found which is equivalent to these, when the body may 
assume any position in space (Art. 8). 

10. Consider any one position of the forces and of the body. 
In this position let X, Y, Z, be the components along the axes of 
any force P. To find the resultant force R, we bring all these P's 
to act at the base 0. The force It is therefore the resultant of 
XX, SF, XZ acting at along the axes. To avoid the continual 
recurrence of the symbol S it will be convenient to represent these 
components by X^, Yo, Z„. 

To find the force F we seek the resultant of all the forces 
similar to Px/a acting at A. The force Fis therefore the resultant 
of the three forces "ZXxja, XYx/a, XZxja acting at A parallel to 
the axes. In the same way the forces and H are the resultants 
of XXyjb, tYy/b, XZy/b and of XXz/c, XYz/c, tZzjc. It will be 
found convenient to represent the summations XXx, XXy &c. by 
the symbols Xa,, Xy, &c. 

In this way the three couples {F, a), (G, b), (H, c) are resolved 
into nine elementary couples whose astatic moments are repre- 
sented by the constituents of either of the following determinatal 
figures 

couple {F, a) = tXx, XYx, XZx = X^, Y^, Z„ 
couple {G, b) = XXy, tYy, %Zy = Xy, Yy. Zy 
couple {H, c)=XXz, XYz, %Zz = X„ Y„ Z, 
where the common arms of the three couples in the first, second 
and third rows are OA, OB, OG respectively. Thus the small 
letter or suffix indicates the axis on which the astatic arm is 
situated, while the large letter indicates the direction of the force. 
This convenient notation is the same as that used by Darboux. 

These will be referred to afterwards as the nine elementary 
couples. Together with X^, Yo,Z„, the three force components, we 
thus have twelve elementary quantities for each base point. 

For the sake of brevity we shall represent the couple (F, a) 
(G, b), (H, c) by the symbols Kx, Ky, K^. 

As we are chiefly concerned with the astatic moments of the 
couples, the forces and arms are separately of only slight import- 
ance. It is often convenient to choose the arms of all the couples 
to be unity and positive. The signs of the forces alone then 
determine the signs of the moments. In other cases it is found 
advantageous to make the forces of all the couples equal to the force 
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R. The forces then divide out of the equations, leaving relations 
between lengths only. 

It will be found useful to remember that the direction ratios of 
any one of the forces F, G, H are proportional to the constituents of 
the corresponding row of the determinantal figure. An interpre- 
tation of the symbols when taken in columns will be found 
later on. 



AZ, 




The figure represents the relation of the elementary couples to 
the axes. To avoid complication the forces at are omitted. 
The directions of the forces at the extremities A, B, G of the 
astatic arms are shown by the arrow-head, each arrow-head being 
marked by the astatic moment of the corresponding couple. 

11. Conditions of equilibrium. If a system of forces be in 
astatic equilibrium each of the twelve elements is zero. 

Resolving parallel to the axes we have X^ = 0, F„ = 0, Z^ = 0. 
Taking moments about the axes of coordinates we have 

Zy — y^ = 0, A.-1 — Za; =0, 1; a; ~ Xy = 0. 

But the body must be in equilibrium in all positions. Instead 
of turning the body round any axis, let us turn every force in 
the opposite direction round a parallel axis through its point of 
application. First let the rotation be about an axis parallel to x 
through a right angle. The X forces are all unchanged, but the 

Y forces now act parallel to z in the positive direction while the 
Z forces act parallel to y in the negative direction. Hence, writing 

Y for Z and - ^ for F in the equations of moments already found, 
we have Yy + Zg = 0, X^—Y„ = 0, —Z^ — Xy = 0. 

Joining these to the preceding equations we find Z„ = 0, 
Xy = 0, Xz = 0, F-c = 0, i.e. every constituent with an x in it 
(except X^ is zero. 
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In the same way by turning the system round y we find that 
all the constituents are zero except X^, Yy, Z^. But we also find 
that Yy+Zt = 0, ^2 + Xa; = 0, Zic + Fj, = 0. Hence each of the 
three X^c, Yy, Z^ is also zero. 

Thus all the twelve elements are zero. 

12. If two systems of forces he referred to the same origin and 
awes they cannot be astatically equivalent unless the twelve elements 
are equul each to each. 

Let the twelve elements of the two systems be X^ &c., X^ &c. 
If we reverse the forces of the second system, the two systems 
together would be in equilibrium. Hence X^ — X^ = 0, &c. = 0. 

Thus all the elements are equal each to each. 

13. Ex. 1. If the same system of forces can be astatically represented in either 
of two ways viz. (1) by three forces (F, G, H) acting at {A, B, G) or (2) by three other 
forces {F', G', H'j acting at {A', B', C') prove that (unless the system can be reduced 
to two astatic forces instead of three) the planes ABC, A'B'C' must coincide. 

Let us first suppose that the three forces F, G, H, are not all parallel to one 
plane. Take the plane A'B'C' as the plane of xy. We have X^, Y^, Z^, the same 
for both systems. But since the ordinates of the points of application of F", G', H', 
are zero, each of the three X^, Y^, Z^ must be zero. Consider the equation Z, = 0. 
Place the body in such a position that the forces F, G act parallel to the plane 
A'B'C. This is possible since a plane can be drawn parallel to any two straight 
lines. Then by hypothesis the direction of K will not be parallel to the plane 
A'B'C. The components of the forces F, G, parallel to the axis of 2 are now zero. 
Hence Z^ must be zero for the single force H. Thus either H= or the ordinate 
of its point of application is zero. Supposing F, G, H to be all finite, it follows 
that C lies in the plane A'B'C. By similar arguments we prove that the other points 
A, B also lie in the same plane A'B'C. 

Next, let us suppose all the three forces F, G, H are parallel to one plane. In 
this case one of the forces as H can be resolved into two components/ and g parallel 
to F and G respectively. Bach of the two sets of parallel forces (/, F) and (g, G) 
can be replaced by a single force at its centre of parallel forces. The system 
F, G, H can therefore be reduced to two astatic forces. 

Ex. 2. If a system of forces F, G, H, acting at the corners of a triangle ABC, 
can be reduced to two astatic forces F', G' acting at two points A', B', then either the 
forces F, G, H are all parallel to one plane or the triangle ABC is evanescent. 

We need only to examine the case in which F, G, M are all finite, for, if one be 
zero, the other two are necessarily parallel to one plane. 

The system F', G' can be regarded as the limiting case of a triangle of forces 
F', G', H' acting at the corners of a triangle A'B'C where H' is zero and the position 
of C is arbitrary. If then the forces F, G, H are not all parallel to the same plane 
it would follow from Ex. 1 that all the corners A, B, C lie in the plane A'B'C. But 
this is impossible since C is an arbitrary point unless the triangle ABC is evanes- 
cent and lies in the straight line A'B'. 

14. The central ellipsoid. A base point having been 
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chosen, the axes Ox, Oy, Oz are arbitrary. We shall now show 
that there is one system of axes which will enable us to analyse 
the system of forces more simply than any other. 

Let Oal, Oy', Oz' be a second system of axes also fixed in the 
body. Let A', B', C be points taken arbitrarily on these axes, 
let their distances from be a', h', c'. Let F', 0', H' be the 
forces which act at A', B', C. We shall suppose both systems of 
axes to be rectangular. 

As the body is moved about, the forces F', 0', H' keep their 
directions in space unaltered, so that as regards the body the 
points of application and the magnitude of each force are the 
only elements fixed. Let us then find the magnitude of the 
force F' which acts at A', the forces aX 0, A, B, G being regarded 
as given. To effect this we shall resolve the arms of each of the 
nine elementary couples along OA', OB', OC, keeping the forces 
unaltered. We shall reserve for examination only those com- 
ponents whose arms are along OA'. ^ 

Let {I, m, n) be the direction cosines of the axis Ooa'. Then 
the groups of couples {X^, Xy, X^\ (F^, Yy, Y^\ {Z^, Zy, Z^ 
yield three component couples having their forces parallel to 
X, Y, Z respectively. Their astatic moments are (Art. 6), 
XJ, -H Xyin + Xgn = L^ , 
YJ, + Yym + Y^n = L^, 
ZJ, + Zym + Z^n = is. 
These couples have a common arm OA' and their forces are at 
right angles. Compounding them we have ■ 
{F'a'f = {XJi+Xym+X^ny+{YJ,+Yym+Y^nf+{ZJ, + Zym + Z,nf. 
The direction cosines of the force F' are proportional to the three 
moments Zj, L^, L^. 

We notice that this expression for F'a' contains only the 
direction cosines of OA', and does not depend on the position 
of OB' or OC, except only that these must be at right angles to 
OA'. We are thus able to consider the couple whose arm is OA' 
apart from those whose arms are OB' and OC. 

Let us measure along OA' a length OP', such that OP' is 
inversely proportional to the astatic moment of the couple whose 
arm is OA'. For convenience we shall suppose the product of 
OP' and this astatic moment to be unity. Thus OP'. F'a' = 1. 
Let OP' = p, and let |, oj, if, be the coordinates of P' referred to 
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the original axes Ox, Oy, Oz. Then ^ = lp, 'r} = mp, ^ = np. We 
therefore find for the locus of P' the quadric 

1 = (X,f + Xyv + x,^Y + ( F,f + Yyj, + Y,0' + (Z.^ + Zyv + zj;y. 

15. This quadric may be regarded as defined by a statical 
property, viz. if any radius vector be taken as the axis Oaf, the 
astatic moment of the corresponding couple {F', a') is measured 
by the reciprocal of that radius vector. It follows that whatever 
coordinate axes Ox, Oy, Oz are chosen we must have the same 
quadric. The equations to the quadric when referred to different 
sets of axes may be different, but the quadric itself is always the 
same. The quadric is therefore to be regarded as fixed in the 
body. Any point of the body may be chosen as the base 0, and 
every such base has a corresponding quadric whose centre is at 
the base. This quadric is called the central ellipsoid of that point. 
It is also called Darboux's ellipsoid. 

16. Let us represent the astatic moment of the couple whose 
astatic arm is directed from a given base along the radius vector 
p by the symbol Kp. In the same way the astatic moments. Fa, 
Oh and He, of the couples whose astatic arms are directed along 
the axes will be represented by Kx, Ky, K^. With this notation 
we have ^ X/ + Y^^ + Zi = PW = K^, 

' Xy' +Yy' + Zy^ = 0%' =^ Ky', 

Z/ + 7/ + Z,^ = ifV = Ki ; 

XyX;^ + Yy Y^ + ZyZ^ = KyKg COS OL, 

X,X^ +Y,Y^ + Z,Zx = K,K^ cos /3, 
XxXy+ Ya;Yy + ZxZy = KJCy COS 7 ; 
where a, /S, 7, are the angles between the directions of the forces 
{0, H), (H, F), (F, G) of the couples K^, Ky, K,. 

Expanding the squares, the equation to the central ellipsoid 
of the origin may be written in the form 

ff/|2 + Kfy^ + K^^^ + 2KyK, cos ar,i+ 2K^^ cos /Sf? + 2KJCy cos 7I1, = 1. 

Also if K' be the moment of the couple corresponding to the 
arm OA', whose direction cosines are I, m, n, we have 

K'^= K\P + Kyhrfi + K^^ + iKyK^mn cos a + iKJC^nl cos /S f iKxKylm cos 7. 

It may be useful to state the rule by which the sign of any of the astatic 
moments K^, Ky, K^ is determined. The directions of the forces being fixed in space, 
there is for each line of action a positive and a negative direction determined 
by reference to some axes fixed in space. The astatic arms are measured in 
the body, and for each of these also there is a positive and a negative direction. Now 
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imagine the eonple moved parallel to itself until either extremity of its astatic arm 
is placed at the origin, so that one force acts at the origin. The moment is then 
the product of the astatic arm into the other force, when each is taken with its 
proper sign. 

17. Show that the discriminant of the central ellipsoid at the origin is equal to 
{eVFGHf, where V is the volume of the tetrahedron OABC. 

Prove also that the minors of the coefficients ^, ip, f^ in the discriminant are 
(KyK^sinaf, (K^^sm^Y and (KJCySinyf, respectively. 

If parallels to the directions of the forces F, G, H are drawn from the centre of a 
sphere to cut the surface, the arcs joining the points of intersection form a spherical 
triangle whose sides are a, /3, y. If 6, <p, ^ be the opposite angles, the minors of 
the coefficients of jjf, ff, |i; in the discriminant are respectively 
- KyKJC^^ sin |8 sin 7 cos e, - K^JHy^ sin 7 sin a cos and - KJCyK^^ sin o sin j8 cos i^. 

Ex. 2. An astatic arm OP moves about any given base point O so that its 
corresponding astatic moment is constant. Show that OP traces out a cone in the 
body coaxial with the central ellipsoid at 0. 

Ex. 3. If Ox, Oy, Oz be any rectangular axes meeting at a fixed origin 0, 
K^, Ky,K^ the corresponding astatic moments, prove that K^+Ky^+K^ is invari- 
able for all such axes. 

Since this expression is the first invariant of the central ellipsoid at the pro- 
perty follows at once. It also follows from the geometrical property of an ellipsoid, 
that the sum of the squares of the reciprocals of three diameters at right angles is 
constant. 

18. If we refer the central ellipsoid to its principal diameters 
as axes of reference, the equation loses the terms containing the 
products of the coordinates. If F, G, H represent the forces of 
the three couples for this position of the axes, the equation is 

F'a?^+ G'^if + HVIQ = 1. 
The quadric is therefore in general an ellipsoid. If one of the 
three forces is zero, i.e. if one of the couples is absent, the quadric 
reduces to a cylinder. 

Since the terms containing the products ^r\, tj^, ff are absent, 
it follows that if the three forces F, G, H are all finite, their 
directions are at right angles to each other. If one force is zero, 
the other two must be at right angles. 

Summing up, we see. that whatever point of the body we choose 
as base, there are always three straight lines at right angles, fiased 
in the body, such that, when these are taken as the astatic arms of the 
couples, the forces of the couples act in directions at right angles 
to each other and are fixed in space. 

In this way we have for each base point two convenient 
systems of rectangular axes, one fixed in the' body, viz. the astatic 
arms of the couples, the other fixed in space, viz, the directions of 
the forces. 
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The axes fixed in the body are called the principal axes of the 
base. The couples are then called the principal couples. 

19. The initial position. The base point being regarded 
as fixed, and the body referred to principal axes, it is evident that 
we may turn the body about until the system of axes fixed in 
the body coincides in position with the system fixed in space. 

The peculiarity of this position of the body is that the forces 
of each of the three couples act along the astatic arm of that 
couple. The moments of the couples are therefore zero. The 
forces Pi, Pa, &c. of the given system reduce to the single resul- 
tant R whose line of action passes through the given base. 

This is called an initial position of the body and the couples 
are then said to be in their zero positions. 

The body being placed in an initial position, it is clear that if 
we turn it round any one of the astatic arms through two right 
angles, the same property will recur again, i.e. the force of each 
couple will act along its astatic arm. Thus any base being given 
there are at least four corresponding initial positions. 

Though in all these four positions of the body the two systems 
of axes coincide in position, yet the positive direction of an axis 
of one system may be the same as either the positive or the 
negative direction of an axis of the other system. It is usual to 
choose the positive directions of one system so that in one of these 
four positions of the body the two systems of axes may have the 
same positive directions as well as coincide in position. This 
initial position is called the positive initial position. 

20. When the body is placed in a positive initial position the 
nine elementary couples described in Art. 10 are reduced to 

Xy = Yy F,= 0, 

Z, = Yy = Z,. 

The equation to the central ellipsoid then takes the simple 
form Xi^ + Yy^Tj"^ + Z,^^ = 1. 

If {I, m, n) be the direction cosines of any other arm OA' the 
direction cosines of the force F' acting at its extremity are 
proportional to X^l, Yym, Z^n, 

and {F'a'f = X^H'' + Yy'm!' + Z^^n\ 

Thus the direction and magnitude of F' have been found. If 
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the body is now moved into any other position, F' continues to act 
in the same direction in space and therefore continues to make 
the same angles with F, G, H that it made in the initial position. 

21. There are no other positions besides the four initial positions in which a body 
can be placed so that the system offerees may reduce to a single resultant which passes 
through the given base, except when the central ellipsoid at the given base point is a 
stirface of rerolution. 

Let OA, OB, 00 be the principal axes at the given base 0. Let OF, OG, OH he 
three straight lines at right angles drawn parallel to the forces of the corresponding 
couples. In order to use conveniently the formulae of spherical trigonometry we 
suppose these axes to cut the surface of a sphere whose centre is at in the six 
points A, B, C, F, G, H. The planes of the couples are the planes which contain 
the astatic arms and the forces, and are therefore the planes of the spherical arcs 
AF, BG, GH. If their astatic moments are K^=Fa, Ky=Gb, K^=He their 
moments in any position of the body are K^ sin AF, Ky sin BG and K^ sin GH. 

C 
G y- 




When the body is in an initial position the spherical triangles coincide. Starting 
from this position, the body may be brought into any other by turning it round 
some axis 01. If this axis intersect the sphere in I, the spherical arcs lA, IB, IG 
are respectively equal to IF, IG, IH, and if 2ai is the angle of rotation, the angles 
AIF, BIG, CIH are each equal to 2w. Join AF, BG, GH by arcs of great circles 
and draw the perpendicular arcs IL, IM, IN. 

If this position of the body can be one of equilibrium when the base is fixed, the 
three couples must balance each other. Eesolving the axis of each of these along 
and perpendicular to 01, the moments of the three latter components are respect- 
ively K^siaAFcosIL, K^sin BG cos IM, and K^siaCHeosIN. Since the three 
components are in equilibrium, these moments must be proportional to sin MIN, 
sin NIL, sin LIM that is to sin BIG, sin CIA and sin AIB. 

For brevity let a, p, y represent the arcs lA, IB, IG. Since BG is a right angle 
we have cos /3 cos 7 + sin p sin 7 cos BIO= cosBG=0 

.: siu^jSsin^v sin2£I(7=sin*/3siu2 7-cos2j3cos2 7 
= l-oos2/S-oos^7 
=cos'a. 
Again, sin AF cos IL = 2 sin ^AF cos a = 2 sin a cos a sin u. 

Similar expressions hold for the other angles. 

Substituting these values in the condition of equilibrium, and dividing out the 

E. S. II. 12 
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common factors, we have K^=Ky''=K^. Thus the proposed position of the hody 
cannot be one of equilibrium when the base is fixed unless the ellipsoid is a sphere. 

This argument assumes that none of the factors divided out are zero. We must 
therefore examine separately the case in which I lies on one of the principal planes. 
If I lies on BG, the first component is zero, and the other two are Ky sin BG cos IM 
and K^ sin CH cos IN. The condition of equilibrium is that these moments should 
be equal ; hence K/ sin^ ^ cos* |3 = K^^ sin' y cos* 7. 

Since j8 and 7 are complementary, this requires that Ky^=K^, i.e. the ellipsoid is 
one of revolution. 

Lastly, if I is at the point G, each of the three component couples is zero. The 
component having 01 for its axis is then the sum or difference of the couples 
K^svaiia, Kysmiia. Since this component also must vanish we again have 
K^=Ky^, i.e. the ellipsoid is one of revolution. 

22. Ex. 1. The body being placed in a positive initial position, prove that the 
direction of P is parallel to the normal to the ellipsoid XJ^+Y^''+Z^i^=l drawn 
at the point where OA' outs the ellipsoid. This ellipsoid is called the second central 
ellipsoid of Darhoux. 

Ex. 2. The body being placed in a positive initial position, a straight line OQ is 
drawn from the base parallel and proportional to the force F' for all positions of 
OA' in the body. Prove that the locus of Q is the ellipsoid 

(i)'^(ft)'HI.)'-- 

This is called the third central ellipsoid of Darboux. 

Prove also that, if the arms OA', OB', OG' be at right angles, the corresponding 
forces P, G', H' are parallel to a system of conjugate diameters in this third ellipsoid. 
This and the last example are due to Darboux. 

Ex. 3. When the body is in a positive initial position for any base, prove that 
the direction of the force corresponding to any astatic arm OA' is parallel to the 
eccentric line of OA' in the central ellipsoid of the given base. 

The Central Plane and the Central Point. 

23. To compare the central ellipsoids at different points of the 
hody. 

Suppose the forces to be referred to any base and any axes 
Ox, Oy, Oz, and that the nine elementary couples and the three 
force-components are known for these axes. We shall now find 
the corresponding quantities when some point 0', whose coordi- 
nates are (p, q, r), is taken as the base. 

Through 0' we draw axes O'x', O'y', O'z' parallel to («, y, z). 
The nine elementary couples may be transferred to these new 
axes without any change (Art. 3). But the three force-components 
will introduce new couples. By Art. 7 the component JTq acting 
at may be transferred to the origin 0' if we introduce the new 
couples (X„, — p), (Xo, — 9'),(Xo, - r), the coordinates of refen-ed to 
0' being (— p,— q,— r). Similar reasoning applies to the components 
Fo, Zf,. Hence we have for the nine elementary couples at 0' 
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X^ = Xa, - X„^, YJ =Y„- F„p, Z^ = Z^- Z^p, 

Xy' =Xy- X,q, F/ =Yy- Y,q, Zy' = Zy- Z,q, 

X; = X, - X„r, Y; = F, - Y,r, Z; = Z,- Z,r. 

The equation to the central ellipsoid at 0' is therefore, by 
Art. 14, 

{(Z, - X,p) r + {Xy - X,q) r{ + (Z, - X„r) ?t 
+ {(F, - Y,p) f ' + {Yy - F„?) V + (F, - Y.t) r}^ 
+ {(^, - V) ^' + (^3/ - ZS rt' + (^, - Z,r) n = 1 ; 
the origin of the running coordinates ^', 17', f ' being 0'. 

24. If the principal force R is zero, we have Xj = 0, Fo = 0, 
^0 = 0. In this case the central ellipsoid at 0' is the same as that 
at 0. Thus the central ellipsoids at all base points are similar 
and similarly situated. 

25. The Central Plane. If the principal force R be not zero 
the form of the central ellipsoid will depend on the position of the 
base point. We notice that the three planes 

(X^ - X,p) f ' + {Xy - X,q) r,' + (X, - X,r) ?' = 0, 
(F, - F„p) r + {Yy - YS V + (F, - F„r) ^ = 0, 
{Z^ - Z,p) r + {Zy - Z,q) 7,' + {Z, - Z,r) ?' = 
are conjugate planes. 

If the central ellipsoid is a cylinder all the conjugate planes 
pass through the axis of the cylinder, and the equations to the three 
conjugate planes are then not independent. We thus have the 
determinantal equation 

Xx — Xop, Xy — X^q, 



Xz - XoV, 

Y, - F„r, 
Zz - Z,r, 



= 0...(1). 



= 0. 



.(2). 



^x ~ ZoP> Zy — Z^q, 

This equation may be written in the form 

Xo Xa Jiy Jig 

Y Y Y V 

Za Zx Zy Zz 

\ p q r 

When p, q, r are regarded as the running coordinates, this is evi- 
dently the equation to a plane. The peculiarity of this plane is 
that, if any point on it is chosen as base, the central ellipsoid is a 
cylinder. This plane is called the central plane. 

12—2 
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26. Since the central ellipsoid at every point is fixed in the 
body the locus of base points at which the ellipsoid is a cylinder is 
also fixed. The central plane is therefore fixed in the body. In 
discussing its properties we may put the body into any position 
we please. 

Take any point on the central plane as base, and let the 
body be placed in an initial position. By Art. 20 all the nine 
elementary couples, except X^, Ty, Z^, are zero. Since the 
ellipsoid is a cylinder one of the three X^, Yy, Z^ is also zero, 
say Xx = 0. Substituting in the second form of the equation to 
the central plane given in Art. 25, we see that it becomes 
pXoTyZg=0. If any one of the three X^, Yy, Z^ is zero, the 
equation to the plane is indeterminate, but if all these are finite, 
the equation to the central plane is p = 0. It follows therefore 
that the infinite aids of the central ellipsoid at any point of the 
central plane is perpendicular to that plane. 

27. This leads to a simplified reduction of the forces 
Pi, Pa, &c. Let us take the base of reference at any point 
of the central plane, and the principal diameters of the central 
cylinder as axes of coordinates. The moment of that principal 
couple whose astatic axis is along the infinite axis of the cylinder 
is measured by the reciprocal of that axis, and is therefore zero. 
Thus all the forces have been reduced to two couples (instead of 
three) and a force R. The astatic arms of the couples lie in the 
central plane and the forces of one couple are perpendicular to 
those of the other. 

28. The Central Point. It has been proved in Art. 10 that a 
system of forces may be reduced to a principal force R at the base 
of reference and three couples having their arms directed along 
any three straight lines at right angles. Let us now enquire if a 
base 0' can be found such that each of the forces of the couples 
are perpendicular to the principal force. 

If one system of axes O'A, O'B, O'G at any base 0' possess this 
property, then every system of axes at that base will also possess 
the same property. To prove this, let O'A', O'B', O'C be any 
other such system of axes. To deduce the forces at A', B', C 
from those at A, B, G, we resolve the arms OA, OB, 00 in the 
directions OA', OB', 00' and transfer the forces parallel to them- 
selves, see Art. 6. Since each of the forces at A, B, G is 
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perpendicular bo the force R, it follows that the forces at A', 
B', C", which are compounded of these, are also perpendicular 
to R. 

Let Ox, Oy, Oz be any given rectangular axes, and let p, q, r 
be the coordinates of 0'. Through 0' draw a system of axes 
O'x', O'y', OV parallel to Ox, Oy, Oz. Then, by what has just 
been proved, the couples corresponding to these axes must have 
their forces perpendicular to R. If the nine corresponding ele- 
mentary couples are X^ &c., the conditions of perpendicularity are 

XoXx + Fo YJ + ZiJZx = 0, 
and two similar equations obtained by writing y and z for x in the 
suffixes. Substituting for X'^, &c. tlaeir values given in Art. 23, 
we find R-'p = Z„Z^ + F„F„ + Z^^, 

R\ = X,Xy+Y,Yy+ZJZy, 

B?r = X,X,+ Y,Y, + Z^,. 
Since these give only one set of values for p, q, r there is but one 
point which possesses the given property. This point is called 
the central point. 

29. The central point lies on the central plane. To prove this 
let us consider the principal axes at the central point. Since the 
forces of the three couples are at right angles to each other, they 
cannot all, if finite, be perpendicular to the principal force. One 
of these must therefore vanish. The central ellipsoid is therefore 
a cylinder, i.e. the central point lies on the central plane. 

That the central' point lies in the central plane may also be 
proved by substituting its coordinates in the equation (2) of the 
central plane found in Art. (25). These coordinates p, q, r are 
given in Art. 28, and a simple inspection shows that the equation 
is satisfied. 

Thus it appears that there is a certain point, lying on the central 
plane, such that the forces of the two principal couples at that point 
are at right angles to each other and to the principal force. This 
point is called the central point. 

The central point iu the three dimensional theory has not the same signification 
as the central point defined iu Vol. i., Art. 160, with reference to two dimensions. In 
the latter the displacements of the body are confined to one plane, and for such dis- 
placements the single resultant always passes through a central point fixed in the 
body. In the former the displacements are unrestricted so that the lines of action 
of the forces do not necessarily remain in one plane. 

The preceding theorems on the central plane and central point are generally 
given in treatises on A statics, though the demonstrations in each may be different. 
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30. We may express the formulce for the coordinates of the 
central Paint in the form of a working rule. 

As already explained in Art. 9 the forces are represented by 
Pi, Pa, &c. Their points of application are M^,, M^, &c. and their 
coordinates are (x^, y^, z^), {x^, y^, z^, &c. Also let the direction 
cosines of Pj, Pj, &c. be respectively (di, 61, c^), (a^, h, Ca), &c. 
Then X^ = P^a^x^ + P^a^^ + ... Zo = Pifti + P^a^ + ... 
Y„ = PAcox + P^h^, + ■■■ F„ = P161 + PA + ■ • • 
Zx = PiCiXi + PiC^i + ... Zo = PjCi + P^i + ... 
Let ^12, ^13, &c., be the inclinations of the forces (Pj, P^ (Pj, Pj) 
&c. Then cos 6^^ = a^a^ + 6A + CiCa &c. 

Substituting in the expression for p, Art. 28, we have 

PiQi«h. +PiQ^i + ... 
P- P,Q, + P,Q.+ - 
where Qi = Pi + -P2 cos ^12 + P3 cos On+ ■.• 

Qa = Pi cos ^13 + Pa + P3 cos ^23 + . . . 

&c. &c. 

It is evident that Qi is the sum of the resolved parts of all the 
forces in the direction Pi, Qa is the sum of the resolved parts in 
the direction Pa, and so on. 

The equation just arrived at is the common formula for the 
centre of gravity of weights PiQi, P2Q2 &c. Similar equations 
hold for q and r. Hence we have this rule. To find the central 
point of any number of forces, we first multiply each force by the 
sum of the resolved parts of all the forces along the direction of that 
force. We then place weights proportional to these products at the 
points of application of the forces. The centre of gravity of these 
weights is the central point required. 

31. Ex. Show that the equation to the central plane, referred to any axes, 
when expressed in terms of the forces and their mutual inclinations takes the form 

where Af = SPiPaPj^i^s 



Xi, iBj, iCj 


and 7128= 


<ht «2' ^s 


Vv 2/2. Vs 




61. 631 h 


h' ^> «3 




«i) Ca, C3 



The coefficient L^ is derived from M by writing unity for each of the x's in the 
determinant, Ly is derived from M by writing unity for each y, and so on. 

To prove this, we start with the equation (2) of the central plane given in Art. 
25 and make the same substitutions as in Art. 30. On writing down the determi- 
nant it will be seen that the determinants L^, Ly, L, may be obtained from the 
determinant M by the rule just stated. The determinant M when expanded takes 
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the form of a series of products of triplets of the forces. To iind the coefficient of 
PjP^s we put all the other forces equal to zero ; the determinant then assumes the 
known form of the product of the two determinants just written down. 

32. Summary. It will be convenient if we now svuu up shortly the gradual 
steps made in reducing a system of forces to its simplest equivalents. 

1. In Art. 9 the forces were reduced to a force R at an arbitrary base point 
together with three couples whose arms Ox, Oy, Oz are arbitrary. 

2. In Art. 18 it was shown that at the arbitrary base the arms Ox, Oy, Oz 
could be chosen at right angles to each other so that the forces of each couple are at 
right angles to the forces of the other two couples. These arms are called the prin- 
cipal axes at and are fixed in the body. 

3. In Art. 25 it was shown that, if the base point is placed anywhere on a 
certain plane fixed in the body, the forces can be reduced to the single force R 
together with two couples. The arms of these couples are at right angles and lie in 
the plane. The forces also of each couple are perpendicular to those of the other. 
This plane is called the central plane. 

4. In Art. 28 it was shown that if the base point is placed at a certain point on 
the central plane the forces of the couples are perpendicular to the force R. Thus 
the forces of the original system can finally be reduced to a force R together with 
two couples whose arms are at right angles and such that the forces of each couple 
are not only perpendicular to those of the other but are also perpendicular to the 
force R. This base point is called the central point. 

The principal axes at the central point are two straight lines lying in the central 
plane and a third perpendicular to that plane. The two former are called the central 
lines of the central plane. The latter is sometimes called the central axis. But it 
must not be confused with Foinsot's central axis with which it coincides only when 
the body is properly placed. It bears indeed a certain resemblance to Foinsot's 
central axis, for the system is reduced to a force and two couples (instead of one) 
such that the forces of the couples are perpendicular to the force. 

33. Analogy to Moments of inertia. Ex. 1. If K be the astatic moment of 
the couple corresponding to any astatic arm OP drawn from the central point 0, 
prove that the astatic moment K' of the couple corresponding to any parallel arm 
O'P' drawn from any point 0' is given by K'^=K'^ + R^'^-^')a.ei6p is the projection of 
00' on either astatic arm. 

Thus, a motion of the base in a direction perpendicular to the astatic arm does 
not alter the magnitude of the astatic moment but a motion along the arm from the 
central point increases the moment. 

Ex. 2. If K^, K^, Kg be the astatic moments corresponding to the principal 
astatic axes Ox, Oy, Oz drawn from any point 0, prove that the astatic moment K 
corresponding to any arm OP making angles o, ft y with the axes is given by 
K'=Ei'oos'a + K^^ ooa^fi+K^^ oos^y. 

It appears from these two propositions that the theory of astatic moments 
of couples has an analogy to the theory of moments of inertia. The square of the 
astatic moment about an arm drawn from in any direction OP corresponds 
to the moment of inertia of a rigid body with regard to a plane drawn through 
perpendicular to OP. By noticing this correspondence we may deduce the 
analogous propositions in the two theories one from the other. 

It is clear from these two propositions that the mass of the rigid body is 
analogous to the square of the principal force R, and that the centre of gravity 
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must be at the central point. For any base in the central plane the moment 
of the couple whose astatic arm is perpendicular to that plane is zero, hence 
the rigid body must be a lamina ■whose plane is the central plane of the forces. 
See a note at the end of the volume. 

As moments of inertia are usually studied in close connection with Eigid 
Dynamics it is premature to use this analogy as a means of proof in a treatise 
on Statics. 

The Confocals. 

34. To investigate the mode in which the central ellipsoids at 
different bases are arranged about the central point. 

Let the central point be chosen as the origin and the principal 
diameters of the central ellipsoid as axes of coordinates. Let the 
infinite axis be the axis of x, then the plane of yz is the central 
plane. 

As we are enquiring into the positions of the neighbouring 
central ellipsoids, and as these are fixtures in the body, we may 
put the body itself into any position we may find convenient. 
Let it be placed in its positive initial position with the central 
point as the base. 

In this position all the nine elementary couples are zero, 
except Yy and Z^. Also A'o = B, Y„ = 0, Zf, = 0. The central 

ellipsoid at the origin is Y/7j^ + Z^^^^= 1 (1). 

The central ellipsoid at any point 0' whose coordinates are p, q, r, 

is Yy'v" + ZzV + R' (pI' + qv + rty = 1, (2), 

where (^', t/', f ') are referred to axes meeting at 0' parallel to the 
axes X, y, z, Art. 23. 

Let an astatic arm O'A' move about O so that the correspond- 
ing couple {F, OA') has a constant astatic moment equal to M, 
and in any position let (l,m,n) be its direction cosines. Then, 
since the moment M (Art. 14) is the reciprocal of the correspond- 
ing radius vector of the central ellipsoid, we see that l,m,n are 
connected together by the relation 

Yy^'m? + Z^n^ + B" {pi +qm+ rnf = M' 

.: MH^ + (M^ - F/) m? + (M' - Z/) w^ = R(j)l + qm + rn)\ . .(3). 

Now, after division by R', the left-hand side of equation (3) 

expresses the square of the perpendicular drawn from the central 

point on a tangent plane to the ellipsoid 

P r)'^ f" 1 
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and the right-hand side of (3) expresses the square of the perpen- 
dicular from the central point on a plane through 0' parallel to 
that tangent plane. The equation (3) therefore shows that this 
tangent plane passes through 0'. Hence we infer that if O'A' 
move about 0', so that the corresponding astatic moment is constant 
and equal to M, then O'A' is always perpendicular to a tangent 
plane drawn from 0' to touch the confocal (4). 

These tangent planes all touch the enveloping cone of the 
confocal (4), and the axis O'A' traces out the reciprocal cone of 
this enveloping cone. These two cones are known to be co-axial 
and their axes (Art. 17, Ex. 2) are in the same directions as those 
of the central ellipsoid at 0'. 

If M is so chosen that the confocal (4) passes through the 
point 0', the enveloping cone becomes the tangent plane and 
therefore the cone traced out by O'A' reduces to the normal at 0'. 

Hence the principal diameters of the central ellipsoid at any 
point 0' are the three normals to the three quadrics which pass 
through 0' confocal to the quadric (4). Also the astatic moments 
of the three corresponding couples are the values of M given by the 
cubic (4) when we write for ^, -q, f the coordinates of 0'. 

35. Instead of using the three confocals we may use any one of 
them, say the ellipsoid. By known properties of solid geometry the 
three normals at any point 0' are (1) the normal to the ellipsoid, 
(2) parallels to the principal diameters of the section of the 
ellipsoid diametral to 00'. 

Let ifi, M^, Ms be the three values of M given by the cubic 
(4), Ml being the greatest. Let A. A be the lengths of the 
principal semidiameters of the section of the ellipsoid, A being 
parallel to the normal at 0' to the confocal M^, and A parallel to 
the normal to M^. Then it is known by solid geometry that 

I),' = Mi'-M,\ 

Ds^ = Ml" - Ms\ 
Thus ifj, M3 are known in terms of M^ and quantities connected 
with the ellipsoid. 

36. As these confocals play an important point in the theory 
of astatic forces, it is necessary to state distinctly their position. 

Let the body be referred to the central point as origin, and the 
principal diameters of the central cylinder as axes, the plane of yz 
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being the central plane. Let K^, K, be the astatic moments of 
the couples whose astatic arms are along y and z. These astatic 
moments are the same for all positions of the body and are 
represented by Yy and Z^ when the body is in its initial position. 
The equation to the confocals is therefore 

The focal conies of these are obtained in the usual manner by 
putting M = K„ v=0; M = K„ ?=0; and M=0, ^ = 0. We 
thus have 

p _ g"' _ 1. 



K, 



.+ 



V 









v = 0; 
1=0. 




If we take as the standard case K^ > K^, the first is a hyper- 
bola, the second an ellipse, and the third is imaginary. The two 
first are represented in the diagram by the dotted lines. These 
conies will be referred to as the focal conies, and a straight line 
intersecting both conies may be called & focal line. 

The figure represents the positive octant of a set of confocal 
quadrics intersecting in 0'. The semi a!-axes are represented by 
OAi, OA^, OAs and are respectively equal to MJE, M^/B, Mg/B. 
As is well known the vertices F^, F^^ of the two focal conies lie 
between A^, A,, and A^. We have OF^ = K^/B, OF^ = K^jB. 

If K^^Q, the ellipsoid and the hyperboloid of one sheet are surfaces of revolution. 
The hyperboloid of two sheets reduces to any two planes through Oz, and the hyper- 
bolic conic becomes the axis of z. The central plane is now indeterminate and 
is any plane through the astatic arm of K^. 

If both K2=Q and ^^3=0, the ellipsoid becomes a sphere, one hyperboloid is a 
right cone, and the other any two planes through the axis of the cone. 
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37. Theorem on focal lines. A straight line is drawn from any point P on 
one focal conic to any point Q on the other, it is required to prove that 

Iiy=K^W + KsW' 
where Oj, (%, 1% are the direction cosines of PQ, and p is the perpendicular distance 
from the origin. 

We know that the tangent planes drawn through any right line to the two 
oonfooals which that line touches are at right angles to each other, see Salmon's 
Solid Geometry, Art. 172. Since the focal conies are evanescent confocals, the 
planes through PQ and the tangents at P and Q to the conies are at right angles. 
If p, p' are the perpendiculars on these planes, I, m, n; V, m', n' their direction 
cosines we have 

B2p2= Jfj^P - (K^^ - K^^) n\ Ry^=Ksn'^ + {Ki^ - K^^) m'K 
.-. B.y=R^(p^+p'^) = K^^{P + n>-m'^) + K3^{l'^+m'^-n^). 
Since the straight lines p, p' and PQ are mutually at right angles, this becomes 

K^'(l-m'- m'2) + /fjS (1 - ji2 - n"-) = K^^ai + K^^a^K 
The theorem may be more easily proved by taking as the coordinates of P and Q 
(x, y, z) and (a;', y', z') where 

nx=K^seae, Ry=0, Bz=(K^-K^)ita,ne, 

Rx'=K30osip, By' =[Ka^-Ki')i Bin <j>, Rz'=0. 
The direction cosines u^, a^ and the length p may then be found by elementary 
formulse, and it will be seen that the relation to be proved is satisfied. 

It follows from this theorem that every focal line is a generator of the right 
circular cylinder whose radius is p and whose axis passes through the common 
centre of the conies and is parallel to the focal line. 

Ex. 1. Show that four real focal lines can be drawn parallel to a given 
straight line. 

Let a generator parallel to the given straight line travel round the hyper- 
bolic conic and trace out a cyUnder. This wiU out the plane of the other conic 
in a hyperbola. Each branch of this hyperbola passes inside the elliptic 
conic, because it goes through the focus; it therefore cuts the ellipse in two 
points. 

Ex. 2. If a straight line PQ intersect one focal conic and if its distance from 
the central point be p, where p is given in the theorem above, show that that 
straight line will intersect the other conic also. 

If possible let PQ intersect one focal conic in P and not intersect the other. 
Describe two cylinders whose bases are the focal conies and whose generators are 
parallel to PQ. By Ex. 1 these intersect in four lines, and each of these four is also 
a generator of the right circular cylinder whose radius is p. Now by supposition 
PQ, lies on one of the elliptic cylinders and also on the circular cylinder, hence 
these two quadric oyUnders intersect each other in five lines, which is impossible. 

Ex. 3. The locus of all the straight lines drawn from any given point P on the 
hyperbolic conic to intersect the elliptic conic is a right cone, the tangent of whose 
semi-angle is {K/ - K^)IKJR.z where z is the ordinate of P. 

Ex. 4. Show that four real focal lines can be drawn through a given point P, 
and that they are the intersections of the two quadric cones 

I 
R' 



K^ ~ K^^-K^ R' 
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where (p, q, r) are the coordinates of P and |, 17, fare referred to parallel axes meeting 
at P. 

Ex. 5. Prove that the circular sections of the central ellipsoid whose centre is 
at 0' are perpendicular to the generating lines at O' of the hyperholoid of one 
sheet. [Darboux.] 

Ex. 6. If the base is situated on one of the principal planes at the central 
point, show that one principal axis at that base is perpendicular to that plane 
and the astatic moment of the corresponding couple is the same for all base 
points in that plane. 

Ex. 7. If the base is situated on one of the principal axes at the central point, 
prove that the three principal axes at the base are parallel to those at the central 
point. 

Ex. 8. If a straight line is a principal axis at every point of its length prove 
that it is one of the principal axes at the central point. 

Ex. 9. Find the locus of the base point 0' at which the central ellipsoid is a 
surface of revolution. 

In order that two of the three quantities 31^ , M^ ,Mg,in Art. 35 may be equal we 
must have either 1)2=0 or 1)2 = 1)3. In the first case 0' lies on the elliptic focal 
conic. In the second case 0' is at an umbilicus U and the locus is therefore the 
hyperbolic focal conic. In both cases the unequal axis is a tangent to the focal 
conic. 

The same results follow from the equation to the central ellipsoid in the form 

see Art. 34. By applying the usual analytical conditions that this is a surface of 
revolution we obtain the required relation between p, q, r. 

Arrangement of Poinsot's central axes. 

38. In whatever position the body is placed relatively to the 
forces it has been shown in Vol. I. that the forces acting on the 
body can be simplified into a single force, acting along a straight 
line called by Poinsot the central axis, and a couple round that 
axis. As the body takes different positions relative to the forces 
Poinsot's axis also moves relatively to both. In order to determine 
the arrangement of Poinsot's axes for all possible positions of the 
body and forces it will be convenient to have two systems of axes, 
on& fixed in the body and the other fixed relatively to the forces. 

Let the axes fixed in the body be the principal axes at the 
central point. These we shall represent by Ox, Oy, Oz. Following 
the same notation as before, the forces are represented by the 
astatic couples {G, b), (H, c), whose astatic arms are placed along 
y and z, together with a force R acting at 0. The astatic 
moments of these couples are represented by K^, K3 respectively. 
Let the axes fixed in space be parallel to the force R, G, H. 
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These are represented by Ox', Oy\ Oz'. We shall sometimes 
speak of them as the axes of the forces. 

Let the direction cosines of either set of axes relatively to the 
other be given by the diagram. The positive 
direction of these axes are so chosen that by 
turning one set round the common origin the 
positive directions of x, y, z may be made to 
coincide with those of x', y', z'. The advantage 
of this choice is, that in the determinant of direction cosines every 
constituent is equal to its minor with the proper sign as given by 
the ordinary rules of determinants. Without losing the simplicity 
of the other relations of these constituents, we thus avoid any 
ambiguity of sign in the minors. 





X 


y 
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(h 


as 


as 
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c, 
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In the figure the axes are represented in the manner usually 
adopted in spherical trigonometry. The axes Ox, Oy, Oz and 
Ox', Oy', Oz' cut the sphere in x, y, z and R, G, H respectively ; 
the angles being represented by arcs of great circles. The 
Eulerian angular coordinates of R referred to x are 6 = xR, 
■<^ = yxR, ^ = MRQ. Since the angle between any two planes 
is equal to the arc joining their poles, it is easy to see that 
zIG = e, Iz = -^lr, IH=4>. 

39. To find the position of Poinsot's axis referred to the axes 
of the forces, and also the moment of the forces about it. 

Let Px" be the required Poinsot's axis, T the moment of the 
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couple round it. The axis Fx" is parallel to Ox , let its coordi- 
nates referred to x' , y', z , be r{, t,'. 

The couples K^, K^ have their astatic arms on the axes y, z, and 
their forces parallel to y', z'. To refer these couples to the axes 
x', y', z! we resolve the arms and move the forces parallel to 
themselves (Art. 6). Thus we replace the two couples by six 
others whose arms are arranged along the axes of «', y' , z'. In 
the figure the forces at are omitted to avoid complication, the 
arrows indicate the directions of the other forces of each of the six 
couples; and each arrow-head (as in Art. 10) is marked by the 
astatic moment of the corresponding couple. 

By hypothesis all these couples together with a force R acting 
at are equivalent to the couple V round Px" and a force equal 
to R acting along Px". Taking moments about the axes 

Oa/, Oy', Oz' we have r=KA-K2C, (1), 

R^'=-K,a, (2), 

R7,'=-K^a^ (3). 




Another proof. We may also obtain these results very simply without resolving 
the couples. Let the arms OB, OG of the couples be taken as unity so that the 
forces G, H acting at B and G are measured by the astatic moments iq, iq, 
Art. 10. The axes Ox', Oy', Oz' being the axes of reference, the coordinates of B 
and G are respectively a^, b^, c^; a^, b^, <;„. Since K^ acts parallel to Oy', its 
moment about Oz' is fy^, and since K^ acts parallel to 0/ its moment about 
Oy', is -^jOj. In the same way their moments about Ox' are Kgb^ and -K^c^. 
Equating these to the moment of R acting along Px" and of r we have the same 
results as before. 

40. When the body is rotated about Ox', the direction cosines 
Oa, as are invariable. It follows that the straight line whose 
position is determined by the equations (2) and (3) is fixed 
relatively to the forces. Hence we infer, that, ivhen the body is 
rotated about an axis passing through the central point and parallel 
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to the principal force, Poinsot's aoois always coincides with a 
straight line fixed in space. 

This straight line traces out a right circular cylinder in the 
body whose radius p is given by the equation 

Ry = K,^a,' + K,W (4). 

This cylinder is fixed in the body and moves with it. In one 
complete revolution of the body each generator in turn passes 
through the straight line fixed in space and becomes the Poinsot's 
axis for that position of the body. 

Referring to the figure of Art. 38, the axis of this cylinder cuts 
the sphere of reference in R. We may also imagine the sphere of 
such size that the cylinder envelopes it along the circular boundary 
. of the figure. In the figure the direction of the force R and the 
generators of the cylinder are supposed to be perpendicular to the 
plane of the paper. 

As the body turns round OR as its axis, the dotted part of the 
figure remains fixed in space while the part indicated by the 
continuous lines moves round R. 

Let a plane through the axis of the cylinder and the straight 
line fixed in space cut the sphere in the arc RP. Let RP 
produced backwards cut the circle GH in P'. Then the position 
of P or P' may be found from the equations 

t&iiOP = ta,nGP' = K = ^ (5). 

In every position of the body Poinsot's central axis is a 
straight line drawn through P perpendicular to the plane of the 
circle OH. Here P is distinguished fi-om P' by the sign of either 
7)' or ^' as given by the equations (2) and (3). 

It follows from these results, that all the straight lines, each of 
which would be a Poinsot's axis if the body were properly placed, 
may be classified as the generators of a system of right circular 
cylinders. The axes of these cylinders pass through the central 
point and are always parallel to the direction of the principal 
force. 

Conversely, a straight line being given in the body, it may be 
required {when possible) to place the body in such a position that the 
straight line may be a Poinsot's axis. To effect this, we turn the 
body about the central point until the given straight line is 
parallel to the principal force. If Oj, a^, a, are the direction 
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cosines of the given straight line referred to the principal axes of 
the body at the central point, then, in this position of the body, 
tti, ttj, as are also the direction cosines of the principal force. If 
the distance of the given straight line from the central point does 
not satisfy equation (4) the straight line cannot be a Poinsot's 
axis. If however the equation is satisfied, we turn the body 
round the principal force as an axis of rotation through the angle 
GP determined by equation (5), or, which is the same thing, we 
turn the body until the given straight line passes through the 
point 7)', f in the plane yV determined by the equations (2), (3). 
The body has then been placed in the required position. When 
the straight line fixed in the body has been made parallel to the 
principal force the body may be inverted, so that the given straight 
line is again parallel to the force but points in the opposite 
direction. If the condition (4) is satisfied in one case, it is 
satisfied in the other. Thus if the construction yield one position 
in which the given straight line is a Poinsot's axis, it will yield 
another. 

41. In every position of the body the couple-moment ot 
Poinsot's axis is given by 

r = ^3 cos Gz — K^ cos Hy 

= K3 (cos i/f sin (^ + sin yjr cos (/> cos 6) 

+ K^ (sin i/r cos </) + cos i|r sin cos 6), 

by using the spherical formulae for the triangle GIz and Hly. 

This may be written in the form 

r = r„sin(<^-<^„) (6), 

where r„ is the maximum value of F, and (j> = <f)i, determines the 
position of the body when the couple-moment is zero. We easily 

find tan</,„ = --^-^^^^-^^tan^ (7), 

r„2 = {K^ ^- Ks cos ey sin= -f + {K^ COS 6 + K^y cos^ y}r ] 
_ ( JTa K,<h)W + (K,a, + K,ya,' [-(8). 

Make the arc MN„ = 0o, then the arc N„G — <^ — <^o and 
r = Fq sin NoG. As the body rotates about the axis OR, both M 
and Mo move with it. When ^ — <^o = or tt, the point No 
coincides with either P' or P; the couple-moment vanishes and 
the system is equivalent to a single resultant. As the body is 
turned from either of these opposite positions through any angle 
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the couple F increases and its magnitude varies as the sine of the 
angle of rotation. The couple reaches a maximum in either of the 
positions given by <^ - </)o = ± ^tt and then decreases again. Thus 
there are in general two positions of the body in which the couple- 
moment r has a given value, and two more in which it has the 
same value with an opposite sign. 

42. We may interpret this result in a slightly different 
manner. We may ascribe to each generator a certain couple- 
moment r peculiar to itself, which becomes the couple-moment 
when the body is so placed that that generator is a Poinsot's axis. 
Make MN^ = MN^ + GP, then for any generator of the cylinder 
say the one which passes through P we have T = F,, sin NiP. 

It will be useful to state this result in words. Through the 
line of action of R draw two planes, one passing through the two 
generators whose couple-moments are each zero, and the other 
arbitrary and cutting the cylinders in two other generators. If F 
be the couple-moment for these last two generators and x the angle 
between the planes, then F = Fo sin '^ where Fo is given by either of 
the forms in equation (8). 

43. In what precedes it has been supposed that both the direction and the line 
of action of the principal force B are given in the body. In this case the body can 
only be rotated about Ox" as an axis. If the direction of R is not given, but only its 
line of action, the body can also be inverted by rotating it through two right angles 
about an axis perpendicular to Ox'. To avoid complicating the figure it will be more 
convenient to effect this last change by rotating the forces in the opposite direction, 
each about its point of application, so that the angles between their directions 
remain unaltered. 

The effect of this inversion is easily seen to be, that the positive directions of x' 
and of one of the two y', z' are reversed. As it will be convenient that they should 
have the same positive directions in space as before, we shall represent the effect of 
the inversion by changing the signs of the force It and of that of one of the astatic 
moments K^ , K^. The sign of the couple-moment V about Poinsot's axis also must 
be changed (even if its magnitude remains unaltered) when the positive direction of 
X in space is to be the same after inversion as before. 

One result of these changes is that the are P'P (Art. 40) tabes up another 
position (say Q'Q, not drawn in the figure of Art. 38) making the same angle with 
GfiJ as before, but on the other side. The angle 0,, and the couple T,, are also 
changed. Thus the positions in which Poinsot's couple vanishes are changed by 
the inversion of the body. 

44. To find the equation of Poinsot's aoois referred to the prin- 
cipal axes at the central point. 

Following the notation already described in Art. 38, the 
E. S. II. ■ 13 
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equations of Poinsot's axis referred to the axes of the forces 

are Rri' = — K^a^, R^' = -K^3 (1), 

and the couple-moment V is given by 

T = KA-K,c, (2). 

Transforming these to the axes fixed in the body, we obviously have 

-R (&i? + h^V + hK) = - K^a^, 

R (ci^ + C21; + CsO = - K^a^. 
Eliminating ^, 77, 5' in turn, and remembering that each constituent 
of the determinant of transformation in Art. 38 is equal to its 
minor, we have 

R{-V(i'3 + K(h) = - K^a^^ + K^aA j 

R{- fosi + f as) = - Z^2a2C2 + -STsas&s > (3). 

-R ( - f«2 + 'n'h) = — K^a^Cs + K^ajbi I 
These may also be written in the form 

iJ ( - i;a3 + fas) - Taj = — K^^ + K^c^ '\ 

R{-K(h + ^a,)-Ta,= -K,A (4). 

R{-^ai+'n(h)-'^a3 = Kjbi J 

Any two of these are the equations to Poinsot's axis when the 
relative positions of the body and the forces are given by the 
direction cosines Oj, &c. They are also the equations of the fixed 
generator of the circular cylinder, Art. 40. 

Adding together the squares of the equations (3), we obtain 
the equation of the cylinder traced out by Poinsot's axis as the 
body is turned round Ox'. This cylinder is easily seen to be a 
right circular cylinder and its radius p is given by 

Ry = K,W + K,^ai (5), 

as already proved in Art. 40. 

When the body is so placed that the forces reduce to a single 
resultant, the equations (4) may be put into a more convenient 
form. Since P = 0, the first of those equations reduces to 

Subtracting the squares, we have 

Let us seek the intersection of the single resultant with the plane 
of xy ; putting therefore ? = 0, the two first of equations (4) become 
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A straight line drawn through the point thus determined parallel 
to the force R is the single resultant. 

Adding these equations together and remembering that 

we have, after division by Ua^, 

^/-ir,= "^z? = ^ ^^^■ 

This is the equation to a focal conic, Art. 36. The single resultant 
therefore intersects the focal conic in the plane of scy. In the 
same way, it intersects that in the plane of xz. We thus arrive at 
a theorem due to Minding, viz. that when the body is so placed that 
the forces are equivalent to a single resultant, the line of action of 
that resultant is a focal line. A further consideration of this mode 
of proof and of Minding's theorem will be found a little further on. 

An apparent exception arises when either 03=0 or a^=0. Supposing that fflg=0 
the equations (3) become iJojf = - XjajCj, iJaif= £"20202. 

Since - Cj = ajSj - aj}^, we have 

V=K^\-K^c^=(K^ + K^) 63=0. 
Thus either 63=0 or K^ + K^^=0. Joining the former to r=0, we have c^=0. 
The latter is impossible if K^ is greater than K^ ; if K^ is less than K^ the focal 
conic (7) is a hyperbola and the single resultant is parallel to an asymptote. Thus 
in both cases the single resultant intersects the focal conic. 

Kx. 1. Show that the single resultant intersects the plane of the imaginary focal 

conic in the conic ± + ^^ = ^^{1-^-1^. 

This conic is fixed in the body when Oj is given. 

Ex. 2. Show that the circular cylinder (5) intersects the plane of xy in the 
conic whose equation is 

ija {^a+,2- (foj + ,a2)'}=-5'2V+^3V- 
45. The direction of the principal force R, and a point f , ij, f on a generator of 
the circular cylinder being given referred to the principal axes of the body, it is re- 
quired to find the couple-moment about that generator when the body is so placed 
that the generator is a Foinsot's axis. 
For the sake of brevity let us write 

-1)03-1-^02=?. -f«i+f«3=9. -ia^+ilih=T- 
Multiplying the second and third of equations (4) Art. 44 by ^2^02 and K^a^ respec- 
tively we have 

K^a^ (Bq - Va^) + K^'a^ (Er - ra^) =K^K, ( - K^a^c^ + K^^^) = KiK^Rp. 
. The couple-moment r is therefore given by 

{K^^aJ> + K,^a^'>)T=R{K^^a,q+Ji:iHsr-K^K^) (1). 

If the line of action of R only is given and the force may act either way along 
it, we obtain another value of r by inverting either the body or the forces. If V be 
the couple-moment after inversion we have by Art. 43 

(/iTjV + -S^sV) r' =-B (^aS? + ^'sV + ^^I^aP) (2)- 

13—2 
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The force E then acts along the negative direction of its line of action. 

We may write (1) in the form 
{Z-2 V + -K3 V) r = i? { - {K/ - Ki) tt^a^i + K^ {IC,a, + IQa.v - K„. {K,a, + IQ a^f } ... (3). 
We therefore see that the plane through the line of action of B and the two genera- 
tors whose couple-moments are zero (Art. 41) is 

-(iq^-K,^)a^a,^ + iq{K,a,+ K,)a,ri-K,{K,a:, + Ks)a,!:=0 (4). 

Conversely, when the magnitude of the couple V is given, either of the equations 
(1) or (3) enables us to find the generators which have the given moment V when the 
body is so placed that one of them is a Poinsot's axis. When V is given, either of 
these equations represents a plane intersecting the circular cylinder (5) in two 
straight lines which are parallel to the principal force. These are the generators 
required ; see also Art. 41. If we change the sign of r we obtain another plane, 
parallel to the former, giving two other generators, each of whose couple moments 
have the given magnitude but an opposite sign. These four are obviously sym- 
metrically arranged round the principal force. 

Another construction for Poinsot's axis and moment is indicated in the follow- 
ing examples. 

Ex. 1. A straight line OQ is drawn through the central point perpendicular 
to the plane containing the force R and its corresponding fixed generator. Prove 
that p, q, r are the coordinates of the point Q in which this straight line cuts the 
circular cylinder. Prove also that Q is one of the poles of the great circle repre- 
sented by PP in the figure of Art. 38. 

Ex. 2. Let 08 be the straight line whose direction cosines are proportional to 
-K^Kg, K^a^, K^a^, when referred to the principal axes of the body at the central 
point ; thus OS is fixed in the body when the position of OR is given. If 
<j> be the angle contained by the lines OQ, OS, prove that 
r ^ JKIKI + K^al + K^ali J 
COS0 [ K^a^ + K^^a^ J ' 

Show also that the straight line OS lies in the plane containing the force P, and the 
two generators whose couple-moments are zero. 



46. If the magnitude of the couple-moment T is given as well as the line 
of action of P, we may obtain other cylinders which will intersect the right cylinder 
already found in the corresponding Poinsot's axes. 

The first of equations (4) Art. 44 is 

-R ( - '!l3 + f «2) - r^i = - /f 2&3 -f- JfjCa, 

and T=-K^^ + KJ>^. 

Hence subtracting the squares, as in Art. 44, 

Now by Art. 38 h.^^-c^=Ci^-af, hence, substituting for Ci^ from the second of 
equations (4), we have 

{ P(-va^ + ia^)-Ta,Y-V^ {P( -ia^ + iaj,-Ta^ Y 2 „, 

Again 63^ - c^=a^ - 1>^, substituting for \^ from the third of equations (4), we have 

_ {R{-va,+ ia-,V-Ta,]^-T^ ^ {R(-^a^ + r,a,)-Va^}^ „ 

K^^-iq + TQ ="'i (2)- 
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Lastly, the last two of equations (4) give 

Ki' + IQ -i.-(h W- 

The three surfaces (1) (2) and (3) are cylinders, for the equation to any one of them 
shows that an expression of the first degree in J, i), f "is some function of another 
expression of the first degree. Also the axis of each cylinder is parallel to the 
straight line f/ai= 17/02 =f/«3. i-e- the axis of each is parallel to the line of action 
of the force B. 

It may be noticed that the direction cosines 6j , 62 , 63 ; c^ , c^ , c^ have been 
eliminated so that the equations to these cylinders contain only the principal force 
R, the direction cosines of R and Poinsot's couple P. 

47. Supposing that the coordinates ({, i;, f) of some point on the cylindrical locus 
(5) are given, and that the line of action of the force R is also known, any one of the 
equations (1), (2), (3), of Art. 46 may be regarded as a quadratic to find the couple- 
moment when the body is so placed that the corresponding generator is a Poinsot's 
axis. 

If we seek the corresponding equations when the forces are inverted we change 
the signs of R, P and one of the K's (Art. 43). But these changes leave the 
quadratics unaltered. Thus the two values of P given by any one of these 
quadratics correspond to the two directions in which R can act along the same 
given line of action. 

Ex. The given point (|, i), f ) being supposed to be on the circular cylinder, prove 
that the three quadratics (1) (2) (3) of Art. 46 reduce to the same, viz. 

P^ (Jfa V + l^iW) - 2-Sr {K/a^q + K^a^r) + R^ (K^'f + JTj^ya) = JT/^j!! (aj' + af) . 
Prove also that the roots of this quadratic are given by 

where p, q, r have the meanings specified in Art. 45. 

48. IHinding's Tbeorem. By joining any one of the three cylinders (1), (2), 
(3) to the circular cyhnder we have sufficient equations to find the generators which 
can have a given couple-moment and are also parallel to any given straight line. 
It will often be more convenient to use the intersections of these cyhnders with one 
of the coordinate planes. Thus putting f =0, the cylinder (1) cuts the plane of xy 

m the come 1—^^-^^-^-^^ — + ^ ^. " ="3' W- 

When the forces are equivalent to a single resultant we have P=0 and in that 

■n' ^ 1 
case equation (1) reduces to the focal conic g-a_y2 + ^2~pa (^)- 

The single resultant therefore intersects the focal conic in the plane of xy. Simi- 
larly it intersects that in the plane of xz. See Art. 44. 

49. Conversely, let a straight line intersect both focal conies, then by Art. 37 
it is a generator of the circular cylinder. If the direction cosines of this straight 
line are a^, a^, a^, the corresponding couple-moment P is given by the quadratic (1) 
of Art. 48. 

This quadratic gives two values of P. Multiplying (2) by W^a^ and subtracting 
the result from (1) we find that one root is r=0 and that the other is given by 

(/):aV + ^f3V)r = 2iJa3{.fira2^02 + -ff3'('!ai-fa2)} (3). 
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The result is that the conple-moment for the generator is zero for one of the 
two directions in which the force B can act along that generator. 

These two values of r follow also from equations (1) and (2) Art. 45 for when 
the value of r given by (1) is zero, the value given by (2) agrees with that shown in 
equation (3) of this article.. 

Finally, we see that if any straight line can be the line of action of a single 
resultant force that line must intersect both the focal conies, and if a straight line 
intersect both the focal conies it can be the line of action of a single resultant if the 
body be properly placed. 

50. Ex. 1. The direction of the principal force R being given by the direction 
cosines a^ , a^, a^ referred to the principal axes at the central point show that each 

oftheplanes (1 - J!L\k,'^ (l - l)^^^ + ( ^ - i) K,^=0 

passes through the Hne of action of R and intersects the focal conies in four points, 
which are the corners of a paraDelogram formed by the focal lines, two of which are 
parallel to the direction of R. Prove also that the focal lines parallel to the given 
direction of R are the corresponding single resultants. 
This follows easily from Art. 45. 

Ex. 2. If the body is so placed that the force R acts along an asymptote of the 
hyperbolic focal conic, prove (1) that the circular cylinder contains the elliptic focal 
conic on its surface ; (2) that as the body is turned round OR Poinsot's axis lies in 
the plane containing R and parallel to the force H which corresponds to the 
greater astatic moment K^ ; (3) that Poinsot's couple T is always zero as the body 
is turned round OR provided the force R acts in the proper direction, but is zero 
ondy when the plane of the hyperbolic conic contains the force H if R act in the 
other direction. 

51. Kelations of Poinsot's axis to the confocals. The manner in which the 
single resultant is connected with the confocals is given by Mindiug's theorem. 
We may also find the relations of Poinsot's axis with the same confocals in the 
general case in which the couple is not zero. To effect this we require the following 
lemma in solid geometry. 

52. Lemma. Let the squares of the semi-axes of two confocals be o' + X, 
^ + 'K,-^ + \ and a? + \',p,^ + \', 7^^ + V. Let the direction cosines of any straight line 
be (I, VI, n) and its distance from the origin be/i. If two planes at right angles can 
be drawn through the straight line to touch the two confocals, then 

It follows that when the confocals are given the left-hand side is constant for all 
straight lines. 

Let {I', m', m'), (i", m", n") be the direction cosines of the tangent planes, and 
p, p' the lengths of the perpendiculars on them. Then 

i)2 = (a^ + X) V + {p-i + \) m'2 +{yH\) n'\ 
2)'2 = (a2 4- V) n -K/32 + V) m"2 -^ (-ys + V) n"'. 
Noticing that it'=:p^+p"^ we find by addition 

p" = a2 (r^ + l"-i) + ^ (m'2 + m"2) -I- 72 (n'2 + n"^) + \ + \. 
Hence since P + l"' + l".^=l &o., we have 

/j2 -H a2«2 + ^2^2 -f 7W = a^ -t- /32 -f 7= -^ X -f V. 

53. Let us now apply this Lemma to any generator of the cylinder. Let 
a, p, 7 be the semi-axes of the imaginary focal conic, then, by Art. 36, 

a2 = 0, ^=-K^lR^, y'^-Iig^IRK 
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The values of X, V are the squares of the semi-major axes of the two confooals ; let 
these be represented by MJW and M^/B" as in Art. 35. The direction cosines of 
any generator are {Oi, a^, a^) and its distance p from the central point is given by 
R^p^=K^a^+K^a^. Hence, substituting the left-hand side of the equation in the 
Lemma reduces to zero. We therefore have M^+M-^^=K^+K^. 

If tlwrefore any two planes at right angles are drawn through a possible Poinsot's 
axis and two eonfocals are drawn to touch these planes, the sum of the squares of the 
semimajor axes of these eonfocals is constant. This constant when multiplied by S' is 
the sum of the squares of the astatic moments of the principal couples at the central 
point. 

From this we may deduce as a corollary a theorem discovered by Darboux. 

Let a plane he drawn through any possible Poinsot's axis to tou,ch one of the focal 
conies, then a perpendicular plane through the same axis will touch another focal conic. 

For in the limit these conies may be regarded as the bounding rims of two flat 
eonfocals whose semi-major axes are respectively KJB and K^/B. 

54. Ex. 1. If a possible Poinsot's axis touch two eonfocals prove that the sum 
of the squares of their semi-major axes is equal to K^+K^ after division by B^. 

If a straight line touch two eonfocals, and tangent planes are drawn at the points 
of contact, these planes are known to be at right angles. If we apply the general 
theorem in Art. 53 to these two tangent planes, the result follows at once. 

Ex. 2. If a possible Poinsot's axis intersect one of the focal conies prove that it 
must intersect the other also. 

For suppose it intersects the plane of xy in the elliptic focal conic, it may be 
regarded as touching the confocal surface whose semi-major axis is K^jB. Hence it 
also touches the confocal surface whose semi-major axis is KJB (by the last 
example), i.e. it iiitersects the plane of xz in the hyperbolic focal conic. 

Reduction to Three and to Four Forces, 

55. We have seen that the forces of any astatic system may 
be reduced to two couples and a single force. This representation 
of the force, though very simple in its character, may not always 
be convenient. These couples and the force have an intimate 
relation to the central point and central plane, and the positions 
of this point and plane may not suit the circumstances of the 
problem we wish to consider. 

We shall now examine some other representations of an astatic 
system. We shall show that the forces may be reduced to three 
forces which act at three arbitrary points in the central plane. 
These points however must not in general lie in one straight line. 
We shall show that the forces of the system may also be reduced 
to four forces which act at any four points fixed in the body at 
which we may find it convenient to apply them. The four points 
must not in general lie in one plane. 

We can see another advantage of these representations of the 
forces. For the points of application may be regarded as the 
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corners of a triangle or tetrahedron of reference. We are thus 
enabled to use the systems of coordinates called trilinear and 
tetrahedral with considerable effect. 

56. To show that all the forces of any system may he reduced 
to three forces which act at three points lying in the central plane. 

Following the same notation as in Art, 9, let the forces of the 
system be Pi, P^, &c. and let M^, M^,... be their points of 
application. Let these be referred to any axes Ox, Oy, Oz, either 
rectangular or oblique, which are fixed relatively to the body. 
Let the coordinates of M-^^, M^, &c. be {x-^, y^, z-^, (x^, y^, z^), &c. 
Let Ox', Oy', Oz', be another system of axes, not necessarily 
rectangular, to which we may refer the forces. These are fixed 
relatively to the forces. Let the components of the forces along 
these be (X'„ Y'„ Z'„), (X'„ Y\, Z'„), &c. 

Consider the system of parallel forces X'^, X'^, &c. All these 
are astatically equivalent to a single force "ZX' acting at their 
centre of parallel forces. In the same way the two other systems 
of parallel forces viz. F'l, F's &c. and Z'l, Z'^ &c. are equivalent to 
liY' and ZZ' each acting at its own centre of parallel forces in 
directions parallel to y' and ^ respectively. These forces we may 
represent by F, G, H, and their points of application hj A, B, 0. 
The centre of parallel forces is known to possess the astatic 
quality. . If then we move the arbitrary axes Ox', Oy', Oz' in any 
manner about the origin, keeping their inclination to each other 
unaltered, the system will yet be equivalent to the same three forces 
F, G, H acting at the same three points A, B, G in directions always 
parallel to the axes Ox', Oy', O2/. 

To find the coordinates of these points we may therefore 
consider any one position of the forces and the body. In this 
position let X, Y, Z be the components of any force P resolved 
along the axes Ox, Oy, Oz. Then 

X'=^lX + l'Y+ l"Z, Y' = mX+m'Y+ m"Z Z' = &c. 
where {I, m, n), {I', m', n'), {I", m", n"), are the direction ratios of 
the axes {x, y, z) referred to {af, y', ^'). 

Let (x, y, z,) be the coordinates of A, then 

_ _ XX'x _ ll, Xx-^l'XYx + l"XZx 
'^~ XX' ~ l%X + l'XY+l"XZ 
with similar values for y^ and z^. Taking the same notation 
as in Art. 10 we write XXx = X^ &c. XX = X,, &c. We thus 
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have Fx, = IX ^ + VY^ + l"Z^ > 

Fy^=lXy+l'Yy + l"Zy 

Fz^ = IX, + I'Y, + rz, 

F = lX,+l'Yo + l"Z,] 
Hence it appears that the point A lies on the plane 



.(1). 



X~ Yx Ztr, 



ly Zy 

Y. Z. 



= 



.(2). 



7? Xy 

1 Xo Fo Z^ 
In the same way the points B and G also lie on this plane. 

57. We notice that the directions of the axes Ox', Oy', Oz', 
are perfectly arbitrary except that they cannot all lie in one plane. 
We may therefore obtain an infinite variety of triangles ABC 
with corresponding forces at the corner. Any one of these may 
be called an astatic triangle, and the points A, B, C, may be 
called astatic points. 

We may obviously make the inclinations of the forces F, G, H 
to each other whatever we please, though of course the position of 
the triangle ABC is dependent on our choice of these inclinations. 
It is generally most convenient to make the forces F, G, H act in 
directions at right angles to each other. 

We have seen that when we want to find the positions of 
A, B, G we may consider the body to have some fixed position 
relative to the forces. For this position X^ &c. are all constant 
whatever the positions of the axes x', y', z' may be. The equation 
(2) therefore gives, as the locus of the points A, B, 0, a plane fixed 
in the body. We also see that the locus is a unique plane 
except when all the coefficients are zero. An independent and 
elementary proof that the plane ABG is unique has been given 
in Art. 13. 

Comparing the equation (2) with that found in Art. 25 we 
notice that this plane is the same as that already called the 
central plane. It follows that all the astatic triangles lie on the 
central plane. 

58. To find the central plane and one astatic triangle with 
rectangular forces. 

The theorem proved in Art. 56 supplies us with a useful 
method of finding the position of the central plane. To effect 
this we resolve all the forces of the system into any three direc- 
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tions we may find convenient. Taking the forces in these three 
directions separately we have three sets of parallel forces. We 
then find the centre of parallel forces of each set by any method 
we may find convenient. We thus arrive at three points which 
we call A, B, G. The plane through A, B, G is the central plane. 
We have also found one astatic triangle. 

Suppose the system refeixed to rectangular axes Ox, Oy, Oz 
and consider any position of the body relative to the forces. 
All the ^-components jForm a system of parallel forces which may 
be collected into a single astatic force %X = F acting at a point A 
whose coordinates are 

__SXa; -_SZy _ _%Xz 

"^~ XX y^~ IX ^^~ 2x • 

In the same way the ^/-components may be collected into a force 
SF= 6f acting at a point B whose coordinates are 



XYx - _tYy _ 2F; 



'^2— vv 2/2~ V V ^2 — 



z 



The ^:-components may be similarly treated. 

These three points lie on the central plane. The forces 
F, 0, H act in directions at right angles at each other and their 
magnitudes have been found. 

If the principal force is finite, the axes may always be so 
chosen that XX, XY, XZ are not zero. If the principal force is 
zero, the coordinates of the three points are either infinite or take 
an indeterminate form ; and in this case the central plane is either 
at an infinite distance or is indeterminate in position. Thus 
whenever there is a central plane this construction may be used 
to find it. 

59. Referring to the table of elementary couples given in 
Art. 10 these expressions for (x, y, z) &c. give a new interpreta- 
tion to those symbols. It has been shown in Art. 10 that the 
constituents in any row of that table are the components of the 
corresponding couples. It has now been proved that the consti- 
tuents in any column are proportional to the coordinates of an 
astatic triangle with rectangular forces. 

60. To reduce all the forces of any system to four forces 
which act at four given points not all in one plane. 

Let A, B, G, D be any four points fixed in the body. These 
we shall regard as the corners of the tetrahedron of reference. 
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Let Pi, Pa, &c., be any forces acting on the body and let 
Ml, M^, &c. be their points of application. We propose to replace 
each of these by four forces acting at the corners A, B, G, D 
parallel to the original direction of the force. Consider DA, DB, 
DC to be a system of oblique axes, let ^, rj, f, be the coordinates 
of any point M and let DA =a,DB= b, DC = c. Then by Art. 7 
the forces acting at A, B, G, D are respectively 

Pf/a, Fri/b, Pile P-F^/a-Pri/b-Pi/c. 

Now f/c is equal to the ratio of the perpendiculars drawn from 
M and G on the face ABG, and this ratio is the tetrahedral 
coordinate of M. Representing the four tetrahedral coordinates 
of M by a, j8, y, S, and remembering that their sum is unity we see 
that the four forces at the corners A, B, G, D, are respectively Pa, 

PA Py. PS. 

We therefore have the following working rule. Any force P 
acting at the point whose tetrahedral coordinates are a, /8, 7, S may 
be replaced by four parallel forces acting at the corners of the 
tetrahedron of reference whose magnitudes are respectively Pa, P/3, 
Py. PS. 

The several forces acting at each corner may now be com- 
pounded together. The result is that any system of forces can be 
replaced by four forces, one at each comer of the tetrahedron. 

61. We may prove in the same way that a force P acting at 
any point M in the plane ABG may be replaced by three parallel 
forces respectively equal to Pa, P^, Py, and acting at A, B, G, 
where a, /8, 7, are the areal coordinates of M referred to the 
triangle ABG. 

We may also deduce this result from the general theorem for a 
tetrahedron. We notice that tetrahedral coordinates become areal 
when the point considered lies in a coordinate plane. We may 
therefore disregard the coordinate S and treat the tetrahedral 
coordinates a, ^, y, as if they were areal. 

62. To show that the system, can be reduced to three forces 
acting at any three points in the central plane which form a 
triangle. 

Let the system be reduced to three forces acting at the corners 
A, B, G of some astatic triangle ; then this triangle lies in the 
central plane. Let A', B', G', be any three points in the same 
plane, but not in a straight line, and let D' be a fourth point not 
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in that plane. Eegarding A'B'C'D' as the tetrahedron of refer- 
ence we shall transfer the forces from A, B, to the corners of 
this tetrahedron. 

To find the force at D', we multiply each force by its 8 coordi- 
nate. Since this coordinate is zero for each of the points A, B, G, 
the resultant force at D' is zero. 

63. Transformation of Triangles. One astatic triangle 
ABC and the rectangular forces F, Q, H at its corners being given, 
it is required to transfer this representation to any other triangle 
A'B'C and to find the rectangular forces F, G', H' at its corners. 

Let axes drawn through any point parallel to either of these 
sets of forces be called the axes of those forces. We thus have 
two sets of rectangular axes. Let their mutual direction cosines 
be given in the usual way by the diagram. 

Then any force F may be resolved into 
Fl, Fm, Fn, acting respectively parallel to the 
axes of F, G', H', Treating the forces G, H in 
the same way we have F =Fl + GV + El" 

G' = Fm + Gm' + Hm", H' = &c. 
We also have 

F = F'l+G'm + H'n, = FI' + G'm' + H'n', if = &c. 

The point of application of the force F' is the centre of the 
parallel forces Fl, Gl', HI" which act at A, B, C. Thus the point 
A' at which F' acts is the centre of gravity of three weights 
(positive or negative) proportional to Fl, Gl', HI" placed at the 
corners A, B, G of the given triangle. By properly choosing these 
ratios we can place the comer A' at any point we please. 

The areal coordinates of the corners of either triangle referred 
to the other can also be found very simply by using the theorem 
of Art. 61. Let (hi, ^i, ji), (a^, /Sj, j^), (as, /Ss, 73) be the areal 
coordinates of the points A', B', C" referred to the given triangle 
ABG. If we transfer the forces F, G', H' back again to the 
triangle ABG, the three forces at A will be F'ai, G'oi^, Has. But 
these are the components of F. The forces at B, G, may be 
similarly found. 

Hence Fu, = Fl F^^= Gl' F'y^ = Hl". 

G'tt, = Fm G'^, = Gm' G'y, = Em", 
H'ok = Fn H'^, = Gn' H'y, = Hn". 

By choosing the nine direction cosines in any way which their 
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mutual relations permit we can use these formulae to transform 
from one triangle to another. 

If the forces of tlie two triangles are oblique we regard {I, m, n), (V, m', n') 
(I", m", n"), as the direction ratios of F, G, H referred to the axes F, G', H'. The 
direction ratios of F', G', H' referred to the axes of F, Q, H, are proportional to the 
minors of (Z, V, I") &o. If these direction ratios be (X, X', V) (/t, /j.', /x") (c, v', v") we 
have F=F'\ + G'i3,+ H'i', (? = &c., H=&o., 

instead of the expressions given above. With this exception all the other equations 
in this article apply to obUque forces. 

64. Tbe imaginary focal Conic. Let us suppose that the forces of the two 
triangles ABG, A'B'C are rectangular. The nine direction cosines are connected 
by relations such as Im + I'm' + l"m" = &o. Hence the coordinates of A', B', C are 
connected by the three equations 

F^ ^ G^ H" 

2P2 + g2 + JJ2 -" 
Vi , ftft , 7s7i_n 

If therefore A' be taken at any point (a, /3, 7,) both B' and C must lie on the 

straight line ^ + g + W^O. :.(2). 

where a, /3, 7 are current coordinates. Taking B' anywhere on this line, then C is 
found as the intersection of two straight lines. 

This straight line (2) is evidently the polar line of {a, /3, 7,) vrith regard to the 
a^ B^ 7^ 
imaginary conic F^'^G^'^E^~^ ^^^" 

Thus the three astatic points are always at the comers of a self-conjugate triangle 
with regard to this conic. 

The statical property of this conic is that each side of every astatic triangle with 
rectangular forces is the polar line of the opposite corner. But as two different 
conioB cannot have the polar lines of every point the same in each. conic, it follows 
that this conic is unique. Whatever astatic triangle ABC we take as the triangle 
of reference, the conic given by this equation is the same. 

65. Ex. 1. Show that, whatever astatic triangle with rectangular forces is 
taken as the triangle of reference, the quantities 

(1) F' + G^+H\ 

(2) FGHA, 

(3) a^G^H^ + 'bm^F^ + c''F^G^, 

are invariable, where a, 6, e are the sides, A the area of the triangle, and F, G, H 
the forces. 

We have also the invariant property that the centre of gravity of three weights, 
proportional to F", G^, IP, placed at the corners is the same for all triangles. 

Ex. 2. Show that, whatever astatic triangle with oblique forces is taken as the 
triangle of reference, the quantities 
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(1) F^+G'+IP + 2FGoosy + 2GHeoBa + 2HFeOBp 

(2) FGHAij. 

(3) a'^G'H' {F'^ (cos a - cos j3 cos 7) - F'H' (cos /3 - cos 7 cos a) 

- !"&' (cos 7 - cos a cos (3) - G'H' sin'^a} + &c. + &c. 
are invariable, where a, j3, 7 are the mutual inclinations of the forces and 

H=l- eos^a - eos^iS - cos''7 + 2 cos o cos ;8 cos 7. 
We notice that /i is six times the volume of the tetrahedron formed by unit lines 
drawn from any point parallel to the forces. It follows that n cannot vanish unless 
the astatic forces are parallel to one plane. 

Ex. 3. A system of forces is equivalent to a force R, acting at a point 0, and two 
couples, whose astatic moments are Jfj, K^, and whose astatic arms are placed along 
the rectangular axes OY, OZ, the forces of the couples being perpendicular to each 
other and to the force R, see Art. 32. If these are transferred to an astatic triangle 
A'S'C situated in the plane 1/2, the coordinates of the corners being (%, fi), (7/2, fj), 
(%> fa) *i^^ the rectangular forces F", G', H', prove that 

F'=Rl F'r,^ = Kj: F'ti=K/' 

G'=Rm G\=K^m' G%=Ksm" 

H'=Rn H%=K^n' H'j;3=Ksn" 

where I, m, n &c. are the nine direction cosines of F', G', H', as in Art. 63. 

If the forces F", G', H' are all equal, prove that the sum of the distances of the 
three corners from each of the axes of y and z is zero. 

66. To find the Central Point. The astatic triangle A, B, G, with rectangular 
forces F, G, H being given, show that the central point is the centre of gravity of 
three loeights proportional to F% G", H' placed at the comers. 

This follows easily from the theorem proved in Art. 30. We multiply each 
force, such as F, by the resolved part of all the forces along it, i.e. by F; the 
product is F^. The rule asserts that the central point is the centre of gravity of 
the three products F^, G^, IP, placed at the points of application of F, G, H. 

Ex. If the forces F, G, H of an astatic triangle are not rectangular prove that 
the central point is the centre of gravity of three weights proportional to 

2<'(ii'+(? cos 7 + ^00818), G(li'cos7+G + Hcosa) H(^cos/3+(? coso+iT) 
placed at the corners, where a, p, 7 are the angles between the forces (G, H), (H, F), 
(F, G). 

This result follows at once from the general theorem given in Art. 30. 

67. The central point coincides with the centre of the imaginary conic. To find 
the centre of the conic we follow the rule given in treatises on Conies. Differentiating 
the equation of the conic (Art. 64) with regard to the areal coordinates a, ft, y 
separately, and equating the results, we find that a, j3, 7 are proportional to 
f 2, (J2, EK The result follows at once. 

68. The imaginary conic being given, it is required to find the central lines and 
the principal moments of the system. 

Let the system of forces be reduced to its simplest form (Art. 32), i.e. let the 
forces be represented by a force R acting at the central point together with two 
astatic couples whose arms are placed along the central lines Oy, Oz. Let the 
astatic moments be K^, Kg. 

Consider the origin as one corner of an astatic triangle and produce the arms 
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of the couples to very distant points B and C, replacing the forces by two others, 
viz. G and H both very small. Then OBG is an infinitely large astatic triangle 
with rectangular forces. Let OB=b, OG=c then bG=K^ and cH=Kg also F-R. 
We shall now use this triangle to find the equation to the imaginary conic by the 
formula given in Art. 64. 

Let 17, f be the Cartesian coordinates referred to the rectangular axes Oy, Oz of 
any point. Let a, /3, 7 be the areal coordinates of the same point referred to the 
infinitely large triangle OJSC. Then a =1, /S =■>;/&, 7 = f/c. The conic 

therefore reduces to ^+A_ + __=o. 

We therefore infer (1) that the centre of the imaginary conic is the central point, 
(2) the principal diameters are the central lines of the system, (3) that the lengths 
of the principal semidiameters are K^^ - IjR and K^iJ - l/JS. 

Eeferiing to Art. 36, we see that the imaginary conic is the same as the 
imaginary focal conic. 

69. Ex. 1. If ABG be an astatic triangle with rectangular forces show that 
either central line makes an angle $ with the side BG where 

JAF^ (H^b cos G - G^c cos B) 
a an " -^^Qi^a+is'^psjj'' 00a iG+F'Gh^ 00s 2B' 
and A is the area of the triangle. 

Ex. 2. If a triangle having its orthooentre at the central point be projected 
orthogonally on the central plane, prove that the projection is a possible astatic 
triangle with rectangular forces, provided the self-conjugate circle projects into the 

real come _+_ = __. 

70. Transformation of tetrabedra. The forces being referred to one 
tetrahedron as ABCD, it is required to refer them to any other tetrahedron as 
A'B'C'D'. 

If the coordinates of the corners of the first tetrahedron with regard to the 
second are known, the transference may be effected at once by using the rule given 
in Art. 60. But if the coordinates of the second tetrahedron with regard to the first 
are given, we may proceed in the following manner. 

Let the tetrahedral coordinates of .4'B' CD' referred to the first tetrahedron be given 
by the diagram, and let the whole determinant be A. Then 
the coordinates of A referred to the second tetrahedron are 
the minors of the several terms in the row opposite A after 
division by A. The coordinates of B are the minors of the 
terms in the row opposite B after division by A, and so on. 

The coordinates of the corners of the first tetrahedron 
are now known and the transference may be effected as before. 

71. Ex. 1. If one corner as D be changed to D' without altering the opposite 
face show that the direction of the force at Z)' is parallel to the force at D, and that 
their magnitudes are inversely proportional to the distances of D and D' from the 
unchanged face. See the rule in Art. 60. 

If D' lie in the plane RGD show that the force at A is unaltered. 

Ex. 2. The forces at the corners of a tetrahedron AJiCD are F, G, H, L 
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respectively ; it is required to find the central plane, the angles between the forces 
being given. 

Let the cosine of the angle between two forces F, G be represented by cos FG 
and so on. Let /, g, h, I be the minors of the four constituents in the leading 
diagonal of the determinant. 

1 oosi^ff, cos FH, cos FL 
cos FG, 1 , cos GH, cos GL 
COS FH, cos GH, 1 cos Hi 

cos FL, cos GL, cob HL, 1 
Then the central plane divides any side as AB in a point P such that 

Fj_AP_ II 
G.BP~ Vff" 
Resolve the force F into three others F-^, F^, F^, acting parallel to G, H, L. 
Consider the three sets of parallel forces, viz. (G, F^), {IT, F^), {L, Fg). We may 
collect each into its own centre of parallel forces and thus obtain three points on the 
central plane, Art. 58. The central plane therefore cuts AB in a point P where 
F^. AP=G . BP. But since F^, F^, F, are in equilibrium with -F, we have by 
Art. 48 of Vol. I, F-^^jF^=gjf. The result follows at once. 

72. If the forces F, G, H, of an astatic triangle ABC are rectangular and of 
finite magnitude, and if the area ABC is not zero, prove that the system cannot be 
reduced to fewer than three forces. 

If possible let the forces be reduced to two, P and Q, and let these act at D and 
E in the plane of the triangle. Let p, q, r be the perpendiculars from ^, B, C on BE. 
Turn the forces about their points of application until the force at A is perpen- 
dicular to the plane ABC, then the forces at B and G act in that plane. Taking 
moments about DE we have Fp=:0. Similarly Gq=0, Hr=0. But this is impos- 
sible if the area of the triangle is not zero. 

That the points of application D, E must lie in the plane ABC follows from 
Art. 57, for DE may be regarded as one side of an astatic triangle, the third force 
being zero. We may also prove this in an elementary manner. Place the body so 
that the direction of the force P is parallel to the plane of ABC, while the other Q 
is not parallel ; this is possible provided P and Q are not parallel to each other. 
Then, as in Art. 13, taking the plane of ABC as that of xy, we have Z^ the same for 
the three forces F, G, H and the two P, Q. The ordinate of E is therefore zero. 
In the same way the ordinate of D is zero. 

If the forces P and Q are parallel to each other, they cannot form a couple because 
their components parallel to F, G and H are not zero. They can therefore be re- 
duced to a single force. Proceeding as above we easily show that its point of appli- 
cation lies in the triangle ; thence we deduce as before that the area otABG is zero. 

That the three forces F, G, H cannot be reduced to two, P, Q also follows from 
the invariants of an astatic triangle. Regarding DE as one side of the triangle, 
the third force being zero, we see that the second invariant of Art. 65 is zero. It 
follows that FGH\ is also zero, which is impossible unless either the area A or one 
of the forces F, G, H is zero. 

73. To investigate the condition that the forces of an astatic 
system can be reduced to two forces. 

We have seen in Art. 56 that the forces of the system can be 
reduced to three forces, viz. Xo, Yo, Z^, acting at three points 
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A, B, G whose coordinates {x-,, y^ Zi) {x^, y^, z^ {x^, y^, z^ are 
given by X,x^ = X„ X.y^^Xy X,z^ = X^, 

■^o«s = Z^ Z^ys = Zy ZoZs = Zg. 

We shall suppose in the first instance that the principal force 
is not zero, and that the axes are so chosen that Xq, ¥„, Z^ are all 
finite. 

If the three points A, B, G lie in a straight line we may make 
a further reduction. "We can replace each of these forces by two 
other forces parallel to it and of proper magnitude, acting at any 
two points ifi, ifa, which lie in the straight line. By compound- 
ing the three forces at M^, and also those at M^, the whole system 
can be reduced to two forces. In order therefore that the system 
of forces may be reducible to two forces it is sufficient that the 
three points A, B, G should lie in a straight line. 

It is also necessary, for otherwise the system is equivalent to 
an astatic triangle with rectangular forces. Now by Art. 72 such 
a system cannot be reduced to two forces unless either the triangle 
is evanescent or one at least of the forces Xd, Yo, Z,,, is zero. 

If the three points A,B, G lie in a straight line a plane can be 
drawn through that straight line and the origin. Hence 

Xg;, Xy, Xj I = 0. 

Y Y Y \ 

Zx, Zy, Zg I 

The projection of these points on any coordinate plane must also 
lie in a straight line. We therefore have 



-^o> ^y> Xg 


= 0, 


Y Y Y 




Zo, Zy, Zz 





■^iBl -^0) Xg 


= 0, 


^Xt -^ 0> -» 2 




Zx, Za, Zz 





^xi -^y) -^0 

Y Y Y 



= 0. 



The second of these four equations expresses the fact that 
A, B, C lie in a plane perpendicular to that of yz, the third that 
they lie in a plane perpendicular to that of xz, and so on. 

Since no two of these four planes coincide, except when the 
points A, B, G lie in a coordinate plane, any two of the last 
three equations are sufficient to express the fact that the three 
points A, B,G lie in a straight line except when the three force 
components are zero. 

These determinants are the coefficients of the several terms in 
R. s. II. 14 
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the equation to the central plane. That plane is therefore inde- 
terminate. 

Expressions for these determinants in terms of the forces, 
without the intervention of coordinate axes, have been given in 
Art. 31. 

74. To find the equivalent forces. We have seen that they may be made to act 
at any two points M-^, M^ which lie on the straight line ABC. The equation to 

this straight line is evidently ^^ 1 = J — Jl. = i L . This straight line is called 

the central line of the two forces. 

If two forces, not parallel to each other, are together astatically equivalent to 
two other forces, we may prove in an elementary manner that the four points of 
application lie in one straight line. 

Let Pi, Pj acting at Mj, M^ be equivalent to Qj, Q^ acting at N^, N^. Make Pj 
act parallel to N-^N^ ^^^ *^^^ moments about N-^N^- It immediately follows that 
M^ lies on N^N^. Similarly Jlf 2 lies on N1N2. Thus the central line is fixed in the 
body. 

Take any two distinct points Mj , M^ on the central line. Let the coordinates 
of the points thus chosen be (/, g, h) and (/', g', h'). Let {F, G, H), (F', &, H') be 
the components of the forces at these two points. The forces will then be known 
when we have found '{F, G, H) and {F", G', H'). 

Since this system of two forces is equivalent to the given system, the twelve 
elements must be the same for each system (Art. 12). 

We therefore have 

X^=Ff+F'f', Xy=Fg+F'g', X,=Fh + F'h', X,=F+F' 
r^=Gf+G'f', Yy=Gg+G'g', l\=Gh + G'h', Y,= G + G' 
Z^=Hf+H'f', Zy==Hg + H'g', Z,=Hh + H'h', Z„=H+H'. 
Any six of these equations determine F, G, H; F', G', H' when/, g, h and/', g', h' 
are given. 

75. To shew that whatever points are chosen on the central line, the forces at 
those points are always parallel to the same plane. 

Supposing the system to be already reduced to two forces Pj , Pg acting at some 
two points Mj , ikfj , let us replace these by two other forces d , Q^ acting at any other 
points N-i , N2 on the central line. The force Q^ is the resultant of two forces which 
act parallel to Pj and Pj; it is therefore parallel to any plane to which Pj and Pj 
are both parallel. In the same way the force Q^ is parallel to the same plane. 

It should also be noticed that the resultant of the two forces Pj, P^, when 
transferred parallel to themselves to act at the same point, is a force fixed in 
direction and magnitude. 

76. Referring to the determinantal conditions given in Art. 73, we see that if 

=0 



we substitute |, ij, ^ for the terms in any row in the first „ „ 

Xr,. Xy, X. 



^r.t Zy, Z. 



determinant (repeated here in the margin) we have the 
equation of the plane containing the origin and the central 
line of the two resultant forces. 

If however we substitute J, % f for the terms in any column of the same deter- 
minantal equation, we have the equation of the plane to which the two resultant 
forces are parallel whatever be their points of application. 

The first of these theorems follows at once from the values of x-^, &e. given in 
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Art. 73. The second is easily proved by substituting in the terms of the first and 

second columns the values of Zj ifco. given in Art. 74, and in „ _, t _n 

the third column f, -ri, f. After an obvious reduction and 

division by fg' -f'g, the equation reduces to the form shown 

in the margin, which is the plane required. There is no 

exceptional case when the divisor vanishes, for the equation to the plane then takes 

the form 0=0. 

77. We have hitherto assumed that X^,, T,,, Z^ are all finite. The case in which 
any one or any two are zero may be treated as a limiting case and the corresponding 
conditions may be derived from those obtained when JTd, Tq, Z,, have finite but general 
values. As long as the conditions thus obtained are not nugatory they will be the 
conditions required. If however the principal force R is zero, the three compo- 
nents Xq, Yq , Zf) vanish for all axes and the reasoning in Art. 73 fails from the 
beginning. 

The equations of Art. 74 supply a method of arriving at the conditions that the 
given forces can be reduced to two forces without making any assumption about the 
principal force. The body being in any position, let the components of the two 
forces be, as before (F, 0, H), (F', G', H'), and let their points of application be 
(/. 9t ^)t (f'l ff'. '»')• The required conditions may then be deduced from the twelve 
equations given in Art. 74. It is evident by simple inspection that the four 
determinantal equations given in Art. 73 are satisfied. 

If the principal force is zero and the system can be reduced to two forces, those 
two forces must be equal and opposite, i.e. they must form a couple. Letii*", ±Cr, 
±if be the resolved parts of the forces of this couple, (/, g, h) (/', g', h') the coor- 
dinates of the extremities of its astatic arm. Then equating the nine finite elements 
of the system to those of the couple we have 

X^=FU'-f), Xy=F(g'-g), X,=F(h'-h) 
y^=G{f'-f), Y^=G{g'-g), Y,= G{h'-h) 
Z^=H(f-f), Z,=H(g'-g), Z,= H{h'-h). 
The necessary and sufficient conditions that the system should be equivalent to two 
forces are therefore that (X^, Y^, Z^), (Xy, Yy, Zy), {X^, Y^, Z^), should be each 
proportional to the direction cosines of one straight line. This straight line is 
parallel to the forces of the couple. 

78. Ex. 1. Show that any ftirce F acting at a point A may be replaced by forces 
Pi, Pa acting parallel to F at any two points M^, M^ such that AM^M^ is a straight 
line. Show also that these forces are 

P -F ^^^ andP J- ^^' 

Ex. 2. Two given forces Pj, P2, acting at the points M^, M^, are changed into 
two forces Q^, Q^ which are at right angles to each other, and act at two other 
points J/i, ^2 in the straight line M^M^. If y,,, y^ are the distances oiN-^,N^ from 
the central point of the forces Pj, Pg, prove that R*yiy2= - (PjPaD sin 9)= where 
j[{2_Pj2^p^2 + 2PiP2 COS 0, D is the distance M-^M^ and B is the inclination of the 
forces Pi , P2 to each other. It follows that the product y^y^ is the same for all 
equivalent rectangular forces. 

Ex. 3. In all transformations of two forces Pj , P2 into two others in which the 
points of application remain on the same straight line, the quantities 

(1) Pi'i-|-P22-|-2PiP2COS9, 

(2) PjPaD sin 9, 

(3) Pj (Pi -I- Pa COS 0) ajj + P^ (Pj cos + Pj) x^, 

14—2 
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are invariable, where cci, x^ are the distances of the points of application Mj, M^ 
from any fixed point on the central line, D is the distance MJH^ and $ is the 
angle made by the forces with each other. 

Ex. 4. A system consists of two forces PitP^ acting at M-^, M^ and the inclina- 
tion of the forces to each other is 0. Show that (1) the central point is the centre 
of gravity of weights proportional to Pj (Pj + Pg cos 9) and Pj (Pj cos $ + P^) placed at 
Mj, iKj. (2) The central ellipsoid at is two parallel planes perpendicular to 
MjJlfj. (3) The principal axes at are M1M2 and any two perpendicular straight 
lines. 

79. To determine the conditions that the forces of cm astatic 
system reduce to a single force. 

Let the single force be Pi, let it act at the point {x^, yi, Zi), 
and let its components be X^, Y^, Z^. Comparing the elements 
at any base we have 

X^ = XiXi, Xy = Xjyi, X;i = XiZi, &c. 
Hence we see that the constituents in any column of any of the 
four determinants of Art. 73 bear to each other the ratios 
(Xi, Fi, Zj) of the components of the single force and that these 
ratios must be the same for every column. 

We also notice that the constituents in any row of any of the 
four determinants bear to each other the ratios («i, y^, z^) or 
(1, yi, Zj) &c. of the coordinates of the point of application. 

We have twelve elementary equations and six arbitrary 
quantities (Xi, Fj, Z^), (x^, y^, z^ leaving six conditions to be 
satisfied by the elements of the system. 

Since Xj = Xj, &c., it is clear that the single equivalent force 
is equal and parallel to the principal force, Art. 11. Also, since 
the coordinates of the central point depend on the twelve 
elements, it is evident that the central points of two equivalent 
systems coincide. Art. 28. Thus it follows that the point of 
application of the equivalent single force is the central point of 
the system. 



Note on Art. 106, Page 54. 

The condition that a system of surfaces can he level. 

The equation given in this article supplies us with a test by which Ave can 
determine whether any given system of surfaces can be level surfaces. 

Let the surfaces be given by the equation 

<t>(^, y, *. c) = (1), 

where c is the parameter. If these are level surfaces, the parameter c, as given by 
this equation, is such that some function of c, say / (c), satisfies Laplace's equation. 
Hence writing c for V, we have 

d£ ~ fdxy T^y 7^^ * '■ 

de \dx) ■*" \dy) "^ \dz) 
If the right-hand side of this equation is a function of c only, say ^ (c), we have a 
differential equation to find/ (c). The result is 

f{c)=A\e-^'^^'''>^dc + B (3). 

The required test may be expressed in the following rule. Find the value of 
the right-hand side of (2) by differentiating (1) on the supposition that c is a 
function of x, y, z. If the resulting value can be expressed as a function of c only 
and not of x, y, z (by substitution from (i) if necessary), the given surfaces are 
level, but if not the surfaces are not level. This test is due to Lamfi. 

The function of c given by (3) when expressed in terms of x, y, z gives by 
simple differentiation the components of the forces corresponding to the level 
surfaces. It does not however follow that these forces can be produced by the attrac- 
tion of any real finite body. Unless some portion of space is excluded from the 
system of surfaces it follows from Poisson's theorem that the attracting body must 
be at the points, lines, or surfaces at which the potential/ (c) is infinite. 

As an example, let the given surfaces be prolate spheroids having their foci at 
two given points A and B. It may be shown that they can be level surfaces, and 
that the potential is infinite at every point of AB, see Art. 41. 



Note on Aet. 166, Page 88. 

The invariant property of Laplace's functions. 

We may notice that the invariant property of Laplace's functions, already 
referred to in Art. 78, reappears in this article in a slightly different form. Let 
any physical quantity, say the surface density of a thin stratum on the surface of 
a sphere, be represented by <T=r^Yn. Here o- is a homogeneous function of the 
coordinates x, y, z oi a. point P, and this function satisfies the equation V>V=0. 
Let us now transform the coordinate axes, keeping the origin unchanged, so that 
the coordinates of P become x', y', z'. Then by Art. 78, the equation V*F=0 
retains the same form as before, except that x', y', z' has been written for x, y, z, 
and this equation must be satisfied by <r when expressed in terms of the new 
coordinates x', y', z', Beplacing these Cartesian axes by polars (r, 9, 0), (r, B', (/>') 
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having respectively the axes of 2 and z' for their axes of reference we have two 
equal expansions of Y^ referred to different axes, viz. 

dP 

y„=a„P„ + Bine— 5— ''{aiCOS0 + 6iSin0) + cfee (1), 

dP ' 
= <P„' + Bin9'-^(ai'cos^' + 6/sin0')+&o (2), 

where P„, P„' are the Legendre's functions corresponding to the different polar 
axes, and (0, 0), [B', 0') are the angular coordinates of the same line in the two 
systems of axes. The quantities 05,1^1,61 &o., a,,', Oj', 6,' &c. are constants which 
depend on the system of axes chosen. Either set of constants may be found in 
terms of the other when the relations of the axes to each other are known. Thus, 
we may transform the Cartesian quantic j'T„ by writing for x, y, z their values in 
terms of ad, y', s'; or we may equate the two values of r„, given by the expressions 
(1) and (2), at different points of the sphere and thus obtain equations connecting 
the constants. 



Note on Art. 19, Page 137. 

Equation of the three moments. 

In Prof. CotterUl's Applied Mechardcs, 1884, page 337, it is stated that the 
theorem of the three moments was originally discovered by Clapeyron. An 
extension of the theorem to the case in which the external supports are on the 
same level, while the central one is at a small distance beneath that level, is also 
given in the same work. 

Note on Art. 1, Page 165. 

Moigno's Statique. 

The theorems on Astatios given by Moigno may be found in his Legons de 
Mecanique Analytigue, 1868, which he tells us are chiefly founded on the methods of 
Cauchy. As his demonstrations are different from those given in this treatise, it 
may be useful to indicate the plan of his work, just as that of Darboux is given in 
the text. 

First, by a transformation of axes, he obtains the twelve equations of equilibrium 
given in Art. 11. Thence he deduces the conditions that a system of forces can be 
astatioally reduced to a single force by considering what single force can be in 
equilibrium with the system. Supposing these conditions not to be satisfied, he 
shows that the system can be reduced to two forces provided two conditions are 
satisfied. These conditions agree with the two last determinantal equations given 
in Art. 73. He next shows that the system can always be reduced to a force and 
two couples and that the point of application of the force may be arbitrarily chosen 
on a plane fixed in the body. This plane is defined to be the central plane. He 
then shows that if the arbitrary point is properly chosen the directions of the 
forces and of the arms may be simplified in the manner described in Art. 27. This 
point is defined to be the central point. Proceeding next to consider the case in 
which the body is so placed that the forces admit of a single resultant, he shows 
that that single resultant must intersect two oonics fixed in the body. He next 
discusses the case in which the equilibrium is astatic only for displacements of the 
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m 
body round a given axis ; following the same plan as before, he enquires into the 
conditions that the system can be reduced to one, two or three forces. He 
concludes with an application to magnetic forces and investigates the positions of 
the central plane and central point. 



Note on Art 11, Page 171. 

The conditions of equilibrium. 

That the conditions of equilibrium given in Art. 11 are sufficient as well as 
necessary follows at once from the previous article. Thus, since the force F is the 
resultant of X^ja, Y^ja, ZJa, it is clear that F is zero. Similarly G and H are 
zero. Since Xq, Y^, Zf,, are zero the principal force R is zero, so that the body is 
in equilibrium in all positions. 

We may however also arrive at the same result independently. The body and 
forces in any one position being referred to axes x, y, z, let the twelve elements be 
zero. The axes x, y, z remaining fixed in space, let the body be moved about the 
origin into any other position, and let the coordinates of the point {x, y, z) become 
{x', y', z'). Since x, y, z are linear functions of x', y', z' whose coefficients are 
independent of the coordinates, it is evident that the twelve elements SXs' &c. are 
also zero. The six statical equations of equilibrium referred to in Art. 11 are 
therefore satisfied in this new position of the body. 



Note on Art. 33, Page 183. 

Analogy of astatics to moments of inertia. 

The analogy may be made more distinct by adding another proposition to those 
given in the text. 

Let be the central point, Oy, Oz the principal astatic axes in the central 
plane, Ox that perpendicular. The astatic moment K about any axis OP, whose 
direction cosines are I, m, n is given by 

K^=K^mHK^^rfi (1). 

Let a lamina be placed in the plane of yz with its centre of gravity at 0, having 
the axes oi x, y, z for its principal axes of inertia ; and let K^^, K/be its moments 
of inertia at the origin with regard to the planes respectively perpendicular to the 
axes of y and z. The equation (1) then shows that lO is the moment of inertia of 
the lamina with regard to a plane drawn through perpendicular to OP. 

Let 0' be any other point whose coordinates are |, rj, f, and let O'P' be parallel 
to OP. The astatic moment K' at 0' corresponding to the arm O'P" is given by 

K'^=K^ + EY (2), 

where p is the projection of 00' on OP. This is also the formula which gives the 
moment of inertia of the lamina with regard to a plane drawn through 0' 
perpendicular to O'P', provided K' is the mass of the body. 

It follows that the moment of inertia of the lamina with regard to a plane 
drawn through any point 0' perpendicular to any straight line O'P' represents the 
square of the astatic moment at the base 0' for the arm O'P'. 

Since the moments of inertia for all arms through 0' represent the squares of 
the astatic moments for the same arms, it follows that they have the same maxima 
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and minima and are connected together by the same rules. The principal axes of 
inertia at 0' are therefore the same in direction as the principal astatic axes at 0'. 

That the principal astatic moments at 0' are the normals to the oonfoeals (4) of 
Art. 34, and that the astatic moments are the three values of M given by the cubic, 
follow at once from the properties of the principal axes of inertia, see Rigid 
Dynamics, Vol. i. Art. 56. 

Since the moments of inertia of the lamina about the axes of y and z are 
respectively K^ and K^, it follows that the lamina might take the form of a 
homogeneous elliptic disc, whose semi-axes of y and z are respectively 2KJR and 
2IiJR, and whose mass is E^. The boundary is therefore similar to the imaginary 
focal conic. 
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The numhers ref&r to the articles. 

Annulus. See Sphere. 

BouGUER. The attraction of table-land, 22. 

Circle of atiraotino bods. Potential of the circle, 45. Limiting case of a 

cylinder and consideration of the resulting discontinuity, 45. 
Centrobario bodies. If the force at every point P tend to a fixed point 0, the 

force is independent of the angular coordinates of OP, 40, 111. The point 

is the centre of gravity and every axis is a principal axis of inertia. 111. 

The law of force is the inverse square or the direct distance, 112. The 

boundary of the body is a single closed surface, and the centre of gravity is 

inside, 115. 
Chain in a tube. The force producing motion depends on the difference of the 

potentials at the two ends, 43. 
Chasles. Theorem on attractions, 85. The attraction of a, thin homogeneous 

homoeoid, 189, 200. 
Cones. Attractions of parallel frusta at the vertex, 24 : other frusta, 25. 
Conic. Direction of the attraction when the force is the inverse cube, 27, 28. 
Constant op attraction. Definition, 3. 
Converse problems. See Inverse problems. Given the potential, find the 

body, 145. 
Cylinder. Attraction of a hoUow finite circular cylinder at a point on the 

axis, 23. Potential of the same, 48. Attraction of a long elliptic cylinder 

at one end, 23. Component of attraction parallel to its length, 23. A 

semi-cylinder attracts centre of its base, 23. Potential of a heterogeneous 

circular cylinder, 48. Potential of an infinitely long elliptic cylinder, 213. 

Quadratic layer on an elUptic cylinder, 215. 
Direct distance. Eesultant force tends to the centre of gravity when the force 

varies as the distance, 7, 8. 
Disc. See Lamina and Stratum. Attraction of a circular disc at a point on the 

axis, 21. Potential of a circular disc at an eccentric point when law of 

force is the inverse cube, 77. Attraction of an infinite disc, 22. 
DisoN. Attraction of ellipsoids, 216. 
Eabnshaw. Points of equilibrium are unstable, 94. 
Ellipsoid. Potential of a solid ellipsoid at an external point, 201. At an 

internal point, 205. Attraction of an ellipsoid at an internal point, 207. 

At an external point, 209. 
Ellipsoidal shell. Internal attraction of a homoeoid is zero, 56. The parts 

of a thin homoeoid separated by the polar plane of P equally attract P, 57. 

Attraction at a point close to the surface, 59. Two kinds of shells, 182. 

Potential of a thick homoeoid at an internal point, 184. The fundamental 

integrals I and J, 186, 187. Volumes of corresponding elements of equal 
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confocal thin homoeoids are equal, 188. The potentials of equal oonfooal 
thin homoeoids at corresponding points are equal, 189. Extension to 
heterogeneous shells, 191, 193. Two confocal thin homoeoids of equal mass 
are equi-attraotive, 194. The potential of a thin homoeoid at an external 

point, 196. The attraction of the same is M -~ , . Attraction of a 
*^ ' abc 

quadratic ellipsoidal layer, 215. Attraction of any layer on an ellip- 
soid, 216. 

Equi-attkactive bodies. Bodies are equi-attraotive if their potentials are equal 
over an including surface, 105. Also if of equal masses and have the same 
level surfaces, 107. Their centres of gravity and the principal axes at that 
point coincide, also the differences of their moments of inertia are equal, 
110. Green's equi-attractive stratum, 124. Confocal thin homoeoids are 
equi-attraotive, 194. 

Equilibbium. Points of equilibrium are unstable, 93. The separating cone, 95. 
Level surfaces near a point of equilibrium are coniooids, 96. Attracted 
particles must lie on the surface of the containing vessel, 96. 

EvBBETi. Units of attraction, 6. 

Feeeebs. Attraction of ellipsoids, 216. 

Filament. See Lines of fobob. Definition, 101. 

FocALOiD. See Ellipsoidal shell. Definition, 182. 

FuNDY. Attraction of the tide in the Bay of Fundy, 23. 

Gauss. In a homogeneous solid of unit density 

the volume = ^jr cos 0d<r, 46. 
potential =4j cos (pdff, 46. 

/cos 
-^^ d<T, 16, 

Mean potential of any body over a sphere, 70. The theorem ^Fda = ± 4ir2k?, 
81. The same deduced from Green's theorem, 133. 
Gbeen. Attraction of a stratum X' -X=iirm,, 117. Green's equivalent stratum 

p=--j — — ; indirect proof, 124; geometrical proof, 129; extension, 134. 
47r an 

Analytical theorem, 135 etc. ; extensions, 144. Attraction of ellipsoids, 216. 
HoMOEOiD. See Ellipsoidal shell. Definition, 182. 
HoMOTHETic shell. Defined by Chasles, 182. 
Induction. Induction through an element, 82. 

Infinite. Attraction of an infinite plate, 22. Infinite potentials, 34, 42, 47, 140. 
Inteseal. Theorems on the integrals I and J, 187. Theorems on jr^x^yhMia 

taken over the surface of an ellipsoid, 187, 219, 220. 
Inveese pboblems. See Conveese peoblems. Find the curved rod such that the 

attraction of the arc PQ at (1) bisects the angle POQ, 20. (2) passes 

through a fixed point, 20. (3) passes through the intersection of the 

tangents at P and Q, 20. 
Inveese foueih powee. Townsend's theorems on the attraction of ellipsoids, 223. 
Inveebion. Thomson's' theorem on inversion from a point for arcs, surfaces and 

solids, 149 — 150. Inversion from a line, i.e. inversion in two dimensions, 

152. The cylindrical transformation r'=Ar'^, 6'=nd, 155. 



r 
and I ^^^^ dir=47r, 2ir or 0, 46. 



d V fr'Mu 
Ivoby. Potential of a solid-r'-F^— , = I — =- , 125. Geometrical property of 



con- 
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focal ellipsoids, 189. :action of a solid ellipsoid at an external point, 

209. Application of Ivory's theorem to infinite cylinders, 214. To finite 
cylinders, 21S. 

Kelvin, Lord. Theorems on attraction, 85, 96. Centrobaric bodies, 115—116. 
Proof of a theorem of Green's, 120. Extension of a theorem of Green's, 
IM. Inversion from a point, 149. Spherical harmonics, 161. Definitions 
of homoeoid and focaloid, 182. 

Knight. Components of attraction of a right-angled triangle at any external 
point, 231. 

Lamina. See Stratum. Attraction of an infinite lamina, 22. Normal attraction 
of a finite lamina, 26. Besultant attraction at the same as that of a 
spherical surface passing through 0, 28. Besultant attraction when the 
force varies as the inverse cube, 27. The lamina equi-attractive (1) to a 
thin homoeoid, 204, (2) to a solid ellipsoid, 204. Potential of a plane 
lamina, 224. Components of attraction, 231. 

Laplace. The equation V^V=0, 76. Corresponding equation for other laws of 

force, 77. The invariant property of his functions, 78, and Note on page 213. 

dV 
The equation -o--j- = §7rar + JF, 125. Laplace's functions and his second 

equation, 164. Three fundamental theorems on Laplace's functions, 167, 
168, 169. Laplace's expansion of the potential of any body in a series of his 
functions, 163. Properties of functions which satisfy Laplace's equation, 
108. 

Leqendbe. Elementary theorems on his functions, 168, 160, 166. Attraction of a 
solid of revolution, 178. Attraction of a solid ellipsoid, 204. 

Lejeune Dibichlet. Attraction of an ellipsoid, 201. 

Level subfaces. Definitions and theorems, 37, 38. Level surfaces of a uniform 
rod, 40, 43. Level surfaces cut at right angles, 98. Bankine's theorem, 
100. The intersections are points of equilibrium, 98. Level surfaces of a 
thin homoeoid, 193. Lame's test that given surfaces are level. Note on 
page 213. 

Lines of fobce. Definition, &o,, 39. Lines of force of a rod, 40. Lines of force 
of a thin homoeoid, 196. Attraction varies inversely as the area of a thin 
tube of force, 101, 102. 

MacCullaqh. Potential at a distant point, 109. 

Maclauein. Attractions of oonfocal ellipsoids are the same in direction and pro- 
portional to the masses, 203, 211. 

Magnet. Potential of a small magnet, 44. Examples on large and small magnets, 
44. 

Magnitude of the force of attraction, 5, 6. 

Playfair. Cylinder of greatest attraction, 23. Attraction of a lamina, 26. 
Solid of greatest attraction, 29. 

PoissoN. The theorem V^ V= - iirp, 80. Deduced from Gauss's Theorem, 83.. 
Attraction at a distant point, 109. Attraction of an ellipsoid, 201. 

Potential. Geometrical definition of the potential (1) at an external point, 31, (2) 
at an internal point, 79. Definition derived from work, 36. Besolved 
force = (iF/(Js, 32. Definition for various laws of force, 35. A particle tends 
to move in the direction of increasing potential, 40. Potential of a rod, 41, 
42, 43. Infinite potentials, 34, 42, 47, 140. Potential of a small magnet, 
44. Potential of discs and cylinders at points on their axes, 47. Potential 
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of a disc at an eccentric point in a definite integral, 47, 178. Potential of a 
paraboloidal shell is B^-r^ or iJ2~''2 according to density, 47. Potential of 
a heterogeneous circular cylinder, 48. Potential of an annulus at the axis, 
61. Mutual potential of two systems, 49. Gauss's theorem on the mean 
potential, 70. Belations between the potentials of the same body for 
different laws of force, 77. Potential cannot be an absolute maximum, &c., 
85. Potential constant through a space, 89; the law of force must be the 
inverse square, 77, 114. Different bodies with equal potentials, see equi- 
ATTBACTivE bodies. Properties of functions which satisfy Laplace's equation, 
108. Potential at a distant point, 109. Potential given, find the body, 145. 
Potential of an ellipsoidal shell, 196. Potential of a solid ellipsoid, 201, 
205. 

EECTiLraEAR FiGUEES. Potential of a lamina found in terms of the potentials of 
its sides, 226. Potential of a solid found in terms of those of its faces, 
227. Potentials of all reotiliaear figures can be found in finite terms, 228. 

BiNG. Polar line of a point P divides a ring into two parts whose potentials at P 
are equal, 60. Potential at any eccentric point, 181. Attraction when the 
force varies as the inverse cube, 47. 

EoBEKTs' THEOREM. Eclation between the potentials of a lamina for different laws 
of force, 77. 

EoD. Components of attraction, 10, 11. Direction and magnitude of resultant, 
12, 13. Infinite rod, 14. Singular form of the attraction, 15. Attraction 
replaced by two forces, 15. Mutual attraction of parallel rods, 15. Gauss's 
theorem on the attraction of a solid considered as a bundle of rods, 16. 
Condition that two curvilinear rods equally attract the origin, 17, 18, 19. 
Inverse rods, 18, 19. 

Siemens. Instrument to find the depth of the sea, 22. 

SiLVABELLE. SoUd of greatest attraction, 29. 

Solid angle. How measured, 25. The solid angle subtended at any point by any 
triangle, 231. 

Solid oe geeaibst atibaotion. Playfair's principle, 29. 

Solid op revolution. Legendre's theorem that the attraction is known at aU 
points if known on the axis, 178. Expression for the potential (1) in 
Legendre's functions, (2) in a definite integral, 178. 

Spheres. Potential of a spherical shell, 54. Potential of an annulus at the axis, 
61, 63. Discussion of a discontinuity, 62. Attraction of a segment at the 
centre of the base, 63. Potential of a solid sphere, 64, 66. Attraction of 
a shell on an element of itself, 66. Mutual pressure of two parts of a 
sphere, 66. Attraction of a sphere with a cylindrical hole at a point on the 
axis and its application to explain the discontinuity in the internal and 
external attraction of a sphere, 66. Equi-attracting parts of a sphere, 66. 
Potential of hemisphere near the centre, 66 ; also at any point on the axis, 
66. Potential of an eccentric shell at any point, 67. Attraction of a thin 
shell whose surface density varies as the square of the distance from a point 
on the circumference &c., 69. Shells with any law of density V'= Vajr', 71. 
Stokes' theorem X+X'= - Via, 76. Laplace's expression for the potential 
of a heterogeneous spherical stratum, 172. Also for a solid sphere, 174. 
Potential of nearly spherical heterogeneous body, 176. 

Spherical harmonics. Definitions &o., 161. 

Spheroids. Attraction at an internal point, 208. Equivalent lamina, 204. 
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Attraction of a prolat leroid is the same as that of a uniform rod joining 

the foci, 204. 
Stokes, Sik G. Theorem on the attraction of a thin shell, 76. Proofs and 

theorems on potentials 83, SB, 89, &c. 
Straium. See Lamina, Sphebes, &0. Green's theorem X'-X=4:Trm, 117. Also 

deduced from Gauss's theorem, 121. Green's equivalent stratum p= - -r-^i-, 

'^ iir dm 

124, 129. Potential V of a stratum (surface density is p) found in terms 

of the potential 7 of the enclosed closed body V' = 2V-r -^ , 125. Green's 

dr 

stratum for the spheres intersecting at right angles and other cases, 126. 

Attraction of a heterogeneous stratum on an element of itself F=^(X+X'), 

127 ; see also 66. Quadratic layer on an ellipsoid, 212 ; see also 148. 

Quadratic layer on an elliptic cylinder, 215. Heterogeneous layer on an 

ellipsoid, 216. 
SuBFACE. Condition that two surfaces equally attract the origin, 27. Surface of 

equilibrium defined, 38. 
Systems or particles. Mutual potential found, 49. 
Tetkahedbon. Potential of a tetrahedron at a, |8, y, 5 found in terms of the 

potentials of the faces at the same point, 231. 

TowNSEND. Attraction of a ring at a point in its plane when the law of force is the 

A J-t O 

inverse cube, 47. —da + rr db + — dc is a perfect differential, 206. Attrac- 
a c 

tions of ellipsoids for the inverse fourth power, 223. 
TBiANGiiE. Attractions of the sides, 15. Position of equilibrium when attracted 

by the sides produced indefinitely, 15. A particle at the centre of the inscribed 

circle is in unstable equilibrium, 15, 96. Attraction of a triangle at any 

point, 226, 231. 
Tubes of force. See Lines of force. 
Units. Theoretical and astronomical, 3. C. G. S. system, 5. Foot, pound and 

second system, 5. 
WoBE. Belation to potential, 36. Mutual work, 61, 52. 
Young. Eule for the diminution of gravity on tablelands, 22. 
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Aeolotbopic. Defined 6. 

Aiby's problem. How a standard of length should be supported, 36. 

Bent bow. Its equation and the tension, 28, 29, 30. 

Bent bod. Two methods of forming the equations of equilibrium, 10, 11. The 
experimental law, 13. A heavy rod rests on n supports with weights, find 
the stresses, 21, 22. Inequality of pressures, 22. Altitudes of the supports 
to equalize the pressures, 27. Problems on heavy rods, 24, &o. 

Beitamnia bbxdob. Problems on the bridge, 23. How the inequality of pressure 
was diminished, 23. 

Oenteal axis. Defined, 1. 

Cibculab bods. Equations to find the deformation, 37. Extensible circular rods, 
38. Expressions for the tension, bending moment and work, 40, 41, 42. 
Limiting case when the rod is inextensible, 42. 
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CotuMNS. Theory of their flexure and Euler's laws, 31. Hodgkinson's experi- 
mental researches, 31. Greenhill's problems, 32. 

CoKTBACTioN. Determined by theory (1) for a stretched rod, 7, (2) for a bent 
rod, 34. 

Deflection. A heavy rod rests on n supports in a straight line, find the de- 
flection, 17. 

Edler. His laws on columns &a., 31. 

Experiment. Hooke's law, 5. Bending of a rod, 13. 

Equations of equilieeium. In two dimensions, 10, 11. In three dimensions, 
57. 

Flexure rigidity. Defined, 13. Its magnitude found by experiment, 22. Princi- 
pal flexure rigidity, 53. 

HoDGKiNSON. His experimental researches referred to, 31. 

Hooke's law. Enunciation, 5. Corresponding contraction, 8, 34. 

Helical twisted rods. A straight rod is bent into a helix, 54. 

Isotropic. Defined, 6. 

Lagrange. His memoir referred to, 32. 

Lam^. His constants X, n, of elasticity, 7. 

Limits of elasticity. Defined, 14. 

Love. His treatise on elasticity, 8. 

Minchin. Equations in three dimensions, 57. 

MosELET. Problem on a rod compared with experiment, 21. 

Neutral line. Defined, 33. If a straight rod is bent without tension the central 
line is neutral. 

PoissoN. His treatise referred to, 31. 

Resolved cdkvatuee. Theory, 46. Represented by two constants, a, X, 47. 

Rotating rod. Problem, 26. 

Saint- Venant. His results on bending, 35. Spiral spring, 66. 

Spiral springs. Theory, 55. 

Standards of length. How supported, 36. 

Stress and strain. Their relations to each other in three dimensions, 51, 52. 
Principal axes of stress, 53. 

Theory. Stretching of rods, 7, 8. Bending of rods, 33. 

Three moments. Equation or theorem, 19. Extension of the theorem, 20. 
Method of use, 21. Corresponding theorem for three pressures, 26. See 
Note, page 214. 

Twist. In three dimensions defined and measured, 45. Twists of a rod placed 
on a sphere, a cylinder, any surface, 50. Principal torsion rigidity, 53. 

Thomson and Tait. Equations in three dimensions, 57. Stress and strain, 51. 
Spiral spring, 56. 

Vectors. Rule for resolving a variable vector at a moving point, 67. 

Very flexible rod. Theory of a light rod passing through several small rings 
not in a straight line, 43. 

Work. The work of bending (1) a straight rod, 16, (2) a circular rod, 40. Re- 
lations of stress to strain in three dimensions deduced from work, 62. 
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CentkaIi ellipsoid. Definition and equation, 14; its discriminant, 17. Com- 
parison of ellipsoids at different bases, 23. Locus of bases at which it is a 
surface of revolution, 37. Other central ellipsoids, 22. 

Cbnteal plane. Definition and equation, 25. It is fixed in the body, 26. Equa- 
tion expressed in terms of the points of applications and mutual inclinations 
of the forces, 31. 
Working rule to find the central plane, 68. 

Centbal point. Definition and coordinates, 28. It lies in the central plane, 29. 
Not the same point as in two dimensions, 29. 
Working rule to find the central point, 30, 66. 

Cone of equal astatic moment. Its axes coincide with those of the central 
ellipsoid, 17. 

CoNFOCALS. The principal astatic axes are the normals, 34. The confocal conies, 
36. Belation to Foinsot's axis, 51. 

CoDPLES. Conditions of equilibrium, 3, 8. Astatic angle, 2. Working rule to 
find resultant couple, 6. 

Dabboux. His memoir, 1. His ellipsoids, 15, 22. Theorems, 22, 37. 

Elements. The twelve elements, 10. Interpretation (1) in rows 10, (2) in columns 
59. 

Equilibkicm. Equilibrium of three couples, 3, 8. General conditions of astatic 
equilibrium, 11, 12. See also Note, page 215. If three forces balance three 
others, the six points of application lie in a plane, 13. 

Focal lines. Definition, 36. Distance from the centre, 37. Four focal lines can 
be drawn (1) through every point, 37, (2) parallel to a given line, 37. Locus of 
focal lines which pass through a point on a focal conic, 37. Minding's 
theorem, 44. 

FouE FOBCES. Eeduction of a system to four forces, 60. Working rule, 60. Trans- 
formation of tetrahedra, 70. Intersections of the central plane with the 
edges, 71. 

Imaginaby conic. Defined, 36, 64. Its centre, 67, &c. 

Initial position. Definition, 19, 20. These are the only positions of equilibrium 
with the base fixed, 21. 

Invariants. Of astatic momenta, 17 ; of astatic triangles, 65 ; of two forces, 79. 

Labmok. Proof of Minding's theorem referred to, 1. 

MiNCHiN. Quaternions, 1. 

MiNDiNo's THBOBEM. Proof, 44. Further consideration, 48. Minding's memoir, 1. 

MoioHO. His treatise, 1. See Note, page 214. 

Moments of inertia. The analogy to astatic moments for all arms, 33 ; see note on 
page 215. 

Poinsot's axis. Its position in space as the body turns round B and locus in the 
body, 38, 40. Its equation referred (1) to the axes of the forces, 39 ; (2) to 
axes in the body, 44, 46. Three elliptic cylinders, 46. Case in which the 
principal force acts along an asymptote of a focal conic, 44, 60. Its relation 
(1) to confocal surfaces, 51 ; (2) to the focal conies, 64. To place the body so 
that a given straight line may be (when possible) a Poinsot's axis, 44. 



224 INDEX TO ASTATICS. 

Poinsot's couple moment. Its magnitude referred (1) to the axes of the forces, 
39 ; (2) to axes in the body, 41, 45. Found by a quadratic, 47. Axis of no 
moment, 41, 44, 50. 

Points astatic. Definition, 57. 

Pbincipal astatic axes. Principal couples, 18. Principal axes at various points, 
37. 

Pkincipai foece. Definition, 9. 

Eeduction or a system of forces. To three couples and a principal force, 9. 
To three rectangular couples and a force, 18. To two rectangular couples 
and a force, 27. To two rectangular couples, with forces perpendicular to 
the principal force, 29. Summary, 32. Reduction to four forces, 60; 
three forces, 56 ; two forces, 73 ; one force, 79. 

Single eescltant. To place a body so that the forces are equivalent to a single 
resultant at a given point, 19, 37, 40, 44, &b. 

SoMOFF. His treatise referred to, 1. 

Three forces. Reduction to three possible, 56. Working rule, 61. Astatic points 
lie on the central plane, 13, 57. Position of the central plane of three 
forces, 58. Transformation of astatic triangles, 63.' The imaginary conic, 
64. The invariants, 66. The central point, 66; the central point is the 
centre of the conic, 67. Determination of the central lines and principal 
moments, 68. A reduction to fewer forces than three not generally possible, 
72. 

Triangle astatic. Definition, 57. 

Two FORCES. Conditions that a i-eduction to two forces is possible, 73. The forces 
are parallel to a fixed plane, 75. Invariants of two forces, 78. 
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